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PREFACE TO THE FIRST EDITION 


In spite of the existence of a number of excellent works 
on geometrical optics, the need of a text-book which will serve 
as an introduction to the theory of modern optical instru- 
ments appears to be generally recognized; and the present 
volume, which is the outgrowth of a course of lectures on 
optics given in Columbia University, has been written in 
the hope that it may answer this purpose. In a certain 
sense it may be considered as an abridgment of my treatise 
on The Principles and Methods of Geometrical Optics, but 
the reader will also find here a considerable mass of more or 
less new and original material which is not contained in the 
larger book. I have endeavored, however, to keep steadily 
in mind the limitations of the class of students for whom 
the work is primarily intended and to employ, therefore, 
only the simplest mathematical processes as far as possible. 
With this object in view I have purposely entered into much 
detail in the earlier and more elementary portions of the 
subject, following in fact the method which has been found 
to be most satisfactory with my own pupils; but I venture 
to hope that the book may be not without interest also to 
readers who already possess a certain knowledge of the 
subject. 

Recent years have witnessed extraordinary progress in 
both ophthalmology and applied optics. Not many persons 
are aware of the rapid rate at which spectacle optics, in par- 
ticular, is developing into a severe scientific pursuit; and 
there are certain portions of this volume which I think will 
be helpful to the modern oculist and optometrist. Thus, 
for example, I have been at some pains to explain the funda- 
mental principles of ophthalmic lenses and prisms. 

In general, however, I have necessarily had to omit much 
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that is essential to a thorough knowledge of the theory of 
optical instruments. In fact, in the space at my disposal 
it has been found quite impossible to describe a single one 
of these instruments in detail. In the latter portion of the 
book the theory of the chromatic and spherical aberrations 
is treated as briefly as possible; and I have given Von Seidel s 
formulte for the five spherical aberrations in the case of a 
system of infinitely thin lenses, chiefly because these formute 
are exceedingly useful in the preliminary design of an optical 
system. But a complete discussion of these subjects would 
lie far beyond the plan of this volume. 

The problems appended to each chapter were originally 
collected for the use of my pupils and are generally of a very 
elementary description. A few of them have been adapted 
from other text-books, but in such cases I have now lost sight 
of their sources. 

If perchance this book should help to stimulate the study 
of optics in our colleges and universities, the author will feel 
abundantly repaid. Unfortunately, at present geometrical 
optics would seem to be a kind of Cinderella in the curric- 
ulum of physics, regarded perhaps with a certain friendly 
toleration as a mathematical discipline not without value, 
but hardly pernaitted to take rank on equal terms with her 
sister branches of physics. On the contrary, it might be in- 
ferred that any system of knowledge which had already 
placed at the disposal of scientific investigators such in- 
comparable means of research as are provided by modern 
optical instruments, and which has found so many useful 
applications in the arts of both peace and war, would be de- 
serving of the highest recognition and would be fostered and 
encouraged in all possible ways. According to the maxim, 
fas est et ah hoste doceri, the fact that from the time of Fraun- 
hofer the Germans have not ceased to cultivate this field of 
theoretical and applied science with notable achievements, 
is certainly not without significance for us in this country 
and in England. Indeed, both in England and in France, 
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apparently due to the exigencies of war, schools of applied 
optics have recently been organized. 

Nearly all of the diagrams in this volume were drawn by 
my friends, Professor Joseph Hudnut, Dr. B. A. Wooten and 
Mr. J. G. Sparkes, to whom I am much indebted. I desire 
also to express my grateful acknowledgments to my col- 
league, Professor H. W. Farwell, for numerous valuable 
criticisms from time to time and especially for aid in making 
the photographic illustrations in Chapter II. 

Any suggestions or corrections which may improve and 
extend the usefulness of the book will be appreciated. 

James P. C. Southall. 

Columbia University, 

New York, N. Y., 

April 4, 1918. 

PREFACE TO THE SECOND EDITION 

In the preparation of this volume a careful effort has been 
made to eradicate all the misprints and errors in both the 
text and diagrams of the first edition. The new prol;)ems 
which are to be found scattered here and there throughout 
the book constitute a large and important addition. Here 
it may be pointed out that the problems which are placed 
at the end of each chapter are not merely intended as good 
exercises for the student, valuable as they may be for that 
purpose. Many of them have a special value wholly apart 
from such uses and contain statements of general principles 
and methods which are not to be found explicitly in the text 
itself but which are corollaries perhaps of more practical 
utility than the theorems from which they are derived. Oc- 
casionally also a problem may have a certain historical in- 
terest or flavor: thus, for example, the formulse given in No. 
83, page 216, and No. 60, page 257, express the relations be- 
tween conjugate foci which Huygens communicated to the 
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Royal Society in 1669 (cf. §200) in the famous anagram: 
"‘Tertia proportionalis in lente, quarta proportionalis in 
superficie simplici dat punctum correspondens.” So also 
problem No. 20, page 557, gives incidentally the so-called 
Tscherning equation for determining the form of a correc- 
tion eye-glass which is free from astigmatism of oblique 
bundles and adapted therefore for the mobile eye, as realized 
in the modern “Punktal” spectacle lens. 

Most important of all is an entire new chapter which has 
been added at the end of the volume. Chapter XVI is called 
an Appendix in the sense that it treats mainly of such sub- 
jects as have been already discussed in some measure in the 
previous pages; but here, it may be, the serious student will 
discover much new material not usually to be found in text- 
books on optics which, however, is at the basis of some ol 
the best and most fruitful methods of modern optical en- 
gineering. Reflection prisms, new and approved schemes of 
optical calculation, Cartesian optical surfaces — ^these are a 
few of the topics that come under review in this chapter. 
The brief outline of the historical development of geometrical 
optics from Euclid to Newton lends a human interest to 
the subject and undoubtedly helps to clarify it. 

The new diagrams, Figs. 59, 68 and 248-287, inclusive 
(except two drawings which have been reproduced from Huy- 
gens^ writings), have been executed with much skill and sym- 
pathy by my pupil, Mr. F. J. Ruch. I am confident that the 
readers of these portions of the book will be no less grateful 
for his aid than I am myself. I am also much indebted to 
my assistant, Mr. C. L. Treleaven, for helping with the 
proof-reading. 

James P. C. Southall. 

Columbia University, 

New York, N. Y., 

Feb. 1, 1923. 



CONCERNING THE THIRD EDITION 

Essentially this third edition of Mirrors, Prisms and Lenses 
consists in an enlargement of the volume by the addition 
of two entirely new chapters, namely Chapter XVII on the 
microscope considered as being more or less typical of optical 
instruments in general and Chapter XVIII which treats of 
various subjects (double refraction, ophthalmometer, visual 
acuity, color sensations, binocular perception of depth and 
the nature of light) pertaining more to physical and to 
physiological optics than to geometrical optics, yet all having 
a very direct bearing on the plan and purpose of the book 
as a whole. The inclusion of this new material comprising 
about 140 pages in all has made it necessary to revise the 
index completely. 

Great care has been taken to eliminate as far as possible the 
typographical errors that were found in the second edition; 
otherwise no changes have been made in the main body of 
the book, Chapters I-XVI. Occasional misprints as well 
as other less excusable mistakes seem to be almost unavoid- 
able in a work of this kind; I can only repeat that I shall 
be grateful for having my attention called to them and like- 
wise for any helpful suggestions that will extend the useful- 
ness of the book. 

For the new diagrams in Chapters XVII and XVIII, I am 
much indebted to my colleague Professor C. L. Teeleaven 
and also to my former pupil Mr. H. J. Hoff. 

James P, C. Southall. 

Columbia University, 

iNew York, N. Y., 

Jan. 1, 1933. 
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CHAPTER I 

LIGHTS AND SHADOWS 

1. Luminous Bodies. — ^The external world is revealed to 
the eye by means of light. With the rising sun night is 
changed into day, and animals, vegetables and minerals in 
all their manifold varieties of form and shade and color, 
which were quite invisible in the dark, are now revealed to 
view. Wherever the eye turns to gaze, there comes to it 
from far or near a messenger of light conveying information 
about the object which is under inspection. In an absolutely 
dark room everything is invisible, because the eye can per- 
ceive objects only when they radiate or reflect light into it. 
In the strict sense a source of light is a self-luminous body 
^ich shines by its own lighthsuch as the sun or a fixed star 
or a candle-flame; but freqtfently the term is applied to a 
body which merely reflects or transmits light which has 
fallen upon it from some other body, as, for example, the 
moon and the planets which are illuminated by the light 
from the sun. In this latter sense the blue sky and the 
clouds, which, shining by light derived originally from the 
sun, contribute the greater portion of what is meant by 
daylight, are to be regarded as light-sources. A point- 
source of light or a Imninous point is in reality a small ele- 
ment of luminous surface of relatively negligible dimensions 
or else a body like a star at such a vast distance that it ap- 
pears like a point. 

2. Transparent and Opaque Bodies. — ^In general, when 
light falls on a body, it is partly turned back or reflected at 
or very near the surface of the body, partly absorbed within 

1 
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the body, and partly transmitted through it. An absolutely 
black body which absorbs all the light that falls on it does 
not exist; the best example we have is afforded by a body 
whose surface is coated with lamp-black. The color of a 
body as seen by reflected light is explained by the fact that 
part of the incident light is absorbed, whereas only light 
characteristic of the color in question is cast off or reflected 
from the body. Thus, when simlight falls on a piece of red 
flannel, it is robbed of all its constituent colors except red, 
and thus it happens that the color by which we describe 
the body is in fact due to the light which it rejects. If the 
piece of red flannel were illuminated by pure blue light, it 
would appear black or invisible. 

(a substance such as air or water or ^ss, which is per- 
vious to light, is said to be trarnfarenOCEsne: of the light 
that traverses a perfectly transparent body will be absorbed; 
and, on the other hand, a perfectly opaque body is one which 
suffers no light at all to be transmitted through it.j) No 
substanc^ is either absolutely transparent or absolutely 
opaque. \These terms, therefore, as applied to actual bodies 
are merely relative, and so when we say that a body is opaque, 
we mean only that the light transmitted through it is so 
slight as to be practically inappreciably Naturally, one 
thinks of clear water as transparent and of metallic sub- 
stances generally as opaque; but a suflEiciently large mass 
of water will be found to be impervious to light, whereas, 
on the other hand, gold leaf transmits green light. A per- 
fectly transparent body would be quite invisible by trans- 
mitted hght, although its presence could be detected by 
observing the distortion in the appearance of bodies viewed 
through it. 

Again there are some substances which, while they are 
not transparent in the ordinary sense, are far from being 
opaque, such, for example, as ground glass, alabaster, por^ 
celain, milk, blood, smoke, which contain imbedded or sus- 
pended in them fine particles of matter of a different optical 
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quality from that of the surrounding mass. Light does 
penetrate through materials of this nature in a more or less 
irregular fashion, and accordingly they are described as 
translucent. In the interior of such granular structures or 
“cloudy media’’ light undergoes a so-called internal diffused 
reflection or scattering; so that while it may be possible to 
discern the presence of a body through an intervening mass 
of such material, the form of the object will be to some ex- 
t^t indistinct and unrecognizable./ 
vAn optical medium is any space, whether filled or not 
with ponderable matter, which is pervious to lighj;! In geo- 
metrical optics it is generally assumed that the media are 
not only homogeneous and isotropic (meaning thereby that 
the substance possesses the same properties in all directions), 
as, for example, air, glass, water and vacuum, but perfectly 
transparent as well. 

3. Rectilinear Propagation of Light. — ^When an opaque 
body is interposed between the observer’s eye and a source 
of light, it is well known that all parts of the latter which 
lie on straight lines connecting the pupil of the eye with 
points of the opaque obstacle will be hid from view. We 
cannot see round a corner; we can look through a straight 
tube but not through a crooked one. A child takes note of 
such facts as these among the very earliest of his experiences 
and recognizes without difficulty the truth of the common 
saying that “light travels in straight lines,” which in the 
language of science is called the law of the rectilinear propa- 
gation of light. The light that comes to us from a star 
traverses the vast stretches of interstellar space in straight 
lines until it reaches the earth’s atmosphere, which is com- 
posed of layers of air of increasing density from the upper 
portions towards the surface of the earth; so that the me- 
dium through which the light passes in this short remainder 
of its downward journey is no longer isotropic, and, hence, 
also thi^art of the light path will, in general, be no longer 
straigh-^^t curved by a gradual and continuous bending 
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from the less dense layers of air to the more dense layers 
below.'^ This explains why it is necessary for an observer 
on th6 earth's surface looking through a long narrow tube 
at a star not directly overhead to point the tube not at the 
star itself but at its apparent place in the sky, which depends 
on the direction which the light has when it enters the eye; 
and, consequently, in accurate determinations of the posi- 
tion of a heavenly body, the astronomer is always careful 
to take account of the apparent displacement due to this 
so-called “atmospheric refraction," and a principal reason 
why astronomical observatories are nearly always located 
on high mountains is to obviate as much as possible the 
disturbing influence of the atmosphere. In aiming a rifle 
or in any of the ordinary processes we call “sighting," which 
are at the basis of some of the most delicate methods of 
measurement known to us, we rely with absolute confidence 
on this proved law of experience concerning the rectilinear 
propagation of light ; and, in fact, the most conclusive dem- 
onstration that a line is straight consists in showing that it 
is the path which light pursues. The notion of a “ray of 
light" is derived from this law, and any line along which 

light travels is to be regarded as 
a ray of light. According to this 
idea, therefore, the rays of light 
in an isotropic medium are 
straight lines, 

A very striking proof of the 
Fig. 1.— Rectilinear Propagation rectilinear propagation of light 
of Light. jg afforded by placing a lumi- 

nous object (Fig. 1) in front of an opaque screen in which 
there is a very small round aperture. If now a second screen 
or a white waU is placed parallel to the first screen on the 
other side of it, the^will be cast on it a so-called inverted 
image of the object, (^e size of which will be proportional to 
the distance between the two screens?^ From each point of 
the luminous object rays go out in all directions, and a narrow 


a 

p 

p 




§3] 


Pinhole Camera 


5 


cone of these rays will traverse the perforated screen through 
the opening and illuminate a small area on the other screen, 
and thus every part of the object will be depicted in this way 
by little patches of light arranged in a figure which is similar 
in form to the object, but which is completely inverted, since 
not only top and bottom but right and left are reversed in 
consequence of the rectilinear paths of the rays of light. It 
may be remarked that this image is not an optical image in 
the strict sense of the term (see § 11), but the phenomenon 
can be explained only on the supposition that light proceeds 
in straight lines. If another small opening were made in the 
front screen very near the first hole, there would be two 
images formed which would partly overlap each other, so that 
the resultant image would be more or less blurred, and if we 
have a single large aperture, we could no longer see any 
distinct image at all. 

The pinhole camera^ invented by Giambattista Della 
Porta (c. 1543--1615), and sometimes called Porta's camera, 
is constructed on the principle of the experiment which has 
just been described, fit is very useful in making accurate 
photographic copies of xhe architectural details of buildings, 
because the image which is obtained is entirely free from 
distortion) 

In the pinhole camera there is a certain relation between 
the size of the pinhole and the distance of the sensitive plate. 
According to Abney, in o;i?^er to get the best results with 
an apparatus of this kind %e diameter of the pinhole ought 
to be directly proportional to the square-root of the distance 
of the plate from the aperture, that is, 

y=k-\/x, 

where x and y denote the distance of the plate and the di- 
ameter of the pinhole, respectively, and k denotes a con- 
stant, the value of which will depend on the unit of length. 
Thus, if X and y are measured in inches, /c=^ik0O§-; in centi- 
meters, fc ^.01275 . 



6 Mirrors, Prisms and Lenses [§ 4 

4. Shadows, Eclipses, etc.-— The forms of shadows are also 
easily explained on the hypothesis that light proceeds in 
straight lines, for the outline of the shadow cast by a body 
is precisely similar to that of the object as viewed from the 
place where the source of light is. Thus, for example, the 

s 



Fig. 2.— Shadow (umbraX of opaque globe E illuminated by 
" point-source S. 

shadow of a sphere held in front of a point-source of light 
has the form of a circle, and the shadow cast by a circular 
disk will have the outhne of an elhpse of greater and greater 
eccentricity as the disk is turned more and more nearly 
edge-on towards the light. Passing a shop-window on 
Sunday when the shade is drawn down, if the sun is shining 



Pig. 3. — Shadow (umbra and penumbra) of opaque globe E 
illuminated by two point-sources Si, S 2 . 


on the window, one can read the shadow of the sign painted 
on the glass quite as distinctly as the sign itself. The in- 
terposition of an opaque body between a source of light and 
a wall not only darkens a portion of the wall or casts its 
shadow there, but it converts an entire region of space be- 
tween it and the wall into a dark tract either wholly or par- 
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tially screened from the light. Thus, for example, the space 
A (Fig. 2) behind the body E which is comprised within the 
cone of rays proceeding from the point-source S that are 
intercepted by E gets no light from S, and linis wholly un- 
illuminated region is called the umbra or true shadow^ When 
there are two luminous points Si and S 2 (Figs. 3 and 4), the 
region of shadow behind the opaque body E consists of the 



Fig. 4. — Shadow (umbra and penumbra) of opaque globe E 
illuminated by two point-sources Si, S 2 . 


umbra A which is wholly screened from both sources of light 
and the so-called penumbra or partially illuminated space 
composed of a space Bi which gets light only from Si and 
a similar space B 2 which gets light only from S 2 . Points lying 
beyond the penumbra will receive light from both sources. 

If the light-source has an appreciable size, light will pro- 
ceed from each of its shining points in all directions. Sup- 
pose, for example, that an opaque globe E (Fig. 5) is placed 
in front of a luminous globe S: then the dark body will 
intercept all rays that fall within the cone which is tangent 
externally to the two spheres, and, consequently, the por- 
tion A of this cone which lies behind E will be completely 
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screened from all points of the source S, so that this portion 
constitutes the umbra where no light comes. In this case 
also there are two penumbral regions Bi and B 2 which are 
partially illuminated, but the illumination is not uniform, 



Fig. 5. — Shadow (umbra and penumbra) of opaque globe E 
illuminated by luminous globe S. 

but increases gradually from total darkness at the outer 
borders of the umbra into the complete illumination of the 
region outside the shadow. The shadow cast on a screen 
by an opaque body exposed to an extended source of light 
has no sharp outline but fades by imperceptible gradations 
into the bright space outside. As to the umbra, it terminates 
in a point at a certain distance x behind the opaque body, 
provided the diameter of the latter is less than that of the 
luminous globe in front of it, that is, provided R is greater 
than r, where R, r denote the radii of luminous and opaque 
globes, respectively. If the distance d between the centers 
of the two globes is known, the length x of the umbra may 
be calculated from the proportion: 

R d+x . 
r X ^ 

whence we find: 



r 


Thus, for example, the diameter of the sun is 109.5 times 
that of the earth, and the distance between the two bodies 
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IS 93 millions of miles. Accordingly, the umbra of the earth 
is found to extend to a distance of more than 857 000 miles 
behind it. Sometimes the moon whose distance from the 
earth is about 240 000 miles enters inside the shadow, and 
becomes then totally eclipsed. When the moon is only 
partly inside the earth^s umbra, there is a partial eclipse of 
the moon. On the other hand, if the earth or any part of it 
comes inside the moon’s shadow, there will be an eclipse 
of the sun visible from points on the earth that are in the 
shadow. 

The angular diameter of the sun is 32' 3.3"; whence it is 
easy to calculate that the length of the umbra of an opaque 
globe in sunlight is about 105 times the diameter of the globe. 

On the other hand, if the light-source is smaller than the 
interposed object, the umbra, instead of contracting to a 
point, widens out indefinitely; and thus, whereas the shadow 
cast on the opposite wall by a hand held in front of a broad 
fire is smaller than the object, the shadow made by the same 
hand in front of a small source of light like a candle-flame 
may be prodigious in extent. 

6. Wave Theory of Light. — ^The term ^^ray,” as we have 
employed it, is a purely geometrical conception, but in or- 
dinary usage a ray of light implies generally an exceedingly 
narrow beam of light such as is supposed to be obtained 
when sunlight is admitted into a dark room through a pin- 
hole opening in a shutter. But when the experiment is 
carefully made to try to isolate a so-called ray of light in 
this fashion, new and unexpected difl&culties arise, and, 
contrary to our preconceived notions, we are disconcerted 
by finding that the smaller the opening in the shutter, the 
more difficult it becomes to realize the geometrical concep- 
tion which is conveyed by the word ^^ray." In fact, in con- 
sequence of this experiment and others of a similar kind, 
we begin to perceive that the statement of the law of the 
rectilinear propagation of light needs to be modified; for 
among other phenomena we discover that when light pro^ 
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ceeds through a very narrow aperture in a screen, it does 
not pass through it just as though the screen were not pres- 
ent, but it spreads out laterally from the point of perfora- 
tion in all directions beyond the screen, proceeding, in fact, 
very much as it might do if the opening in the screen were 
the seat of a new and independent source of light. 

The truth is, as has been ascertained now for a long time, 
light is propagated not by ^^rays’^ at all but by waves; and 
if, in general, it is found that light does proceed in straight 
lines and does not bend around corners as sound-waves do, 
the explanation is because the waves of light are excessively 
short, considerably less than one ten-thousandth of a centi- 
meter. Wave-lengths of light are usually specified in terms 
of a unit called a 'Henth-meter'' or an ''Angstrom unit,” 
which is the hundred-millionth part of a centimeter (see 
§ 162) ; that is, 1 Angstrom unit = 10 “ meter = 0.000 000 01 
cm. The wave-length of the deepest red light is found to 
be about 7667 of these xmits and the wave-length of light 
corresponding to the extreme violet end of the spectrum 
is a little more than half the above value or 3970 units. 

According to the wave-theory the phenomena of light 
are dependent on an hypothetical medium called the ether, 
which may be compared to "an impalpable and all-per- 
vading jelly” that not only fills empty space but penetrates 
freely through all material substances, solid, liquid and 
gaseous, and through which particles of ordinary matter 
move easily without apparent resistance, for it is impon- 
derable and exceedingly elastic and subtle, insomuch that 
no one has ever succeeded in obtaining direct evidence of 
its existence. It is this ether which is the vehicle by which 
light-energy is transmitted and through which waves of 
light are incessantly throbbing with prodigious but measur- 
able velocity, which in vacuo is about 300 million metefs per 
second or about 186 000 miles per second. 

6. Huygens’s Construction of the Wave-Front.— The great 
Dutch philosopher Hxjygens (1629-1695), who was a contem- 
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porary of Newton’s (1642-1727), and who is usually regarded 
as the founder of the wave-theory of light, encountered his 
greatest difficulty in trying to give a consistent and satis- 
factory explanation of the apparent rectilinear propagation of 
light. His mode of reasoning, as set forth in his Treatise 
on Light ” published in 1690, while by no means free from 
objection, leads to a simple geometrical construction of the 
wave-front which corresponds with the known facts in regard 
to the procedure of light. 

Let 0 (Fig. 6) designate the position of a point-source of 
light from which as center or origin ether waves proceed in 
an isotropic medium with 
equal speeds in all direc- 
tions. At the end of a 
certain time the disturb- 
ances will have arrived 
at all the points which 
lie on a spherical surface 
(Ti described around 0 as 
center, and at the instant 
in question this surface 
will be the locus of all the 
particles in the medium 
that are in this initial 
phase of excitation, and 
so it represents the wave- 
front at this moment. Now according to Huygens, every 
point in the wave-fro nt becomes immediately a new sou rce 
or center from~ which so-called secondary wav^or wave- 
lets spread out^ These innumerable ripples or wavelets 
starting together from all the points affected by the 
principal wave overlap and interfere with each other, 
and Huygens inferred that their resultant sensible effects 
are produced only at the points of the surface which at any 
given instant touches or, as we say, envelops all the secondary 
wave-fronts, and that accordingly the new principal wave- 



Fig. 6. — ^Huygens’s construction of wave- 
front. 
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front will be this enveloping surface; so that the effect is 
the same as though the old wave-front had expanded into 
the new, the disturbance marching forward along a straight 
line in any given direction. Obviously, in an unobstructed 

isotropic medium, such 
as is here supposed, 
the enveloping surface 
or new wave-front will 
be a sphere concentric 
with the old wave- 
front, and the straight 
lines that radiate out 
from the center will be 
the paths of the dis- 
turbance. 

Now if a plane screen 
MN (Fig. 7) is inter- 
posed in front of the 
advancing waves, and 
if there is an opening 

Fig. 7. — Huygens’s construction of spherical AB in the screen, each 
waves^ passing through opening in a opening 

between A, which is 
nearest to the source 0, and B, which is farthest from it, 
will become in turn a new center of disturbance whence 
secondary spherical waves will be propagated into the re- 
gion on the other side of the screen. Since the disturbance 
will have arrived at the point A before it has reached a point 
X between A and B, the secondary wave emanating from 
A will at the end of a given time t have been travelling for 
a longer time than the secondary wave coming from X. If 
the radius of the wavelet around X at the time t is denoted 
by r, and if the distance OX is put equal to x, then (i=x+r 
will denote the distance from 0 which the disturbance will 
have gone at the end of the time t; and since this distance 
is constant, whereas the distances denoted by x and r are 
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variables depending on the position of the point X, it is 
evident that the farther X is from 0, that is, the greater 
the value of x, the smaller will be the radius r == d — a; of 
the secondary wavelet around X. The enveloping surface in 
this case is seen to be that part of the spherical surface de- 
scribed around 0 as center with radius equal to d which is in- 
tercepted by the cone 
which has 0 for its vertex 
and the opening AB in 
the screen for a section. 

Within this cone, accord- 
ing to Huygens’s view, 
the disturbance is propa- 
gated exactly as though 
the perforated screen had 
not been interposed, 
whereas points on the far 

side of the screen and Fig. 8. — Huygens’s construction of plane 

outside this limiting cone waves passing through opening in a 

screen. 

are not affected at all. 

It is plain that this mode of explanation is equivalent to 
the hypothesis of the rectilinear propagation of light. 

If the luminous point 0 (Fig. 8) is so far away that the 
dimensions of the opening AB in the screen may be regarded 
as vanishingly small in comparison with the distance of the 
source, the straight lines drawn from 0 to the points A, X, B 
in the opening in the screen may be regarded as parallel, 
and the wave-front in this case will be plane instead of 
spherical, that is, the wave-front is a spherical surface with 
an exceedingly great radius as compared with the dimen- 
sions of the aperture in the screen. 

7. Rays of Light are Normal to the Wave-Surface. — ^The 
most obvious objection to Huygen’s construction is, What 
right has he to assume that the places of sensible effects are 
the points on the surface which is tangent to or envelops 
the secondary waves? And why is the light not propagated 
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backwards from these new centers as weU as forwards^* 
Moreover, when the opening in the screen is very narrow, 
it is found, as has been already stated (§ 5), that this con- 
struction does not correspond at all with the observed facts. 

It is entirely beyond the scope of this book to attempt to 
answer these questions here or to describe even briefly the 
remarkable and complex phenomena of difraction (which 
IS the name given to these effects due to the bending of the 
light-waves around the edges of opaque obstacles).^ For 
an adequate discussion of these matters the reader must 
consult a more advanced treatise on physical optics. Suffice 
it to say, that the wave-theory of light and especially the 
principle of interference as developed long after Hittgens’s 
death (1695) by YotrNG (1773-1829) and Feesnel (1788- 
1827) entirely supports the idea of the rectilinear propaga- 
tion of hght as commonly imderstood; notwithstanding 
the fact that this law, as indeed is the case with nearly all 
so-called natural laws, has to be accepted with certain reser- 
vations; but, fortunately, these latter do not concern us at 
present. 

Accordingly, a luminous point is said to emit light in all 
directions, and the so-called light-rays in an isotropic medium 
are straight lines radiating from the center of the spheri- 
cal wave-surface. These rays may subsequently be bent 
abruptly into new directions in traversing the boundary 
between one isotropic medium and another, and under such 
circumstances the wave-surfaces may cease to be spherical; 
but no matter what may be the form of the wave-surface, 
the direction of the ray at any point is to be considered always as 
normal to the wave-froni that passes through that pointXsee § 39) . 
In an isotropic medium the waves always marc^ at right 
angles to their owm front, and the so-called rays of light in 
geometrical optics are, in fact, the shortest optical routes 
along which the disturbances in the ether are propagated 
from place to place. With the aid of the principle of inter- 
ference (alluded to above) and by the use of the higher 
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mathematics, it may indeed be shown that the effect pro- 
duced at any point P in the path of a ray of light is due 
almost exclusively to previous disturbances which have 
occurred successively at all the points along the ray which 
lie between the source and the point P in question, and that 
disturbances at other points not lying on the ray which goes 
through P are practically without influence at P, that is, their 
effects there are mutually counteracted. /And thus we arrive 
also at the so-called principle of the miM^al independence of 
rays of lightj which is also one of the fundamental laws of 
geometrical optics. From this point of view a ray of light 
is to be regarded as something more than a mere geomet- 
rical fiction and as having in some real sense a certain physi- 
cal existence, although it is not possible to isolate the ray 
from its companions.) 

8. The Direction and Location of a Luminous Point. — 

When a ray of light comes into the eye, the natural infer- 
ence as to its origin is that the source lies in the direction from 
which the ray proceeded. There is no difficulty in pointing out 
correctly the direction of an object which is viewed through 
an isotropic medium; but if the medium were not isotropic, 
the apparent direction of 
the object might not be, 
and probably would not 
be, its real direction. 

Thus, owing to the ef- 
fects of atmospheric re- 

fraction, to which allu- 9--Direotion and location of a W 
’ nous point. 

sion has been made al- 
ready (§ 3), the sun is seen above the horizon before it has 
actually risen, and so also in the evening the sun is still 
visible for a few moments after sunset. For the same reason 
a star appears to be nearer the zenith than it really is. 

In general, however, when a ray SA (Fig. 9) enters the 
eye at A, it is correctly inferred that the source S lies some- 
where on the straight line AS, but whether it is actually 
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situated at S or farther or nearer cannot be determined by 
means of a single ray. If the eye is transferred from A to 
another point B, the source will appear now to lie in the new 
direction BS. If the spectator views the source with both 
eyes simultaneously, one eye at A and the other at B, or if using 
only one eye he moves it quickly from A to B, the position 
of the source at S wiU be located at the point of intersection 
of the straight lines AS and BS; and this determination will 
be more accurate in proportion as the distance between the 
two points of observation A and B is greater or the more 
nearly the acute angle ASB approaches a right angle. That 
is the reason why in estimating the distance of a remote 
object one tries to observe it from two stations as widely 
separated as possible, and that explains also why a person 
shifts his head from side to side. If the object is compara- 
tively near at hand, a single movement of the head may be 
sufficient in order to get a fairly good idea of its distance, 
or it may be that it is simply necessary to look at the object 
with both eyes at the same time. It is amusing to watch 
a person with one eye closed attempting to poke a pencil 
through a finger-ring suspended in the middle of a room on a 
level with his eye; by chance he may succeed after repeated 
failures, whereas with both eyes open, the operation is per- 
formed without the slightest difficulty. 

In case the rays come into the eye after having traversed 
two or more isotropic media, it is easy to be deceived about 
the direction of the source where they emanated. In order 
for a bullet to hit a fish under water, the rifle must be 
pointed in a direction below that in which the fish appears 
to be. At the boundary-surface between two isotropic media 
the direction of a ray of light is usually changed abruptly 
by refraction (§ 26) ; so that, in general, the path of a ray 
will be found to consist of a series of line-segments. In 
Fig. 10 the broken fine ABCD represents the course taken 
by a ray of light in proceeding through several media such as 
water, air and glass. The line-segments AB, BC and CD 
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are portions of different straight lines of indefinite extent. 
For example, the actual route of the ray in air is along the 
straight line between B and C, and if the point P Hes on 
this line between B and 

C, we say that the ray a., 

BC passes ''really’’ aie 

through P, whereas we 
say that this same ray 

passes "virtually” V " . -■* 

through a point Q or R ^ 

which lies in the prolon- Fig. lO. — ^Points P, Q and R considered as 
gation of the line-segment on ray BC are to be regarded as 

BC m either direction. 

Moreover, thinking of the point Q or R as a point Ijdng on 
the straight line BC which the light pursues in traversing 
the medium between the water and the glass, we must re- 
gard such a point as being optically in the same medium 
as the ray to which it belongs. Thus, the points Q and R 
in the figure considered as points on the ray BC are to be 
regarded as being optically in air, although in a physical 
sense Q is a point in the water and R is a point in the glass 
(see § 104). 

Now let us suppose that two rays emanating originally 

from a point-source S 
(Figs. 11 and 12) are 
^ ® 

new directions AP and 

BQ, respectively, so as 

' to enter the two eyes of 

Fig. 11. — s' is said to be a “reaP" observer at P and Q. 
image of point-source at S. _ . , 

In such a case the ob- 
server will infer that the rays originated at the point S' 
where the straight lines AP and BQ intersect. This point 
S', which is called the image of S, may lie in the actual paths 
of the rays AP and BQ that enter the eyes, so that the light 
from S really does go through S', and in this case (Fig. 11) 
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the image is said to be a real image. On the other hand, 
if the straight lines AP and BQ have to be produced back- 
wards in order to find their point of intersection, the rays 
do not actually pass through S', and in this case the image 

is said to be a virtvnl 

image of the point S 

(Fig. 12). However, it 
must be borne in mind 
in connection with these 
diagrams that in reality 

Fia. 12. — S' is said to be a “ virtual ” image we do not See objects by 
of point-source at S. 

and, hence, we shall not be in a position to form an ac- 
curate idea of the term optical image until we come to 
consider bundles of rays in § 11. 

9. Field of View. — ^The open or visible space commanded 
by the eye is called the field of view. Since the eye can turn 
in its socket, the field of view of the mobile eye is very much 
more extensive than that of the stationary eye, and, more- 
over, the field of view of both eyes is greater than that of 
one eye by itself. The spectator may also widen his field 
of vision by turning his head or indeed by turning his entire 
body. For the present, however, we shall employ the term 
field of view to mean that more limited portion of space 
which is accessible to the single eye turning in its socket 
around the so-called center of rotation of the eye. When 
a person gazes through a window, the outside field of view 
is limited partly by the size of the window and partly also 
by the position of the eye with reference to it; so that only 
such exterior objects will be visible as happen to lie within 
the conical region of space determined by drawing straight 
lines from the center of rotation of the eye to all the points 
in the edge of the window. Thus, for example, if the open- 
ing in the window is indicated by the gap GH in the straight 
line GH in Fig. 13, and if the point marked 0 is the position 
of the center of rotation of the eye, a luminous object at P 
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in front of the window and directly opposite the eye will 
be plainly in view, because some of the rays from P may go 
through the window and enter the eye. But if the object 
is displaced far enough to one side to some position such as 



Fig. 13. — Field of view determined by contour of 
window GH and position of the eye at O. 


that marked R in the diagram, so that the straight line OR 
does not pass through the window, the object will pass out 
of the field of view. The straight line MN drawn parallel 
to GH is supposed to represent a vertical wall opposite the 
window. If this wall is covered with a mural painting, the 
only part of the picture that can be seen through the win- 
dow by the eye at 0 is the section included between the 
points T and V where the straight lines OG and OH intersect 
the straight line MN. (The window acts here as a so-called 
field-stop (§ 137) to limiWhe extent of the field of view) But 
the limitation of the visible region depends essentially also 
on the position of the eye, becoming more and more con- 
tracted the farther the eye is from the window. The size of 
the window makes very little difference when the eye is 
placed close to it, and a person sitting near an open window 
can command almost as wide a view as if the entire wall of 
the room were removed. If one is looking through a key- 
hole in a door, he must put his eye close to the hole in order 
to see objects that are not directly in front of it. 
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10. Apparent Size. — iThe apparent size of an object is 
measured by the visual angle which it subtends at the eye. 
Several objects in the field of view which subtend equal 
angles when viewed from the same standpoint are said to 
have the same apparent size; although their actual sizes will 



Fig. 14. — Apparent size measured by visual angle. 


be different if they are at unequal distances from the eye. 
The objects marked 1, 2 and 3 in Fig. 14 appear to an eye 
at 0 to be all of the same size. Thus an elephant may ap- 
pear no bigger than a man or a boy. Looking through a 
single pane of glass in a window, one may see a large build- 
ing or an entire tree, because the apparent extent of the 
small area of glass is greater than that of the distant object. 
A fly crawling across the window may hide from view a 
large portion of the distant landscape outside. A mountain 
a few miles off may be viewed through a finger-ring. 

The apparent size of an object, being measured by the 
visual angle which it subtends, is expressed in degrees or 
radians. The apparent diameter of the full moon in the sky, 
for example, is not quite half a degree, so that by holding 
a coin a little less than 9 mm. in diameter at a distance of 
one meter from the eye, the entire moon could be hid from 
view. In fact, instead of the angle itself it is customary to 
employ the tangent of the angle, especially in case the vis- 
ual angle is not large. Thus, the apparent size of an object 
of height at a distance d from the eye (in Fig. 15 AB = 
A, AO = d) is measured by the tangent of the angle BOA^ 
that is, 
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. , . linear dimension of the object h 

distance from the eye a 

Accordingly, in order to determine the actual size Qi) of 
the object, it is necessary to know its distance (d) as well 
as its apparent size, because the actual size is equal to the 
product of these two magnitudes. The apparent size of an 


B 



Fig. 15. — ^Apparent size varies inversely as distance d and directly as actual 

size h. 

object at a distance of one foot is an hundred times greater 
than it is at a distance of an hundred feet, or, as we say, the 
apparent size varies inversely as the distance. As the object 
recedes farther and farther from the eye, its apparent size 
diminishes until at last it looks like a mere speck and the 
details in it have all disappeared. On the other hand, al- 
though the object is quite close to the eye, its actual dimen- 
sions may^ so minute that it is not to be distinguished from 
a point, ^here is, indeed, a limit to the power of the human 
eye to sefe^ery small objects, which is reached when the 
object subtends in the field of view an angle that does not 
exceed one minute of ar^ Two stars whose angular dis- 
tancXapartls iSstiian this limiting value cannot be seen 
as separate and distinct by a normal eye without the aid 
of a telescope. Now tan consequently the 

eye cannot distinguish details of form in an object which 
IS viewed at a dig Unce greatest 
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linear dimension. A silver quarter of a dollar is about 
24 mm. in diameter and viewed from a distance of 82.5 
meters (3438 times 24 mm. =82 512 mm. =82.5 m.) its ap- 
parent size will be 1' of arc and it will appear therefore 
like a mere point. The apparent width of a long straight 
street diminishes in proportion as the distance increases; 
until, finally, if the street is long enough, the two opposite 
sidewalks seem to run together at the so-called "vanishing 
point.” 

If rays of light coming through a window and entering 
the eye could leave marks in the glass at the points where 
they cross it, and if these marks could be made to emit the 
same kind of light as was sent out from the corresponding 
points of the object, there would be formed on the glass 
a pictorial representation of the object which when held 
before the eye at the proper distance would have almost 
exactly the same appearance as the object itself. This 
principle of perspective is made use of in the art of painting, 
and the artist, with his lights and shades and colors, tries 
to portray on a plane canvas a scene which will produce 
as nearly as possible the same visual impression on a spec- 
tator as would be produced by the natural objects them- 
selves. So far as apparent size is concerned, such a repre- 
sentation may be perfect. In a good drawing the various 
figures are delineated in such dimensions that when viewed 
from the proper standpoint they have the same apparent 
sizes as the realities would have if seen under the aspect 
represented in the picture. No one looking at a photo- 
graph of a Greek temple will notice (unless his attention 
is specially directed to it) that the more distant pillars are 
much shorter in the picture than the nearer ones. Indeed, 
generally we pay little heed to the apparent sizes of things, 
but always try to conceive their real dimensions. When 
two persons meet and shake hands, neither is apt to observe 
that the other appears much taller than he did when they 
were fifty yards apart. 
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11. The Effective Rays. — ^All the rays that enter the eye 
and fall on the retina must pass through the circular window 
in the iris or colored diaphragm of the eye which is called 
the pupil of the eye and which is sometimes spoken of as 
the “black of the eye,” because it appears black against 
the dark background of the posterior chamber of the eye. 
The pupil of the eye is about half a centimeter in diameter, 
although within certain limits its size can be altered to regu- 
late the quantity of Light which is admitted to the 6ye./ So 
far as the spectator’s vision is concerned, it is only tnese 
rays that go through the pupil of his eye that are of any 
use, and these are the effective rays. yWhen the pupil dilates, 
more rays can enter, and consequently the source appears 
brighter. The brightness of the source will depend also on 
its distance, because for a given diameter of the pupil, the 
aperture of the cone of rays from a nearer source will be 
wider th^ that of the cone of rays from a more distant 
source. 4n general, therefore, the pupil of the eye regu- 
lates the angular apertures of the cones of rays that enter 
the eye from each point of a luminous object and acts as 
the so-called aperture-stop (§ 134)^ Thus, while the extent 
of the field of view is controlled by the field-stop (§ 9), the 
brightness of the source depends essentially on the size of 
tl^aperture-stop. 

fPi series of transparent isotropic media each separated 
fhnn the next by a smooth, polished surface constitutes an 
optical system.^Aa optical instrument may consist of a single 
mirror, prismsor lens, but generally it is composed of a com- 
bination of such elements, which may be in contact wjth 
each other or separated by air or some other medium. (_In 
the great majority of actual constructions the instrument 
is symmetrical with respect to a straight line called the 
optical axi^ Not all the rays emitted by a luminous object 
will be utilized by the instrument; generally, in fact, only 
a comparatively small portion of such rays will be trans- 
mitted through it, in the first place because its lateral di- 
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ineiisions are limited, and in the second place because, in 
addition to the lens-fastenings and other opaque obstacles 
(sides of the tube, etc.), nearly all optical instruments are 
provided with perforated screens or diaphragms called 
''stops,'' specially placed and designed to intercept such rays 
as for one reason or another it is not desirable to let pass 
(§133). The planes of these stops are placed at right angles 
to the^ptical axis with the centers of the openings on the 
axis. ( Accordingly, each separate point of the object is to 
be regarded as the vertex of a limited cone or bundle of rays, 
which, with respect to the instrument, are the so-called 
effective rays, because they are the only rays coming from 
the point in question that traverse the instrument from 
one end to the other without being intercepted on the wa^ 
Moreover, in every bundle of rays there is always a eer- 
tam central or representative ray, coinciding perhaps with 
the axis of the cone or distinguished in some special way, 
called the chief ray of the bundle (§ 139)0 In a symmetri- 
cal optical instrument the chief ray of a bundle of effective 
rays is generally defined to be that ray which in traversing 
a certain one of the series of media crosses the optical axis 
at a prescribed point, which is usually at the center of that 
one of the stops which is the most effective in intercepting 
the rays and which, therefore, is called the aperture-stop, 
as will be explained more full}^ hereafter (see Chapter XII). 
According to this definition, the chief rays coming from all 
the various points of the object constitute a bundle of rays 
which in the medium where the aperture-stop is placed 
(sometimes called the "stop medium") all pass through 
th^center of the stop. 

/ We shall employ the term 'pencil of rays to mean a section 
of a ray-bundle made by a plane containing the chief 
The effective rays in the first medium before entering 
the instrument are called the incident rays or object rays; 
and these same rays in the last medium on issuing from the 
instrument are called the emergent rays or irriage rays. If we 
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select at random any point X lying on one of the rays of 
the bundle of emergent rays which had its origin at the lu- 
minous object-point P, in general, no other ray of this bundle 
will pass through X, since in a given optical system there 
will usually be one single route by which light starting from 
the point P and traversing the instrument can arrive finally, 
either really or virtually (§ 8), at a selected point X in the 
last medium, /llowever, there may be found a number of 
singular points where two or more rays of the bundle of 
emergent rays intersect; and under certain favorable and 
exceptional circumstances it may indeed happen that there 
is one special point P' where all the emergent rays emanating 
originally from the object-point P meet again; and then we 
shall obtain at P' a perfect or ideal image of P, which is 
described by saying ^hat P' is the image-point conjugate to 
the object-point at P. ) This image will be real or virtual 
according as the actual paths of the image-rays go 
through P' or merely the backward prolongations of these 
paths (§ 8). 

In order to obtain an image in this ideal sense, the optical 
system must be such as to transform a train of incident 
spherical waves spreading out from the object-point P into 
a train of emergent spherical waves converging to ^di- 
verging from a common center P' in the image-space. (When 
all the rays of a bundle meet in one point, tte bundle (^rays 
is said to be homocentric or monocentric. general, how- 
ever, a monocentric bundle of rays in the object-space will 
be transformed in the image-space into an astigmatic bundle 
of emergent rays, which no longer meet all in one point; 
and in fact this is a usual characteristic of a bundle of op- 
tical rays.^ 

PROBLEMS 

1. Why are fche shadows much sharper in the case of an 
arc lamp without a surrounding globe than with one? 

2. Draw a diagram to show how a total eclipse of the 
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moon occurs; and another diagram to illustrate a total 
eclipse of the sun. Give clear descriptions of the 
drawings. 

3. An opaque globe, 1 foot in diameter, with its center 

at a point C, is interposed between an arc lamp S and 
a white wall which is perpendicular to the straight line 
SC. If the wall is 12 feet from the lamp, and if the 
distance SC =3 feet, what is the area of the shadow on 
the wall? Ans. 12.57 sq. ft. 

4. What is the apparent angular elevation of the sun 

when a telegraph pole 15 feet high casts a shadow 20 feet 
long on a horizontal pavement? Ans. 36° 52' 10". 

5. What is the height of a tower which casts a shadow 

160 feet long when a vertical rod 3 feet high casts a shadow 
4 feet long? Ans. 120 feet. 

6. An object 6 inches high is placed in front of a pinhole 

camera at a distance of 6 feet from the aperture. What is 
the size of the inverted image on the ground glass screen if 
the length of the camera-box is 1 foot? Ans. 1 inch. 

7. A small hole is made in the shutter of a dark room, and 
a screen is placed at a distance of 8 feet from the shutter. 
The image on the screen of a tree outside 120 feet away is 
measured and found to be 3 feet long. How high is the tree? 

Ans. 45 feet. 

8. If the sensitive plate of a pinhole camera is 20 cm. 

from the pinhole, what should be the diameter of the pin- 
hole, according to Abney’s formula? Ans. 0.57 mm. 

9. What is the apparent size of a man 6 feet tall at a dis- 
tance of 100 yards? How far away must he be not to be 
distinguishable from a point? Ans. 1° 8' 45"; 3.9 miles. 

10. If the moon is 240 OOO miles from the earth and its 
apparent diameter is 31' 3", what is its actual diameter? 

Ans. 2168 miles. 

11. A person holding a tube 6 inches long and 1 inch in 
diameter in front of his eye and looking through it at a 
tree moves backwards away from the tree until the entire 
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tree is just visible. What is the apparent height of the 
tree? Ans. 9° 27' 44". 

12. Assuming that the resolving power of the eye is one 
minute of arc, at what distance can a black circle 6 inches 
in diameter be seen on a white background? Ans. 1719 feet. 

13. The shadow of an opaque circular disk which is inter- 
posed between a screen and a similar luminous disk of larger 
size is composed of the central dark umbra and the surround- 
ing penumbra. The straight line joining the centers of the 
disks is perpendicular to their faces and to the plane of 
the screen. The diameter of the luminous disk is 2r, the 
distance between the disks is d, and the distance of the screen 
from the opaque disk is x. Show that the width of the pe- 
numbra ring projected on the screen is equal to 2rx/d, and 
that it is therefore independent of the diameter of the opaque 
object. 
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12. Regular and Dijffuse Reflection. — ^When a beam of 
sunlight, admitted through an opening in a shutter in a 
dark room, falls on a piece of smoothly polished glass, al- 
though the glass itself may be almost or wholly invisible, a 
brilliant patch of light will be reflected from the glass on the 
walls of the room or the ceiling or on some other adjacent ob- 
ject. If a person in the room happens to be looking towards 
the piece of glass along one special direction, he will be al- 
most blinded by the light that is reflected into his eyes. ^The 
glass acts like a mirror and reflects the sunlight falling on 
it in a definite direction which depends only on the direc- 
tion of the incident rays and on the orientation of the re- 
flecting surface, and in such a case the light is said to be 
regularly reflected?\^ Thus, for example, signals may be com^ 
municated to distant and inaccessible stations by reflecting 
thither the rays of the sun by a plane mirror adjusted in a 
suitable position. 

If the surface is not smooth, the light will be reflected in 
many directions at the same time. The long sparkling trail 
of sunlight seen on the surface of a lake or a river on a bright 
day is caused by the reflections of the sun^s rays into the 
eyes of the spectator from coxmtless little ripples on the 
surface of the water. 

The bright spot of light on the wall of a dark room at 
the place where a beam of sunlight falls, which shines almost 
as though this portion of the wall were itself a self-luminous 
body, is visible from any part of the room by means of the 
light which is reflected from it; and although the incident 
rays have a perfectly definite direction, the reflected light 
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is scattered in all directions. Some of this reflected light 
will fall on other bodies in the room, which will be more or 
less feebly illuminated thereby and rendered dimly visible 
by the light which they reflect in their turn; until at last 
the light after undergoing in this way repeated reflections 
from one body to another becomes too faint to be percep- 
tible. Light which is reflected or scattered in this way is 
said to be diffusely reflected or irregularly reflected, although, 
strictly speaking, there is nothing irregular about it.^ Ordi- 
narily it is in this way that bodies illuminated by day- 
light or by artificial light are rendered visible to a whole 
group of spectators at the same time. 

The paper on the walls of an apartment which gets very 
little light through the windows should be a dull white in 
order to scatter and diffuse as much as possible the light 
that comes into the room. The walls of a dark chamber 
used for developing photographic plates should be painted 
a dull black in order to absorb the light that falls on them. 
An absolutely black body (§ 2) exposed to the direct rays 
of the suii will be completely invisible, except by contrast 
with its surroundings. If the walls of a dark room and all 
the objects within it were coated with lampblack, and if 
the air inside were entirely free from dust and moisture, 
a beam of sunlight traversing the room could not be seen 
and the only way to detect its presence would be by placing 
the eye squarely in its path. But if a little finely divided 
powder were scattered in the air or if a cloud of smoke were 
blown across the beam of light, the course of the rays would 
immediately become manifest to a spectator in any part of 
the room, because some of the light reflected from the float- 
ing particles of matter in practically every direction would 
enter the eye. But the light itself is quite invisible. 

Any surface that is not too rough, that is, whose scratches 
or ridges are not wider than about a quarter of a wave- 
length of light, will reflect light in a greater or less degree 
depending on the smoothness of the surface. Waves of 
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light falling on a sheet of white paper are broken up or 
scattered in all directions, and we can get some idea of the 
quantity of light that is diffusely reflected from such a sur- 
face by letting the light of a lamp shine on the paper when 
it is held near an object that is in shadow. It is almost 
startling to see how under the influence of this indirect 
illumination the details of the obscure body suddenly ap- 
pear as if summoned forth by magic. A highly polished 
metallic surface makes the best mirror, reflecting some- 
times as much as three-fourths of the incident light. Our 
ordinary looking-glasses are really metallic mirrors, because 
they are coated at the back with silver, and the glass merely 
serves as a protection for the reflecting surface. 

13. Law of Reflection.— A ray of light represented in 
Fig. 16 by the straight line AB is incident at B on a smooth 
reflecting surface whose trace in the plane of the diagram 
is the line ZZ. The straight line BN normal to the surface 



Fig. 16 . — Law of reflection: 
Z NBA=-Z NBC = Z CBN. 


at B is called the incidence-normal^ and the plane ABN which 
contains the incident ray AB and the normal BN is called 
the plane of incidence j which corresponds here with the 
plane of the diagram. The angle of incidence is the angle 
between the incident ray and the incidence-normal; or. to 
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define this angle more exactly, the angle of incidence is the acute 
angle (a) through which the incidence’-normal has to be turned 
about the point of incidence in order ^f^o make it coincide with 
the incident ray; thus, a = Z NBA. Counter-clockwise rota- 
tion is to be reckoned as positive and clockwise rotation as 
negative. ) This rule will be consistently observed in the 
case of alt angular measurements. 

The reflected ray corresponding to the incident ray AB is 
represented by the straight line BC; and if in the above 
definition of the angle of incidence we substitute reflected 
ray” for 'incident ray,” we shall obtain the definition of 
the angle of reflection (/3); that is, jS = ZNBC. The sense 
of the rotation is indicated by the order in which the 
letters specifying the angle are named; thus, ZABC is the 
angle described by rotating the straight line AB around the 
point B until it coincides with the straight line BC; whereas 
ZCBA=--ZABC denotes the equal but opposite rotation 
from CB to BA. The student should take note of this 
usage, which will be uniformly employed throughout this 
book. 

The law of the reflection of light, which has been known 
for more than 2200 years, is contained in the following 
statement: 

The reflected ray lies in the plane of incidence, and the in- 
cident and reflected rays make equal angles with the normal 
on opposite sides of it; that 

A very accurate experimental proof of this law may be 
obtained by employing a meridian circle to observe the light 
reflected from an artificial mercury-horizon, that is, from 
the horizontal surface of mercury contained in a basin. In 
fact, this is the actual method used by astronomers in meas- 
uring the altitude of a star. The telescope is pointed at the 
star and then at the image of the star in the mercury mirror, 
and it will be found that the axis of the telescope in these 
two observations will be equally inclined to the vertical on 
opposite sides of it. 
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A simple lecture-table apparatus for verifying the law 
of reflection of light consists of a circular disk (Fig, 17) made 
of ground glass, about one foot or more in diameter, and 
graduated around the circumference in degrees. This disk 
is mounted so as to be capable of rotation in a vertical plane 

about a horizontal axis 
perpendicular to this 
plane and passing through 
the center of the disk. A 
small piece of a plane 
mirror B with its plane 
perpendicular to that of 
the disk is fastened to 
the disk at its center, and 
the mirror is adjusted so 
that it is perpendicular 
to the radius BN drawn 
on the disk. A beam of 
sunlight falling on the 
mirror in the direction NB will be reflected back from the 
mirror in the opposite direction BN, so that in this adjust- 
ment of the disk the paths of the incident and reflected rays 
coincide (/3=-a=0). Now if the disk is turned so that 
the incident ray AB makes with the normal BN an angle 
NBA, the reflected ray will proceed in a direction BC such 
that Z NBC- Z ABN — a. 

If, without changing the direction of the incident ray, the 
disk is turned through an angle 6, the plane of the mirror to- 
gether with the incidence-normal will likewise be turned 
through this same angle, and the angles of incidence and re- 
flection will each be changed in opposite senses by the amount 
0, so that the angle betwem the incident and reflected rays 
will be changed by 2 d. (Accordingly, when a plane mirror 
is turned through a certain ahgle, the reflected ray will he turned 
through an angle twice as great. ) 


0 



Fig. 17.— Optical disk used to verify law 
of reflection.. 
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14. Huygens’s Construction of the Wave-Front in Case 
of Reflection at a Plane Mirror. 

1. The case of a plane wave reflected from a plane mirror. 
The rebound of waves from a polished surface affords a very 
simple and instructive 
illustration of Huygens’s 
Principle (§ 5) . In Fig. 18 
the straight line AD 
represents the trace in 
the plane of the diagram 
of a plane mirror, and 
the straight line AB rep- 
resents the trace of a 
portion of the front of 
an incident plane wave 
(§ 6) advancing in the 
direction of the wave- 
normal BD. At the first 
instant under considera- 
tion the wave-front is 
supposed to be in the 
position AB when the 
disturbance has just 
reached the point A of 
the reflecting surface, 
and from this time for- 
ward, according to Huy- 
gens’s theory, the point 
A is to be regarded as 
itself a center of dis- 
turbance from which l^* — Huygens’s construction of plane 

. , wave reflected at plane nairror. 

secondary hemispherical 

waves are reflected back into the medium in front of the 
mirror. Exactly the same state of things will prevail at 
this instant (f=0) at all points of the plane reflecting sur- 
face lying on a portion of the straight line perpendicular 
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to the plane of the paper at the point A, and the envelop 
of the hemispherical wavelets originating from these points 
will be a semicylindrical surface whose axis is the straight 
hne just mentioned. If the speed with which the waves 
travel is denoted by v, then at the end of the time ^ = PQ^ 
the disturbance that was initially at the point P in the wave- 
front AB will have advanced to a point Q on the reflecting 
plane between A and D; and from this moment a new set 
of hemispherical wavelets having their centers all on a 
straight line perpendicular to the plane of the diagram at 
the point Q will begin to develop, and their envelop will 
also be a semicylinder. And so at successively later and 
later instants the disturbance will arrive in turn at each 
point along AD; until, finally, after the time ^==BD/z; the 
farthermost point D will be reached. Meanwhile, around 
all the straight lines perpendicular to the plane of the 
paper at points lying along AD semicylindrical elementary 
wave-surfaces will have been spreading out from the re- 
flecting surface, the radii of these cylinders diminishing 
from A towards D. At the time when the disturbance 
reaches D, the semicylindrical wavelet whose axis passes 
through A will have expanded until its radius is equal to 
BD, and at this same instant the semicylindrical wavelet 
corresponding to a point Q between A and D will have been 
expanding for a time (BD— PQ)/v, and hence its radius will 
be equal to (BD— PQ) = (BD— BK) =KD. 

Now, according to Huygenses Principle, the surface which 
at any instant is tangent to all these elementary semi- 
cylindrical waves will be the required reflected wave-front 
at that instant. We shall show that the reflected wave-front 
is a plane surface which at the moment when the disturb- 
ance reaches the point D contains this point; or, what 
amounts to the same thing, we shall show that if a straight 
line DC in the plane of the diagram is tangent at C to the 
semicircle in which this plane cuts the semicylinder whose 
axis passes through A, it will be a common tangent to all 
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such semicircles; for example, it will also be tangent to 
the semicircle in which the plane of the diagram cuts the 
semicylinder belonging to the point Q. From D draw DC 
tangent at C to the semicircle described around A as center 
with radius AC = BD and DR tangent at R to the semi- 
circle described around Q as center with radius QR=KD. 
The right triangles ABD and ACD are congruent, and hence 
ZDAB = ZCDA; and, similarly, in the congruent right tri- 
angles QKD and QRD ZDQK=ZRDQ. But ZDQK= 
ZDAB, and therefore ZRDQ—ZCDA, and hence the two 
tangents DR and DC coincide. Accordingly, the trace of 
the reflected wave-front in the plane of the diagram is the 
straight line CD. This reflected plane wave will be prop- 
agated onwards, parallel with itself, in the direction shown 
by the reflected rays AC, QR, etc. It is evident from the 
construction that the ray incident at A, the normal AN to 
the reflecting surface at the incidence-point A, and the re- 
flected ray AC lie all in the same plane; and the equality of 
the angles of incidence and reflection is an immediate con- 
sequence of the congruence of the triangles ABD and ACD. 

2. The case of a sphericxil wave reflected at a plane mirror. 
In Fig. 19 the light is represented as originating from a 
point-source L and spreading out from it in the form of 
spherical waves which presently impinge on the plane re- 
flecting surface represented in the diagram by the straight 
line AD. The nearest point of the reflecting plane to the 
source at L is the foot A of the perpendicular let fall from 
L on the straight line AD, and this, therefore, is the first 
point of the mirror to be affected. Obviously, on account 
of symmetry with respect to LA, it will be quite suflSicient 
to investigate the procedure of the waves in the plane of 
the figure. The wave-front at the time the disturbance 
reaches A will be represented by the arc of a circle described 
around L as center with radius equal to LA; let P desig- 
nate the position of a point on this arc, and draw the straight 
line LP meeting AD at Q. After a time ^=PQ/y the dis- 
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turbance will have advanced from P to Q, and from this 
moment the point Q will begin to send back wavelets from 
the reflecting surface. And so in succession one point of 
the mirror after another will be affected until presently the 
disturbance reaches the farthest point D. Meanwhile, all 

the points along AD on 
one side of AL and 
along AF on the other 
side (AF = DA) will 
have been sending out 
wavelets whose radii will 
be greater and greater 
the nearer these new 
centers are to the point 
A midway between D 
and F. Draw the 
straight line LD meet- 
ing the arc AP in the 
point B: then at the 
moment i=BD/z; when 
the disturbance from L 
has just arrived at D, 
the reflected wavelet 

Fig. 19. — Huygens’s construction of spheri- proceeding from A as 
cal wave reflected at plane mirror. ^iSiVe ex- 

panded until its radius is equal to BD, and at this same 
instant there will also be a wavelet around Q as center 
of radius (BD— PQ) = (BD— BK) =KD. According to 

Huygens, the problem consists, therefore, in finding the 
surface which is tangent at a given instant to all these 
secondary waves. Produce the straight line LA on the 
other side of the reflecting surface to a point L' such 
that AL'=LA, and draw the straight line L'Q, and mark 
the point R where this straight line produced meets 
the semicircle described around Q as center with radius 
KD = QR. Since LQ + QR-LK+KD^LD, obviously. 
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L'R = I/D; and therefore a circle described around L' as cen- 
ter with radius equal to L'D will touch at R the semicircle 
described around Q as center with radius equal to QR. 
Moreover, it will also touch at a point C on the straight 
line LA the semicircle described around A as center with 
radius AC — BD. Consequently, this circle will be the 
envelop of all these semicircles. The reflected wave-front, 
therefore, is obtained by revolving the arc DCF around LL' 
as axis. The straight line QR is the path of the reflected 
ray corresponding to the incident ray PQ; the angle of in- 
cidence at Q is equal to the angle ALQ and the angle of re- 
flection is equal to AL'Q, and these angles are evidently 
equal, in agreement, therefore, with the law of reflection. 

15. Image in a Plane Mirror. — In Fig. 19 the plane mirror 



Fra. 20. — 1/ is image of object-point L in plane mirror AD; 
AL=L'A. 

position of the point L' is independent of the position of 
the incidence-point Q (Fig. 20), all the rays coming from 
the luminous point L and falling on the plane mirror will 
be reflected along paths which, when prolonged backwards, 
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all meet in the point L'. .Thus, to a homocentric bundle oj 
incident rays reflected at a 'plane mirror tflere corresponds also 
a homocentric bundle of reflected rays.) This remarkable 
property of converting a homocentric bundle of rays into 
another homocentric bundle is characteristic of a plane 
mirror, because no other optical device is capable of it ex- 
cept under conditions that are more or less unrealizable in 
practice. Thus, the image L' of an object at L is found by 
drawing a straight line from L perpendicular to the plane 
mirror, and producing this line on the other side of the 
mirror to a point L' such that the line-segment LL' is bi- 
sected by the plane of the mirror; so that an object in front 
of a plane mirror is seen in the mirror at the same distance 
behind it. The image in this case is virtual (§ 8). The late 
Professor Silvanxjs Thompson in his popular lectures 
published under the title Light Visible and Invisible de- 
scribes the following simple method of showing how the 
rays from a candle flame are reflected at a plane mirror 
(Fig. 21). If a vertical pin mounted on a horizontal base- 
board is illuminated by a lighted candle, the position of 
the shadow is determined by the line joining the top of the 
pin with the source of light. If the pin and the candle are 
both in front of a plane mirror placed at right angles to the 
base-board, a second shadow will be cast by the pin on ac- 
count of the reflected rays from the candle that are inter- 
cepted by it, and this shadow will be precisely such as would 
be produced by a candle flame placed behind the mirror 
at the place where the image of the actual flame is formed, 
as may be proved by removing the mirror and transferring 
the. candle to the place where its image was. 

If the bundle of incident rays instead of diverging from 
a point L in front of the plane mirror converged towards 
a point L behind it (as could easily be effected with the aid 
of a convergent lens) , a real image (§ 8) will be produced at 
a point V at the same distance in front of the mirror as the 
virtual object-point L was beyond it. 




Eig. 21. — Shadows cast by an object in front of a plane mirror when object 
is illuminated by point-source (from actual photograph), showing that 
the source and its image are at equal distances from the mirror. 




Fig. 23.— Image of object in plane mirror (from actual photograph). 
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The image of an extended object is the figure formed by 
the images of all of its points separately. The diagram 
(Fig. 22) shows, for example, how an eye at E would see 
the image L'M' of an object LM reflected in a plane mirror. 
The series of parallel lines joining corresponding points of 



Fig. 22. — Image L^M' of object LM in plane mirror ZZ. 

object and image will be bisected at right angles by the 
plane of the mirror. 

The dimensions of the image in a plane mirror are ex- 
actly the same as those of the object. Moreover, the top 
and bottom of the image correspond with the top and bot- 
tom of the object, that is, the image is erect. Also, the 
right side of the image corresponds with the right side of 
the object, and the left side of the image with the left side 
of the object (Fig. 23), although it is frequently stated in 
books on optics that when a man stands in front of a mirror 
the right side of the image shows the left side of the person, 
and that if the man ^ends his right hand, the image will 
extend its left hand. iThe true explanation of the so-called 
''perversion^’ of the image in a plane mirror, which is strik- 
ingly seen when a printed page is held in front of the mirror, 
is that it is the rear side of the image that is opposite the front 
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side of the object. The image of a printed page in a mirroi 
has exactly the same appearance as it would have if the 
page were held in front of a bright light and it was viewed 
from behind through the paper. When a person looks in 
a mirror at his own image, his image appears to be looking 
back at him in the opposite direction, if he faces east, his 
image faces west, and if we call the east side of object or 
image its front side and the west side its rear side, then the 
rear side of the image is turned towards the front side of 
the object; although, because this side of the image cor- 
responds to the front side of the object, it is a natural mis- 
take to regard it as also the front side of the image. The 
explanation of the common impression that, whereas up 
and down remain unchanged in the image of an object in 
a plane mirror, right and left are reversed, is probably be- 
cause a person regarding his own image under such circum- 
stances is unconsciously disposed to transfer himself men- 
tally into coincidence with his image by a rotation of 180®, 
not around a horizontal, but around a vertical axis, thus 
producing a confusion of mind as to right and left but not 
as to top and bottom. The reason why this mental revolu- 
tion is performed around the vertical axis seems to be due 
partly to the circumstance that this movement can be 
readily executed in reality, and partly also perhaps to the 
fact that the human body happens to be very nearly 
symmetrical with respect to a vertical plane. 

16. The Field of View of a Plane Mirror. — ^In the adjoin- 
ing diagram (Fig. 24) the straight line GH represents the 
trace in the plane of the paper of the surface of a plane mir- 
ror, and the point marked O' shows the position of the center 
of the pupil of the eye of a person who is supposed to be 
looking towards the mirror. Evidently, the straight lines 
HO', GO' drawn to O' from the points G, H in the edge of 
the mirror will represent the paths of the outermost reflected 
rays that can enter the eye at O', and therefore the field of 
view (§ 9) is limited by the contour of the mirror just 
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as if the observer were looking into the image-space through 
a hole in the wall that exactly coincided with the place oc- 
cupied by the mirror. Corresponding to the pair of re- 
flected rays HO' and GO' intersecting at O' there would be 
a pair of incident rays directed along the straight lines HO 



Fig. 24. — Field of view of plane mirror for given position of eye. 


and GO towards a point O on the other side of the mirror, 
and it is evident that O' will be the real image of a virtual 
object-point at 0 (§ 15). Any luminous point lying in front 
of the plane mirror within the conical surface formed by 
drawing straight lines such as OG, OH from 0 to all the 
points in the edge of the mirror will be visible by reflected 
light to an eye placed at O', and hence this cone hmits the 
field of view of the object-space. 

Through O' draw a straight line parallel to GH, and take 
on it two points C', B' at equal distances from O' on oppo- 
site sides of it, and let us suppose that B'C' represents the 
diameter in the plane of the diagram of the pupil of the eye. 
Construct the image BOC of the eye-pupil B'O'C'. Then 
if P designates the position of a luminous point lying any- 
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where within the field of view of the object-space, it is clear 
that the incident rays PO, PC and PB will be reflected at 



Fig. 25. — Deviation of a ray reflected twice in suc- 
cession from a pair of inclined mirrors. 


the mirror into the pupil of the eye in the directions P'O', 
P'C' and P'B', as though they had all come from the point 
P' which is the image of P. This imaginary opening or vir-' 



Fig. 26, — Deviation of a ray reflected twice in suc- 
cession from a pair of inclined mirrors. 

tual stop BOG towards which the incident rays must all be 
directed in order to be reflected into the eye-pupil B'O'C' is 
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called the entrance-pupil of the optical system consisting 
of the plane mirror and the eye of the observer; and the 
pupil of the eye itself is called here the exit-pupil (see Chap- 
ter XII). Since the entrance-pupil limits the apertures of 
the bundles of rays that ultimately enter the eye, it acts 
as the aperture-stop of the system (§11). 

17. Successive Reflections from two Plane Mirrors. — 
Any section made by a plane perpendicular to the line of in- 
tersection of the planes of a pair of inclined mirrors is called 
a principal section of the system. If a ray lying in a prin- 
cipal section is reflected successively at two plane mirrors, it 
will he deviated from its original direction hy an angle equal to 
twice the dihedral angle between the mirrors. 

Let the plane of the principal section intersect the planes 
of the mirrors in the straight lines OM, ON (Figs. 25 and 
26); and let 7 = ZM0N denote the angle between the mir- 
rors. The ray PQ lying in the plane MON is incident on 
the mirror OM at the point Q, whence it is reflected along 
the straight line QR, meeting the mirror ON at the point 
R, where it is again reflected, proceeding in the direction 
RS. Let the point of intersection of the straight lines PQ 
and RS be designated by K. Then Z PKR is the angle be- 
tween the original direction of the ray and its direction after 
undergoing two reflections, and we must show that this 
angle is equal to 2 7. 

Draw the incidence-normals at Q and R, and prolong 
them xmtil they meet at J. Then by the law of reflection 
the straight lines QJ and RJ bisect the angles PQR and 
QRS, respectively. 

In Fig. 25, ZPKR=ZPQR+ZQRS-2(Z JQR+ZQRJ) 
= 2(180" -ZRJQ)= 27; 
and in Fig. 26, Z PKR = Z PQR — Z SRQ 

= 2(180° -ZRQJ^ZJRQ) 

= 2ZQJR = 27. 

18. Images in a System of Two Inclined Mirrors,— When 
a luminous point lies in the dihedral angle between two 
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plane mirrors, some of its rays will fall on one mirror and 
some on the other, and consequently there will be two sets 
of images. In Fig. 27 the plane of the diagram is the prin- 
cipal section which contains the point-source S, and the 
straight lines OM, ON represent the traces of the mirrors 



Fig. 27. — Images of a luminous point S in a pair of inclined 
mirrors OM and ON. 

in this plane. The rays which fall first on the mirror OM 
will be reflected as though they came from the image Pi of 
the luminous point S in this mirror. Some of these rays 
falling on the mirror ON will be again reflected and proceed 
thence as though they came from the point P 2 which is 
the image of Pi in the mirror ON. Thus, by successive re- 
flections, first at one of the mirrors and then at the other, 
a series of images Pi, P 2 , etc., will be formed by those rays 
which fall first on the mirror OM; let us call this the P-series 
of images. Similarly, the rays that fall first on the mirror 
ON will produce another series of images Qi, Q 2 , etc., which 
will be called the Q-series. Each of these series will termi- 
nate with an image which lies behind both mirrors in the 
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dihedral angle COD opposite the angle MON between the 
mirrors themselves /^because rays which, after reflection 
at one of the mirrors, appear to come from a point thus sit- 
uated cannot fall on the other j:Qirror, and so there will be 
no more images after this one. J 

Since the straight line OM is the perpendicular bisector 
of the line-segment SPi, the points S and Pi are equidistant 
from every point in the straight hne OM; and, similarly, 
since P2 is the image of Pi in the plane mirror ON, these two 
points are likewise equidistant from every point in the 
straight hne ON. Accordingly, the three points S, Pi, P2 
are all equidistant from the point O where the straight lines 
OM and ON intersect. Applying the same reasoning to 
all the other images, we perceive that the images of both 
series are ranged on the circumference of a circle whose center 
is at 0 and whose radius is OS. 

In the following discussion of the angular distances of 
the images from the luminous point S, the angles will be 
reckoned always in the same sense, either all clockwise or 
all counter-clockwise. Let 7 = ZAO,B denote the angle be- 
tween the two mirrors, the letters A and B referring to the 
points where the circle crosses the planes of the mirrors OM 
and ON, respectively. Also, leta = ZAOS, jS =ZSOB de- 
note the angular distances of S from A, B, respectively, so 
that a+j8=7. Then 

ZPiOS = 2 a; 

Z SOP2 = Z SOB+ Z BOP2 = i8+ Z PiOB = 2( a+ / 3 ) = 2 7 ; 

Z P3OS = Z P3OA+ a = Z AOP2+ a = Z SOP2+ 2 a 
= 27+2a; 

Z SOP4= z SOB+ z B0P4= i8+ Z P3OB 

- 2 i 8 +ZP 30 S = 2(a+ /3+7)=47; 

Z P5OS = Z P5OA+ a = Z AOP4+ a = Z SOP4+2 a 
= 47+2a. 

In general, therefore, 

Z SOP2k = 2/c 7, Z P2k +1OS == 2k 7+ 2 a, 

where P2kj P2k+i designate the positions of the 2/cth and 
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(2fc+l)th images of the P-series, k denoting any integer, 
and where the angles SOP 2 k, P 2 k+iOS are the angles sub- 
tended by the arcs SBPak, P 2 k+iAS, respectively. Similarly, 
for the Q-series of images we find: 

ZQ2kOS=2A;T, ZSOQ2kH-i = 2ibT-f-2/3, 

where these angles are the angles subtended by the arcs 
QskAS, SBQ 2 k+i, respectively. 

Evidently, the image P 2 k+i will fall on the arc CD be- 
hind both mirrors, if arc P 2 k+iAS>arc DAS, that is, if 
2A;7-f-2a>180°-/3; 

and, by adding (jS-ct) to both sides of this inequation, 
and dividing through by 7 , this condition may be expressed 
as follows: 


2 fc+l> 


180° -g 
7 


In the same way we 
C and D if 


find that the image P 2 k 


2k> 


180° -g 
7 


will fall between 


Thus, the total number of images of the T-series, whether it 
he odd or even, will be given by the integer next higher than 
(180°— a)/y; and, similarly, the total number of images 
of the Q-series will be given by the integer next higher than 
(180°- ^)/7. 

The only exception to this rule is when the angle 7 is 
contained in (180° — a) or (180° — /3) an exact whole num- 
ber of times; in the former case the last image of the P-series 
falls at C, and in the latter case the last image of the Q-series 
falls at D; and instead of taking the integers next above 
the quotient (180°— n)/7 or ( 180 °— 18 )/ 7 , we must take 
the actual integer obtained by the division. An example 
wiU make the matter clear. Thus, suppose 7 = 27°, a = 8 °, 
then / 3 = 19°, and the integers next higher than (180° — g)/7 
and (180° — 18)/7 will be 7 and 6 , respectively; hence in 
this case there will be 7 images of the P-series and 6 images 
of the Q-series or 13 images m all. But if n = 10 ° and jS = 17° 
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each series will be found to have 7 images, 14 images in 
all. The exceptional case occurs when a = 9° and /3 = 18°, 
for then (180°— /3)/7 = 6, and hence there will be 7 P-images 
and 6 Q-images. 

/ If the angle 7 between the mirrors is an exact multiple 
(^180°, that is, if 180°/7 = p, where p denotes an integer’, 
the integers next higher than (180°— a)/7 and (180°— /3)/7 
will both be equal to p, 
no matter what may be 
the special position of 
the object between the 
two mirrors; so that in 
such a case the number 
of images in each series 
will be equal, but the last 
image of one set will co- 
incide with the last of 
the other. ^ In fact, the 
points S, P2, P4, . . . 

Q4, Q 2 and the points Fig. 28. — images of a luminous point in a 
Pi Po Oq Oi are plane mirrors inclined to each 

n • • • ^3; other at an angle of 60°. 

the vertices 01 two equal 

regular polygons, of p sides each; and if p is odd, the polygon 
P1P3 . . . Q3Q1 will have one of its corners between C and 
D, whereas if p is even, one of the corners of the polygon 
SP2P4 . . . Q4Q2 will fall between C and D; in either case 
this vertex is the position of the last image of both series. 
Thus, for example, if 7 = 60° (Fig. 28), then p=3, and the 
two polygons are the equilateral triangles SP2Q2 and P1P3Q1 
(orPiQsQi). 

The toy_ called by Sir David 

Bre’^ter (1781-1868), consists essentially of two long nar- 
row strips of mirror-glass inclined to each other at an angle 
of 60° and inclosed in a cylindrical tube. One end of the 
tube is closed by a circular piece of ground glass whereon 
are loosely disposed a lot of fragments of colored glass or 
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beads, and at the other end of the tube there is a peep-hole. 
When the instrument is held towards the light, an observe;- 
looking in it will see an exquisitely beautiful and symmetrica? 
pattern formed by the colored objects and their images, the 
form of which may be almost endlessly varied by revolving 
the tube around its axis so that the bits of glass assume new 



Fig. 29 . — Path of ray reflected into eye from a pair of inclined 
mirrors. 


positions. In fact, this device has been turned to practical 
use in making designs for carpets and wall-papers. 

19. Construction of the Path of a Ray Reflected into the 
Eye from a Pair of Inclined Mirrors. — In order to trace the 
paths of the rays by which a spectator standing in front of a 
pair of inclined mirrors sees the image of a luminous point, 
it is convenient to assume, for the sake of simplicity, that 
the eye at E 'n Fig. 29 lies in the plane of the paper. The 
first step in the construction of the path of the ray is to draw 
the straight line from the given image-point to the eye, 
because if the eye sees this point the light that enters the 
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eye must arrive along this line. If this line does not cross 
the mirror in which the image is produced, this particular 
image will not be visible from the point E. Now join the 
point where this line meets the mirror with the preceding 
.image in the same series; the part of this line that lies be- 
tween the two mirrors will evidently show the route of the 



Fig. 30. — Showing how an eye at E sees the images of a lumi- 
nous point S in a rectangular pair of plane mirrors. 

hght before its last reflection. Proceeding in this fashion 
from one mirror to the other, we shall trace backwards the 
zigzag path of the ray until we arrive finally at the luminous 
source at S. Consider, for example, the image P 3 formed 
in the mirror OA in Fig. 29. This image is visible to the 
eye at E because the straight line P3E cuts at K the mirror 
OA. If J and H designate the points where the straight 
lines KP 2 and JPi meet the mirrors OB and OA, respectively, 
the broken line SHJKE will represent the path of the ray 
from the source at S into the eye at E. Fig. 30 shows ho^v 
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an eye at E in front of two perpendicular plane noirrors can 
see the images Pi, P2, Qi and Q2- 

20. Rectangiilar Combinations of Plane Mirrors. — ^In a 
rectangular combination of two plane mirrors (7 = 90°) the 
image formed by two successive reflections will be in- 
verted in the principal section of the system, but in any 
plane at right angles to a principal section the image will 
be erect. For example, if an object is placed in front of two 
vertical plane mirrors at right angles to each other, the 
image produced by two reflections will have the same posi- 
tion and appearance as if the object had been revolved bodily 
through an angle of 180° about a vertical axis coinciding 
with the line of intersection of the planes of the mirrors, as 
represented in Fig. 31. In this case the image remains ver- 
tically erect, whereas it is horizontally inverted. On the 
other hand, if one of the mirrors is vertical and the other 
horizontal, the image by twofold reflection will have the 
same position and appearance as if the object had been 
revolved through 180° around a horizontal axis coinciding 
with the line of intersection of the two mirrors (Fig. 32); 
that is, the image now will be upside down but not inverted 
hcgizontally. 

(Therefore, in order to obtain an image that is completely 
reversed in every respect, two rectangular combinations of 
plane mirrors may be employed with their principal sections 
mutuallxjit right angles, so disposed that the rays coming 
from the object' mil be reflected in succession from each of 
the four p’ane surfaces. An auxiliary system of this descrip- 
tion is sometimes used in connection with an optical instru- 
ment for the purpose of rectifu iacL ihe i mage which otherwise 
would be seen inverted . A rectifying device depending on this 
principle is the so-called Poeeo prism-system (1852), utilized 
by Abbe (1840-1905) in the design of the famous prism binocu- 
lar telescope or field-glasses (c. 1883) .J A sketch of the arrange- 
ment is shown in Fig. 33. Two rectangular prisms are placed 
in the tube of the instrument, between the objective and the 




Fig. 31. — Image of an object in a rectangular pair of plane mirrors (from actual pliotograpli) ; showing how 
the last image is obtained by rotating the object through 180 ° around the line of intersection of the mirrors. 
Both mirrors in vertical planes. 



Fig. 32. — ^Image of an object in a rectangular pair of plane mirrors (from 
actual photograph) ; showing how the last image is obtained by rotating 
the object through 1808 around the line of intersection of the mirrors. 
One mirror vertical, the other horizontal. 
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Fig. 33. — Poero prism-system in prism 
binocular field glasses. 


ocular, with their principal sections at right angles to each 
other. The axial ray, after traversing the objective, crosses 
normally the hypothenuse-face of the first prism and is 
totally reflected (see § 36), in the plane of a principal section, 
at each of its two per- 
pendicular faces so as to 
emerge from the hypoth- 
enuse-face in a direction 
precisely opposite to that 
which it had when it first 
crossed this surface. This 
ray now undergoes a simi- 
lar cycle of experiences in 
a principal section of the 
second prism, and finally 
emerges from this prism 
in the same direction as 
it had when it met the 
first prism. A ray parallel to the axial ray and lying above 
a horizontal plane containing the axis will be converted by 
virtue of the two reflections in the first prism into a ray 
whose path lies below this plane; and, similarly, a ray par- 
allel to the axis and lying on one side of a vertical plane 
containing the axis will, in consequence of the two reflec- 
tions within the second prism, be converted into a ray whose 
path lies on the opposite side of this vertical plane. Thus, 
the combined effect of the two reflecting prisms together 
will be to reverse completely the position of the ray with 
respect to the horizontal and vertical meridian planes, so 
that the ray will issue from the system on opposite sides of 
both these planes. If the system of prisms were removed, 
the image in the instrument would appear inverted, but by 
interposing the prisms in this fashion the image will be 
rectified and oriented exactly in the same way as the object; 
which in the case of many optical instruments is an essential 
consideration. 
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21. Applications of the Plane Mirror. — It is hardly 
necessary to say that the plane mirror for various pur- 
poses has been in use among civilized peoples of all ages; 
although the use of mirrors as articles of household fur- 
niture and decoration does not go back farther than the 
early part of the 16th century. By a combination of two 
or more plane mirrors a lady can arrange the back of 



her dress and in fact see herself as others see her. With 
the aid of a mirror or combination of mirrors many in- 
genious magical effects are produced in theaters. The 
plane mirror also constitutes an essential part of numerous 
useful scientific instruments in some of which its only duty 
is to alter the course of a beam of light, whereas in various 
forms of goniometrical instruments and contrivances for de- 
termining an angular magnitude that is not easily measured 
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directly the angle in question is ascertained indirectly by 
observing the angle turned through by a ray of light which 
is reflected from a plane mirror. 

22. Porte Lumiere and Heliostat.4rAs good an illustra- 
tion as can be given of the use of a plane, mirror for chang- 
ing the direction of a beam of sunlight is afforded by the 



'porte lumiere (Fig. 34), which consists essentially of a plane 
mirror ingeniously mounted so as to be capable of rotation 
about two rectangular axes, whereby it may be readily ad- 
justed in any desired azimuth and reflect a beam of sun- 
light through a suitable opening in the wall of the buiMing 
to any part of the interior of the room. 

However, owing to the diurnal movement of the sun, 
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a continual adjustment of the mirror is necessary in order 
to keep the spot of light for any length of time at the place 
in the room where it is needed, and sometimes this manipu- 
lation is very inconvenient and annoying, especially in the 
case of a laboratory experiment extending perhaps over 
a considerable part of a day. Thus, for example, .'n study- 
ing the solar spectrum it is often desirable to illuminate the 
slit in the^collimator tube of the spectrometer for hours at 
a t’me. (For such purposes it is better to use a heliostat 
(Fig. 35), which is contrived so that the plane mirror is con- 
tinuously revolved by clockwork around an axis parallel 
to the earth’s axis so as to preserve always the same relative 
position with respect to the sun in its apparent diurnal 
motion in the sky.'N^ The mirror can also be turned about 

a horizontal axis, and it has first 
to be adjusted about this axis so 
that the rays of the sun are re- 
flected towards the north pole 
of the celestial sphere, that is, 
parallel to the axis of the earth. 
The mirror being adjusted at 
this angle, which will depend on 
the declination of the sun above 

Fig. 36.— Principle of heliostat. ^elow. the Celestial equator, 

and turning at the rate of 15^ 
per hour around an axis parallel to the axis of rotation of 
the earth, it is evident that the rays of the sun will continue 
to be reflected constantly in the same direction. Suppose, 
for example, that the mirror is adjusted in the position 
ZZ (Fig. 36) so that the ray SB coming from the sun at S is 
reflected at B in the direction BP parallel to the axis of the 
earth and therefore parallel to the axis of rotation AB of the 
mirror. If the polar distance of the sun is denoted by 
2a=ZPBS, and if the angle between the normal to the 
mirror and the axis of rotation is denoted by 7), then, evi- 
dently, 7]= a. If the sun’s declination on a certain day 
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is +10°, then 2 a = 90° -10° =80°, and 7^ = 40°. If, on the 
other hand, the sun is 10° below the equator, 2 a = 100° and 
7 ^ = 50°. 

The heliostat is provided also with a fixed mirror which 
reflects the rays from the rotating mirror in a definite di- 
rection, as desired, usually in a horizontal direction into 
the room where the sunlight is to be used. Generally, the 
instrument is mounted on a permanent ledge outside the 
window; sometimes it is placed on the roof of the building 
and the fixed mirror adjusted so as to send the sun’s rays 
down a vertical tube at 
the bottom of which there 
is another mirror placed 
at an angle of 45° with 
the vertical where the 
rays are once more re- 
flected so that the beam 
of sunlight which enters 
the room will be hori- 
zo^al. 

Measurement of 
the Angle of a Prism.-^- 

Another laboratory ap- 
plication of the principle 
of a plane mirror is seen 
in the method of using a 
goniometer to ascertain 
the dihedral angle between two plane faces of a glass prism 
(§ 48). The angle that is actually measured by the goniom- 
eter is the angular distance between the images of a distant 
object as seen in the two faces of the prism. Parallel rays 
coming from a far-off source at S (Fig. 37) and incident on 
the two faces of the prism that meet in the edge V are re- 
flected as shown in the diagram, and the angle between the 
;^o directions of the reflected rays is obviously equal to 
t^e the dihedral angle 
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24. Measure of Angular Deflections by Mirror and 
Scale. — The angular rotation of a body, for example, the 
deflection of the magnetic needle of a galvanometer, is fre- 
quently measured by attaching a mirror to the rotating 
body from which a beam of light is reflected. This reflected 
light acts as a long weightless pointer whereby the actual 



Fig. 38. — Mirror, telescope and scale for measure- 
ment of angles. 


movement of the body can be magnified to any extent with- 
out in the least affecting the sensitiveness of the apparatus. 

In Fig. 38 the plane mirror which is capable of rotation 
about an axis perpendicular at A to the plane of the paper 
is represented in its initial position by the line-segment 
marked 1. The straight line MN in front of the mirror and 
at a known distance (d=AB) from it represents a scale 
graduated in equal divisions. An eye at E looking through 
a telescope pointed towards A will see the image in the mirror 
of the scale-division at S, the so-called zero-reading,” be- 
cause the light from S incident at A on the mirror in the 
position 1 (^^equilibrium-position”) is reflected along AE 
into the eye at E. If now the mirror is turned through an 
angle 9 into the position marked 2, another scale-division 
will come into the field of view of the telescope and coin- 
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cide with the cross-hair in the eye-piece. If this scale- 
division corresponds to the point marked P, it is the light 
that comes along PA that is now reflected along AE into 
the eye at E; and evidently, according to § 13, ZPAS = 2^. 
In making a measurement by this method, the three points 
designated by S, B and E are generally adjusted so as to 
be very near together, if not actually coincident. If they 
were coincident, the planes of the mirror and scale would 
be parallel, and the axis of the telescope would coincide 
with the straight line BA perpendicular to the scale at B. 
But in any case the Z BAS = e will be a constant, depending 
partly on the initial position of the mirror and partly on 
the direction of the axis of the telescope; thus, 

tane = a/d, 

where a — BS. If, therefore, we put x = SP, we have: 

X 

^=tan (e+2 0 )~tan€ ; 

whence, since the value of x can be read off on the scale, it 
will be easy to calculate the value of the required angle 6 
through which the mirror has been turned. In many cases 
where this method is employed the angles denoted by 6 and 
e are both so small that there will be little error in sub- 
stituting the angles themselves in place of their tangents. 
Under these circumstances the above formula will be greatly 
simplified, for the angle e will disappear entirely, and we 
shall obtain: 


where, however, it must be noted that this expression gives 
the value of the angle d in radians. The value of 6 in de- 
grees is found by multiplying the right-hand side of this 
formula by ISO/tt, so that we obtain: 

0=^ degrees. 

A lamp and scale is sometimes used instead of a telescope 
and scale, the light of the lamp being reflected from the 
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mirror on to the scale which is usually made of translucent 
glass, so that it is easy to read the position of the spot of 
light. 

25. Hadley’s Sextant.— Another instrument which utilizes 
the principle of § 17 is the sextant, which is employed for 



Fig. 39. — Principle of sextant. 

measuring the angular distance between two bodies, for ex- 
ample, the altitude of the sun above the sea-horizo^. The 
plan and essential features of this apparatus are shown in 
Fig. 39. At the center A of a graduated circular arc ON 
a small mirror is set up in a plane at right angles to that of 
the arc. This mirror can be turned about an axis perpendic- 
ular to the plane of the paper and passing through A. Rig- 
idly connected to this mirror and turning with it is a long 
solid arm AP whose other end P, provided with a vernier 
scale, moves over the arc ON, whereby the angle through 
which the mirror turns can be accurately measured. A little 
beyond the extremity N of the graduated part of the arc, 
a second mirror B is erected facing the first mirror. The 
plane of this mirror is likewise perpendicular to that of the 
circle, but from the upper half of it the silver has been 
removed, so that this portion of the mirror B is transparent. 
Moreover, this mirror is fixed with respect to the instru- 
ment. An observer looking through a peep-hole or tele- 
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scope attached to the instrument towards the mirror B may 
see a distant object through the upper transparent part of 
this mirror, and at the same time he may also see just below 
it the image of a second object reflected in the lower half 
of the glass. When the planes of the two mirrors A and B 
are parallel, the zero-mark of the vernier on the movable 
arm coincides with the zero-mark 0 of the graduated arc. 
Suppose, for example, that when the two mirrors are par- 
allel to each other, the instrument is pointed at a distant 



Fig. 40. — Model of mirror sextant. 

object, say, a star at Si, which will be seen directly through 
the upper half of the fixed mirror B. At the same time the 
observer will see an image of the object Si by rays which 
have been reflected from the mirror A to the mirror B and 
thence into the eye at E; for if the two mirrors are parallel, 
the direction of a ray after two reflections will be the same 
as its initial direction. If now the mirror A is turned until 
the image of another object at S2 comes into the field of 
vision, the two objects Si and S2 will be seen simultaneously, 
for with the mirror at A in this new position the incident ray 
S2A will be the ray that is reflected from A to B and thence, 
as before, into the eye at E. Moreover, since the angle between 
the original direction S2A of this ray and its final direction 
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SiA is equal to double the angle between the planes of the 
two mirrors, that is, is equal to 2 d, where d — Z. OAP , the 
angular distance between the objects at Si and S 2 must be 
equal to 2 6, that is, Z S 1 AS 2 = 2 6. In order to save trouble 
in ma.kiTig the readings, half-degrees on the graduated arc 
are reckoned as degrees, so that the value of the angle 2 0 is 
read directly on the scale. As the angular distance between 
the objects will seldom exceed 120°, and since, in fact, the 
method is not very accurate for angles greater than this, 
the actual length of the graduated arc need not be greater 
than about 60° or one-sbcth of the circumference; whence 
the name sextant is derived. 

A simple model of a mirror sextant is shown in Fig. 40. 
For accurate measurements the instrument is made of metal 
with a scale etched on a silver strip. Moreover, a telescope 
is used instead of a peep-hole; so that with a fine sextant it 
is comparatively easy to measure the angular distance be- 
tween two points to within one-half minute of arc. One 
great advantage of this instrument is its portability, and 
since it does not have to be mounted on a stand, it is very 
serviceable on shipboard for measurements of altitude and 
determinations of latitude, etc. 

PEOBLEMS 

1. The top of a vertical plane mirror 2 feet high is 4 feet 

from the floor. The eye of a person standing in front of the 
mirror is 6 feet from the floor and 3 feet from the mirror. 
What are the distances from the wall on which the mirror 
ha.Tig s of the farthest and nearest points on the floor that 
are visible in the mirror? Ans. 6 ft. ; 18 in. 

2. A ray of light is reflected at a plane mirror. Show that 
if the mirror is turned through an angle 6, the reflected ray 
will be turned through an angle 2 6. 

3. Show that 'the deviation of a ray reflected once at each 
of two plane mirrors is equal to twice the angle between the 
mirrors. 
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4. If a plane mirror is turned through an angle of 5°, 

what is the deflection indicated by the reading on a straight 
scale 100 cm. from the mirror? Ans. About 17.6 cm. 

5. Find the angle turned through by the mirror when the 
deflection on the scale in the preceding example is 10 cm.? 

Ans. 2° 52'. 

6. What must be the length of a vertical plane mirror in 
order that a man standing in front of it may see a full length 
image of himself? Ans. The length of the mirror must be 
equal to half the height of the man. 

7. Show that a plane mirror bisects at right angles the 
line joining an object-point with its image. 

8. A ray of light proceeding from a point A is reflected 
from a plane mirror to a point B. Show that the path pur- 
sued by the light is shorter than any other path from A to 
the mirror and thence to B. 

9. Give Huygenses construction, (1) for the reflection 
of a plane wave at a plane mirror, and (2) for the reflection 
of a spherical wave at a plane mirror. 

10. Explain clearly how to determine the limits of the 
field of view in a plane mirror for a given position of the eye 
of the spectator. 

11. A candle is placed between two parallel plane mirrors. 
Show how an observer can see the image of the candle pro- 
duced by rays which have been twice reflected at one mirror 
and three times at the other. Draw accurate diagram show- 
ing the paths of the rays, the positions of the images, etc.; 
and give clear explanation of the figure. 

12. OA and OB are two plane mirrors inclined at an angle 

of 15°, and P is a point in OA. At what angle must a ray 
of light from P be incident on OB in order that after three 
reflections it may be parallel to OA? Ans. 45°. 

13. Show that the images of a luminous object placed 
between two plane mirrors all lie on a circle. 

14. Show how by means of two plane mirrors a man 
standing in front of one of them can see the image of the back 
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of his head. Trace the course of the rays from the back of 
his head into his eye and explain clearly. 

15. Show by a diagram, with clear explanations, how 
one sees the image of an arrow in a plane mirror. 

16. Construct the image of an arrow formed by two re- 
flections in a pair of inclined mirrors, (1) when the mirrors 
are at right angles, and (2) when the angle between the 
mirrors is 60°. 

17. Show how a horizontal shadow of a vertical rod can 
be thrown on a horizontal screen by a point-source of light 
with the aid of a plane mirror. Draw a diagram. 

18. An object is placed between two plane mirrors in- 
clined at an angle of 45°. Show by a figure how a spectator 
may see the image after four successive reflections. Give 
clear explanation. 

19. Two plane mirrors are inclined at an angle of 50°. 
Show that there will be 7 or 8 images of a luminous point 
placed between them, according as its angular distance from 
the nearer mirror is or is not less than 20°. 

20. Pind the number of images formed when a bright point 
is placed between two plane mirrors inclined to each other- 
at an angle of 25°. Ans. 15 or 14 images according as the 
angular distance of the luminous point from the nearer mir- 
ror is or is not less than 5°. 

21. A luminous object moves about between two plane 
mirrors, which are inclined at an angle of 27°. Prove that 
at any moment the number of images is 13 or 14 according 
as the angular distance of the luminous point from the nearer 
mirror is or is not less than 9°. 

22. The angle between a pair of inclined mirrors is 80°. 
Pind the position of an object which is reproduced by 5 
images. Ans. The object must be less than 20° from the 
nearer mirror. 

23. Describe a sextant with the aid of a diagram, and ex- 
plain its use. 

24. Describe and explain the heliostat. 
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25. Construct the image of the capital letter F as seen in 
a plane mirror. 

26. When a candle-flame is placed in front of a screen 
with a pin-hole opening, an image of the flame is formed on 
a second screen placed parallel to the first. But if the second 
screen is replaced by a plane mirror, the image will be formed 
on the back of the first screen. Explain how this happens. 

27. Explain clearly (with diagram, formula, etc.) the 
method of using a mirror and scale for measurement of 
angles. 

28. Describe how the dihedral angle of a glass prism is 
measured on a goniometer-circle. 

29. AB is an object in the form of an arrow placed in front 
of a plane mirror, and A'B' is its image in the mirror. P 
and P' are two points at equal distances from the mirror on 
opposite sides of it. Show how an eye at P can see the image 
A'B'; and also how an eye at P' would see the object AB if 
the mirror were removed. Explain how the image in the 
mirror is '^perverted.^^ 
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REFRACTION OF LIGHT 

26. Passage of Light from One Medium to Another,— 

Hardly any one can have failed to observe that the course of 
light in passing obliquely from water to air is abruptly changed 
at the surface of the water. For example, if a coin is placed 
at A in the bottom of a china bowl (Fig. 41), and if the eye 

is adjusted at a point C 
c so that the coin is hid 
from view by the side of 
the vessel, then, without 
altering the position of 
the eye, the coin can be 
made visible merely by 

Fig. 41. — Coin at bottom of bowl rendered pouring water in the 
visible by fillmg bowl with water. ^ 

The broken line ABC illustrates how a ray proceeding from 
A may be bent at the surface of the water so as to pass ove 2 
the edge of the bowl and enter the eye at C. It is true the 
coin will will not appear to be at A but at a point A' nearer 
the surface of the water and displaced a little sideways to- 
wards the eye, because the rays that come to the eye inter- 
sect at this point A' (§ 42). A clear pool of water seems to 
be shallower than it really is, and this illusion is greater in 
proportion as the line of sight is more oblique, so that bright 
objects at the bottom of the pool appear to be crowded to- 
gether towards the surface. When a stick is partly immersed 
in water, the part under water appears to be bent up to- 
wards the surface (§ 42), 

'^ This bending of the rays which takes place when light 
crosses the boundary between two media is called refraction. 
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Fig. 42. — Law of Refraction. 


The path of a beam of sunlight through water can easily 
be shown by mixing a little milk in the water or by stir- 
ring in it a minute quantity of chalk-dust, while a puff of 
smoke will at once reveal the track of the beam in the air, 
so that the phenomena of 
refraction can readily be 
exhibited to the eye. In 
every case it will be found 
that the ray is bent farther 
from the incidence-normal 
in the rarer or less dense 
medium (see § 30)); and 
here also, as in the case 
of reflection, there is a 
perfectly definite connec- 
tion between the direction of the incident ray and that of 
the corresponding refracted ray, 

27. Law of Refraction, — ^In Fig. 42 the straight line AB 
represents the path of a ray incident at the point B on a 
smooth refracting surface separating two media which for 
the present will be designated by the letters a and h. The 
straight line NN' drawn perpendicular to the plane which 
is tangent to the refracting surface at B represents the 
incidence-normal; and the plane of the paper which con- 
tains the incident ray and the incidence-normal is the plane 
of incidence, as already defined (§ 13). The line ZZ repre- 
sents the trace of the refracting surface in this plane. And, 
finally, the path of the refracted ray is shown by the straight 
line BC. The angles of incidence and refraction are defined 
to be the acute angles through which the incidence-normal 
has to be turned in order to bring it into coincidence with 
the incident and refracted rays, respectively. Thus, if 
these angles are denoted by a, a', then 

a = ZNBA, a' = ZN'BC. 

In the figure as drawn the angle a is represented as greater 
than the angle a', so that, according to the statement at 
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the end of § 26, the medium a is less dense or '"rarer'' than 
the medium h. 

Before stating the relation which is found to exist be- 
tween the angles a and a', it is necessary to allude to 
Newton's great discovery that sunlight and indeed so- 
called "white light" of any kind, as, for example, the light 
of an arc lamp, is composed of light of an innumerable 
variety of colors (see Chapter XIV), as may be shown by 
passing a beam of sunlight through a glass prism, whereby 
it will be seen that white light is a mixture of all the colors 
of the spectrum in all their infinite varieties of hues. , On 
the other hand, monochromatic light, as it is called, is light 
of some one definite color, as, for example, the yellow light 
emitted by a sodium flame which may be obtained bj^ 
burning common salt in the flame of a Bunsen burner. 
In geometrical optics, unless we are specially concerned 
with the investigation of color-phenomena (as in Chapter 
XIV), it is nearly always tacitly assumed that the source 
of the light is monochromati^ 

The law of refraction, as found by experiment, may now 
be stated as follows: 

The refracted ray lies in the 'plane of incidence on the op- 
posite side of the normal in the second medium from the incident 
ray in the first medium; and the sines of the angles of incidence 
and refraction are to each other in a constant ratio, the value of 
which depends only on the nature of the two media and on the 
color (or wave-length) of the light 

This constant ratio, denoted by the symbol 7^ab, is called 
the relative index of refraction from the first medium (a) to 
the second medium (b) for light of the given color; thus, 

sin a 

|the value of this constant, as a rule, being greatest for violet 
and least for red light, so that the violet rays are the most 
"refrangible" of all?) When light is refracted from air (a) to 
water (w) the relative index of refraction is, approximately, 
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naw=4/3, and hence under these circumstances sin a 
sin a. Although there are many different varieties 
optical glass, for rough calculations the value of the re 
tive index of refraction from air (a) to glass (g) may 
taken as = which means that the sine of the an 
which the ray makes with the normal in glass is about 
thirds of the sine of the angle which the corresponding i 
makes with the normal in air} 

Although the law of refraction is quite simple, it son 
how eluded discovery until early in the seventeenth centi 
when the true relation between the angle of refraction a 
the angle of incidence was first ascertained by Willebro 
Snell (1591-1626) or Snellius, of Leyden, and the law 
therefore, often referred to as Snell’s Law of Refractr 
The law v/as first published by the French philosop] 
Descartes (1596-1650), who had probably seen Snel 
papers, although he does not allude to him by name. ^ 
28 . Experimental Proof of the Law of Refraction.-^-T 
relation between the angles of incidence and refraction c 
be very strikingly exhibited with the aid of the optical d 
that was mentioned in § 13 in connection with a lectu 
table experiment for verifying the law of reflection of lig 
The vertical ground glass disk is adjusted in the track 
a narrow beam of sunlight (or parallel rays from a iantei 
in such a position that the path of the light is shown bj 
band of light crossing the face of the disk along one of 
diameters. The glass body through which the light is 
fracted has the form of a semicylinder, the two plane p, 
allel sides being ground rough so as to be more or less opaqi 
whereas the curved surface and the diametral plane h 
are both highly polished. This half-disk has a radius 
about 2 inches and is about one-half inch thick or more, 
can be fastened against the vertical face of the optical d 
with its axis horizontal and coinciding with the axis of rotati 
of the disk, as represented in the diagram Fig. 43. If t 
adjustment is made, and the disk turned so that the in 
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Fta. 43.- 


-Optical Disk used to verify 
law of refraction. 


dent ray AB meets the polished plane face of the glass body 
at its center B, the refracted ray BC will proceed through 
the glass along a radius of the semicylinder, and therefore 
meeting the curved surface normally, it will emerge again 

into the air without being 
further deviated. The di- 
ameter NN' which is 
marked on the face of the 
optical disk is normal to 
the plane surface of the 
glass body, and if from the 
points A and C where the 
incident and refracted rays 
cross the circumference of 
the disk perpendiculars are 
let fall on the normal 
NN', the lengths of these 
perpendiculars AX and CY will be proportional to the sines 
of the angles of incidence and refraction NBA and N'BC, 
respectively. Now it will be found that, no matter how we 
turn the disk, the perpendicular AX will always be about 
one-and-a-half times as long as the perpendicular CY. If 
we substitute for the half-disk of solid glass a hollow vessel 
of the same form and size with thin glass walls, and if we fill 
this vessel with water, we shall find now that the length of 
the perpendicular AX will always be about one-and-one- 
third times that of the perpendicular CY, because the relative 
index of refraction from air to water is 4/3, as above stated. 

But the best proof of the law of the refraction of light 
is to be found in the fact that this law is at the basis of the 
theory and construction of nearly all optical instruments, 
and it has been subjected, therefore, to the most searching 
tests. The law of refraction may also be regarded as com- 
pletely verified by the methods that are employed in the 
determination of the indices of refraction of transparent 
bodies., solid, liquid and gaseous; which are described in 



§29] 


Reversibility of Light Path 


69 


treatises on experknental optics usually under the title of 
^‘refractometry/^ 

29. ReversibUity of the Light Path. — ^When a ray of light 
AB is reflected at B in the direction BD, a plane mirror 
placed at D at right angles to BD will turn the reflected 
ray back on itself; arriving again at B, the light will ob- 
viously be reflected there so as to return finally to the point 
A where it started. This is a simple instance of a general 
law of optics known as the principle of the reversibility of 
the light path. Experiment shows that the same rule holds 
likewise in the case of the refraction of light, and that if 
ABC is the route pursued by light in going from a point 
A in one medium to a point C in an adjoining medium by 
way of the incidence-point B, and if then the light is re- 
versed by some means so as to be started back along the 
path CB, it will be refracted at B into the first medium 
along the path BA. And, in general, if the final direction 
of the ray is reversed, for example, by falling normally on 
a plane mirror, the light will retrace its entire path, no 
matter how many reflections or refractions it may have 
suffered. Thus, in any optical diagram, in which the di- 
rections of the rays of light are indicated by arrow-heads, 
these pointers may all be reversed, if we wish to ascertain 
how the rays would go through the system if they were to 
enter it from the other end. 

It follows, therefore, since 

sin a sin a' 

that we have the relation: 

that is, the relative indices of refraction from (a) to (b) and 
from (b) to (a) are reciprocals of each other. \ Thus, for ex- 
ample, since naw=4/3 is the index from air to water, the 
index from water to air is n^a=3/4. Similarly, if nag = 3/2, 
the index from glass to air is = 2/3. 
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30. Limiting Values of the Index of Refraction. — Accord- 
ingly, we see that the value of the relative index of refrac- 
tion may be greater or less than unity. If nab>l, the 
second medium (b) is said to be more highly refracting or 
(optically) denser than the first medium (a); and since in 
this case sin a >sina', it follows that a > a', which means 
that the refracted ray is lent towards the normal, as happens 
when light is refracted from air to water (nab = 1-33). On 
the other hand, if nab<l, the second medium (6) is said to 
be less highly refracting or (optically) rarer than the first 
medium (a), and now the angle of refraction (a') will be 
greater than the angle of incidence (a), so that in this case 
the refracted ray will be bent away from the normal, as, for 
example, when light is refracted from water into air (n^a = 
0.75). (Glass is more highly refracting than water, and 
diamond has the greatest light-bending power of all optical 
media, the index of refraction from air to diamond being 
about 2.5. ) The values of the constant nab for pairs of 
media a, b that are available for optical purposes are com- 
prised within comparatively narrow limits, say, between 
1/2 and 2. In the exceptional case when nab = l, the angles 
of incidence and refraction will be equal, and the rays pass 
from a to 5 without change of direction. This is the reason 
why a glass rod is invisible in oil of cedar. Sometimes ac- 
cidental differences of refrangibility between two adjacent 
layers of the same medium enable us to distinguish one 
part of a transparent medium from another. Similarly, 
also, the presence of air-bubbles in water or glass is made 
manifest by the refractions that take place at the boundaries. 
A fish swimming in water does not see the water around him, 
but the phenomena of refraction may make him aware of the 
existence of a different medium above the surface of the water. 

31. Huygens’s Construction of a Plane Wave Refracted 
at a Plane Surface. — ^The straight lines AB and AD (Fig. 44) 
show the traces in the plane of the diagram of the plane 
wave-front advancing in the first medium (a) in the direc- 
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tion BD and the plane refracting surface, respectively. The 
disturbance is supposed to have just arrived at the point A 
of the refracting plane, which from this moment (f=0) 


becomes a new origin 
from which secondary 
hemispherical wavelets 
are propagated into the 
second medium (6). Now 
light is propagated with 
different velocities in dif- 
ferent media; thus, for 
example, the velocity of 
light in water is only 
about three-fourths of 
what it is in air and the 
velocity in glass is about 
two-thirds of the velocity 
in air. Consequently, 



when waves of light pass 
from air into water or 


Fig. 44. — Huygens’s construction of plane 
wave refracted at plane surface. 


glass, the part of the wave-front that is in the denser medium 
advances more slowly than the part that is still in the air, 
so that the direction of the wave-front is changed in passing 
from one medium to another. Let the velocities of light 
in the media a and b be denoted by and respectively. 
Then after a time when the disturbance which 

was at B has just arrived at D on the boundary between 
the two media, the secondary wavelets which have been 
spreading out from A as center will have been propagated 


in the second medium (6) to a distance AC=Vb*^='~-PDj 

and, similarly, at the same instant from any intermediate 
point Q lying on AD between A and D the disturbance will 
have proceeded into the second medium (6) to a distance 


QR =-(BD— PQ) =-KI), 

^ Ve, Ve, 
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where K (not shown in the figure) designates the foot of 
the perpendicular let fall from Q on BD. Thus, the radii 
of the elementary cylindrical refracted waves whose axes are 
perpendicular to the plane of the diagram at A and Q are 


^BD, 


-KD, 

Vs. 


respectively; and, according to Huygens's principle, the 
refracted wave-front at this instant will be the surface which 
is tangent to all these elementary cylindrical surfaces. Ex- 
actly the same method as was used in the similar problem 
of reflection (§ 14) can be applied here; and thus it may be 
shown that at the moment when the disturbance reaches 
the point D of the plane refracting surface, the refracted 
wave-front will be the plane CD containing this point, which 
is perpendicular to the plane of the figure and tangent at C 
to the elementary wave represented by the spherical sur- 
face described about C as center with radius equal to AC. 
In the first medium the wave marches forward in the di- 
rection LA and in the second medium in the direction AC. 

Snell's law of refraction (§ 27) may be deduced from 
the figure by observing that BD=AD.sina, where a = 
ZNAL = ZDAB denotes the angle of incidence, and AC== 
AD.sina', wherea'==ZN'AC = ZADC denotes the angle of 
refraction. Consequently, 


sm a BD Vs, ^ , 

- — ;=T 7 T=“~ = a constant, 
sm a' AC Vh 


which constant must, therefore, be identical with the relative 
index of refraction 

The diagram is drawn for the case when the light travels 
faster in the first medium than it does in the second 
that is, when the second medium is more retarding or ^^op- 
tically denser" (§ 30) than the first. 

32. Mechanical Illustration of the Refraction of a Plane 


Wave. — ^A simple mechanical illustration of the refraction 
of a plane wave at a plane surface may be devised as 
follows: 
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Two boxwood wheels each about two inches in diameter 
are connected by an iron axle about 4 inches long passing 
through the centers of the wheels at right angles to their 
planes of rotation (Fig. 45 ). If this body is placed on a 
smooth rectangular board, about a yard long and about 
18 inches wide, which is 
slightly tilted, and allowed 
to roll diagonally down the 
board, its path will be 
along a straight line. But 
if a piece of felt cloth or 
velveteen cut in the form 
of a rectangle is glued in 
the middle of the board, 
with its long side parallel 
to the edge of the board, 
then when the body de- 
scends the inclined plane 
obliquely, one of the wheels 
w^ill arrive at the edge of 45.— ~]vi©cii3/nic£il illus'trsjtioii of 

the cloth before the other, 

so that it will be suddenly slowed up while the other wheel 
continues to move on the bare board under the same condi- 
tions as before. Consequently, the axle will be made to swing 
round until both wheels get on to the cloth piece, the direc- 
tion of motion having been abruptly changed in this process. 
At the opposite edge of the cloth rectangle, a similar change 
of the direction of motion takes place in an opposite sense, 
so that when the roller leaves the retarding surface and 
emerges again on to the bare board, it will be found to be 
going approximately in the same direction as at first. These 
bendings in the course of the roller descending the inclined 
plane at the places where it crosses the parallel sides of the 
cloth rectangle are analogous to the deviations in the line 
of march of a plane wave of light in traversing a glass slab 
surrounded by air. 
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33. Absolute Index of Refraction. — If fa, fb and denote 
the velocities of light in the media a, b and c, respectively, 
then, as we have just seen (§ 31), according to the wave- 
theory of light, the relative indices of refraction will be: 

, 

and, hence, we find: 


so that in case we know the values ^ac, ^bc of fho indices 
of a medium c with respect to each of the two media a and 
6, the value of the index of medium h with respect to 
medium a can be obtained at once by means of the above 
relation. Moreover, since (§ 29) 



the preceding equation may be written as follows: 

^ab ~ ^ac'^cb* 

Thus, for example, suppose the three media a, h and c are 
water, glass and air, respectively; since nac“3/4 and — 
3/2, the index of refraction from water to glass is found by 
the above formula to be nab = 9/8. 

In fact, if there are a number of media a, &, c, . . . , i, j, k 
it is obvious that we shall have the following relation be- 
tween the relative indices of refractions: 

"^ab’^bc • • • “^ak; 

which is easily remembered by observing the order in which 
the letters occur in the subscripts. In particular, if the last 
medium k is identical with the first medium a, as is the case 
in an optical instrument surrounded by air, then nak=naa- 1, 
and accordingly we obtain : 

^ab*^bc * • • • 

A special case of this general relation, viz., 

^ab*^ba~ Ij 

has already been remarked (§ 29). 
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Since nac-''^ca=Wbo-«'cb = l and nab.nbc=nao, we may write 
also: 


and this formula suggests immediately the idea of employ- 
ing some suitable medium c as a standard optical medium with 
respect to which the indices of refraction of all other media 
may be expressed. The natural medium to choose for this pur- 
pose is the ether itself which light traverses in coming to the 
earth from the sun and stars; and so the index of refraction of 
a medium with respect to empty space or vacuum is called 
its absolute index of refraction or simply its refractive index. 
Thus, the absolute index of refraction of vacuum (c) is equal 
to unity, that is, ne = l. Similarly, the symbols n^,, will 
be employed to denote the absolute indices of the media 
a, 6, respectively; so that here they are really equivalent 
to the magnitudes denoted by ^ca, ^cb the preceding 
formula, which, therefore, may be written : 




^ .. * 

that is, the relative index of refraction pf medium b with respect 
to medium a is equal to the ratio of the absolute index of medium 
b to that of medium a. 

The absolute indices of refraction of all known transparent 
substances are greater than unity. The velocity of light 
in ordinary atmospheric air is so nearly equal to its velocity 
in vacuo that for all practical purposes we may generally 
take the absolute index of refraction of air as also 
equal to unity. The actual value for air at 0°C. and 
under a pressure of 76 cm. of mercury, for sodium light, 
is 1.000293. 

With every isotropic medium there is associated, there- 
fore, a certain numerical constant n called its (absolute) 
index of refraction; and, hence, when a ray of light is re^ 
fracted from a medium of index n into another of index n', 
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the trigonometric formula for the law of refraction may be 
written thus: 

sina 

sina' n ’ 

which may also be put in the following symmetric form : 
^'.sina' = n.sma. 

This latter mode of writing this relation suggests also an- 
other way of stating the fundamental fact in regard to the 



Fig. 46. — Construction of refracted ray 


refraction of light, as follows: Whenever a ray of light is re- 
fracted from one medium to another, the product of the index 
of refraction and the sine of the angle between the ray and the 
normal to the refracting surface has the same value after re- 
fraction (n'.sina') as before refraction (?^.sina). This prod- 
uct K=n.sina=n'.sina' which does not vary when the 
light crosses a surface separating a pair of isotropic media 
is called the optical invariant of refraction, 

34. Construction of the Refracted Ray. — ^Let the absolute 
indices of refraction of two media separated from each other 
by a smooth refracting surface be denoted by n, n', and let 
the straight line AB (Figs. 46 and 47) represent the path 
in the first medium (n) of a ray incident on the boundary- 
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surface at the point B. The straight line NN' represents 
the normal to the refracting surface at this point, and hence 
the plane of the diagram is the plane of incidence. The 
straight line ZZ shows the trace in this plane of the plane 
tangent to the refracting surface at the incidence-point B; 
in the special case when the refracting surface is itself plane^ 
this straight line will be the trace of the surface of separa- 
tion between the two media. With the point B as center 



Fig. 47. — Construction of refracted ray (w'<n) 


and with any radius r describe in the plane of incidence the 
arc of a circle cutting the incident ray AB in a point P lying 
in the first medium; and in the same plane, with radius 
n'/n times as great, that is, with radius nV/n, describe also 
the arc of a concentric circle intersecting at P' the straight 
line HP drawn through P perpendicular to ZZ at H. If 
the second medium is more highly refracting than the first, 
that is, if the radius of the second circle will be greater 
than that of the first, as represented in Fig. 46; whereas 
when n'<n, the second circle is inside the first, as in Fig. 47. 
The path of the refracted ray correspodinng to the given 
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incident ray AB will be represented by the prolongation 
BC in the second medium of the straight line PTB. 

The proof of this construction consists simply in showing 
that the Z N'BC between the normal and the straight line 
BC is equal to the angle of refraction a' as given by the 
formula a'.sina'=n.sina, where a = ZNBA denotes the 
given angle of incidence. Evidently, from the figure, we have : 
sinZHPB 

sin/HP'B BP n’ 

and since ZHPB = ZNBA=a, and ZHP'B = ZN'BC, we 
obtain immediately the relation: n'. sinZN'BC=n.sina and 
therefore ZN'BC= a'. 

35. Deviation of the Refracted Ray. — ^The acute angle 
through which the direction of the refracted ray has to be 
turned to bring it into the same direction as that of the in- 
cident ray is called the angle of deviation of the refracted ray 
and is denoted by e; thus, € = ZP'BP (Figs. 46 and 47). 
Obviously, 

€= a — a'. 

The only ray incident at B whose direction will remain un- 
changed after the ray enters the second medium is the one 
that proceeds along the normal NB (a = a'= 6=0). The 
more obliquely the ray AB meets the refracting surface, 
that is, the greater the angle of incidence, the greater also will 
be the deviation-angle. The truth of this statement will be 
apparent from an inspection of the relation between the 
angles a and € as exhibited in Fig. 46 or Fig. 47. The inter- 
cept PP^ included between the circumferences of the two 
construction-circles, which remains constantly parallel to the 
incidence-normal, increases in length as the angle of inci- 
dence increases, whereas the other two sides BP, BP' of 
the triangle BPP', being always equal to the radii of the 
circles, remain constant in length; and hence the angle e 
must increase in absolute value as the angle a increases. 

36. Total Reflection. — In ordinary refraction, as we have 
seen, there can only be one refracted ray corresponding to 
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a given incident ray, but the question may be asked: Is it 
possible that, under certain circumstances, there will be 
no refracted ray, so that the incident light will be totally 
reflected at the surface without being refracted at all? Evi- 
dently such w'.ll be the case whenever in the foregoing con- 
struction (§ 34) the point P' (Figs. 46 and 47) cannot be 
located, because the path of the refracted ray is determined 
by the straight line P'B. 

Let us examine, first, the case when the second medium 
is more highly refracting than the first, n'>n (Fig. 46). 



Pig. 48. — ^Limiting refracted ray (n'>ri) 


Suppose that the straight line AB which represents the 
path of the incident ray is initially in the position NB, and 
that it is rotated from this position around the point B as 
a pivot until it has turned through a right angle in the plane 
of the figure. While the point P on AB describes a quadrant 
of the circumference of the circle of radius BP, the point 
P' will trace out an arc of the concentric circle of radius 
BP', which, however, will never be equal to a quadrant of 
this circumference; for when the point P has completed its 
quadrant and arrived at the point D (Fig. 48) on the tan- 
gent plane drawn to the refracting surface at B, the point 
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P' will likewise have reached the extremity of its arc where 
the tangent to the inner circle at D meets the circumference 
of the outer circle. The incident ray ZB just grazes the re- 
fracting surface at B or skims along it, and most of the 
light is reflected and does not enter the second medium at 
all, but the portion that is refracted pursues the path BQ 
corresponding to this extreme position of the point P', and 
this will be the outermost of all the refracted rays that 
enter the second medium at the point B. The /N'BQ=A 
which is the greatest value that the angle of refraction can 
have in the case when n'>n is called the limiting or critical 
angle with respect to the two media. Since 

sinZ N'BQ = sinZ PP'B =BD/BP' =n/n', 
the magnitude of the angle A may be found from the rela- 
tion: 

sin A = n/n', {n<n ') ; 

which may likewise be derived by substituting the values 
a = 90°, a'=A in the refraction-formula. Thus, if the 
first medium is air (n = l) and the second medium is glass 
(n' = 3/2), sinA = 2/3, so that the critical angle for air-glass 
is found to be A =41° 49'. For air-water smA = 3/4, A = 
48° 35'; and, consequently, a ray of light whose path lies 
partly in air and partly in water cannot possibly make 
an angle with the normal in the water greater than about 
48° 30'. For example, when a star is just rising or setting, 
the rays coming from it will fall very nearly horizontally 
on the surface of tranquil water and will be refracted into 
the water, therefore, at an angle of approximately 48° 30' 
with the vertical, so that if these rays entered an eye under 
the water, the star would appear to be nearly halfway to 
the zenith. In fact, all the rays coming into an eye placed 
under water from the entire overhanging arch of the sky 
would be comprised in the water within a cone whose axis 
points to the zenith and whose angular aperture is about 
97°. In this connection it is interesting and instructive to 
examine a photograph of an air-scene made with a so-called 
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fish-eye camera immersed below the level of a clear pool 
of water, which affords some idea of how the world outside 
the pond must look to a fish. Professor Wood, of the Johns 
Hopkins University, has obtained a number of pictures of 
this kind, some of which are reproduced in illustrations in 
his very original book on Physical Optics, where also a brief 
description of the essential features of the ingenious pin- 



Fig. 49. — Limiting incident ray (n'<n) 


hole camera which was used in making these pictures is 
also given. 

{ Accordingly, when light is refracted from a rarer to a 
feiser medium, there will always be a refracted ray cor- 
responding to a given incident ray, because it is always 
possible under these circumstances to locate the position 
of the point P' opposite P, or, to express it in another way, 
because when n<n^ there will always be a certain acute 
angle a' that will satisfy the equation sina'=n.sina/n' for 
values of a comprised between (f and 90^ But in the op- 
posite case when the first medium is denser than the second 
(?^>n'), for example, when the light is refracted from water 
to air, the statement just made is no longer true. The es- 
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sential difference in the two cases may be seen at once by 
reversing the arrow-heads in the diagram Fig. 48, at the 
same time making corresponding changes in the letters and 

symbols. Fig. 49 is a 
special diagram to illus- 
trate this case. The re- 
fracted ray BQ which 
grazes the surface at the 
point B corresponds to 
the limiting incident ray 
PB which is incident at 
B at the critical angle 
A=ZNBP; and, conse- 

Fig. 50. — Refraction from water to air; quently, any ray, SUch 
total reflection. ^ 

surface at an angle of incidence greater thp^n the angle A 
will be totally reflected in the direction BS. Thus, for values 
of a which are greater than the value A oijthe critical angle 
of incidence, there will be no value of a' that will satisfy 
the equation sina'=n.sina/n'j 
when n>n\ Only those rays^ 
incident at B which lie within 
the cone generated by the 
revolution of the limiting in- 
ident ray around the inci- 
dence-normal as axis will be 
refracted into the second 
medium; and all rays falling 
on the refracting surface at 
B and lying outside this cone 
will be totally reflected. Pig. 51. — ^Experiment illustrating 

Fig. 50 shows how rays reflection, 

proceed from a radiant point below the horizontal free sur- 
face of still water. 

If a pin is stuck in the under side of a flat circular cork 
floating on water, as represented in Fig. 51, and if the 
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diameter of the cork is (say) 6 inches and the head of 
the pin is not more than 2.5 inches below the water-level 
and vertically beneath the center of the cork, an eye placed 
anywhere above the level of the water will be unable to see 
the pin, because all the rays coming from it that meet the 
surface of the water beyond the edge of the cork will be 
totally reflected back into the water. 

In Fig. 49 since sin ZNBP=sinZP'PB=BPVBP, we find 
in this case when n'<n that sinA=nYn, which will also be 
obtained by putting a=A, a' = 90^ in the refraction- 
formula n.sina==n'.sina'. Comparing this result with 
the formula sinA=n/n' obtained for the case when 
and recalling the fact that the sine of an angle is never 
greater than unity, we may formulate the following rule: 

The sine of the so-called 

critical angle (A) with re- I 

spect to two media is the j 

ratio of the index of refrac- 

tion of the rarer to that of / 

the denser medium. Or, \ /// \ / \\\ 

ike sine of the critical angle 
(A) of a substance is the / ^ 
reciprocal of the absolute j 
index of refraction of the] 
substance: thus, I 


sinA==-. 

n ^ 

37. Experimental H- 52. — optical Disk used to show total 

lustrations M Total Re- reflection, 

flection. — ^The phenomenon of total reflection may be ex- 
hibited witkthe aid of the optical disk and the semicylinder 
of glass described in § ^8. If the disk is turned so that the 
beam of incident parallel rays falls first on the curved surface 
of the semicylinder, as shown in Fig. 52, the rays meet this 
surface normally and proceed through the glass to the plane 
face without being deviated. At the plane surface a por- 
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tion of the beam is reflected and, in pneral, a portion is re- 
fracted from glass to air. ^ If the disk is turned until the 
angle of incidence at the plane surface is just equal to the 
critical angle (A), the rays emerging into the air will pro- 
ceed along the plane face, and if the disk is turned a little 
farther in the same sense, so that the angle of incidence 
exceeds the critical angle, the light will be totally reflected. 

An ingenious contrivance for exhibiting the procedure of 
light in passing from water to air consists of a compara- 



Fig. 53. — Demonstration of refraction from water to 
air and total reflection. 


tively large glass tank (Fig. 53) filled with water and pro- 
vided with a plane vertical metallic screen the lower half of 
which is under water while the upper half extends into the 
air above. A cylindrical beam of light is directed horizon- 
tally and normally against the lower part of the vertical 
glass wall of the tank, which is behind the screen and par- 
allel to it. The rays entering the water are received first 
on the surface of a solid reflecting cone of aperture-angle 
90° placed in the water under the screen and mostly in front 
of it, the axis of the cone being horizontal and its apex 
turned towards the on-coming light. From the surface of 
this cone the rays are reflected through the water in all di- 
rections in a vertical plane coinciding as nearly as possible 
with the front side of the screen turned towards the spec- 
tators. Surrounding the conical reflector and co-axial with 
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it, there is a cylindrical cavity of diameter very little larger 
than that of the base of the cone. The surface of this cylin- 
der is made of thin sheet-metal blackened on the inside, 
wherein a number of equal horizontal slits are cut at equal 
angular distances apart, and through these slits narrow 
beams of light reflected from the surface of the cone are 
permitted to pass upwards towards the surface of the water, 
their courses being shown by the bright traces on the screen. 
Some of these beams will be refracted out into the air, 
whereas others, meeting the water-surface more obliquely, 
will be totally reflected. 

If rays are incident normally on one of the two perpendic- 
ular faces of a glass prism (§ 48) whose principal section is an 
isosceles right-triangle (Fig. 54), 
they will enter the prism with- 
out deviation, and falling on ^ 
the hypothenuse-face at an angle 2 
of 45°, which is greater than the 
critical angle of glass, they will ^ 
be totally reflected there and 
turned through a right angle, so 
that they will emerge in a direc- 
tion normal to the other of the two 
perpendicular faces of the prism. reflection pnsm 

A prism of this kind is frequently employed in optical sys- 
tems. It is used, for example, in connection with a photo- 
graphic lens to rectify the image focused on the sensitive 
plate of the camera, so that the right and left sides of the 
negative will correspond to the right and left sides of the 
object. None of the light is lost by the total reflection in 
the prism, and if the prism is made of good optical glass 
of high transparency there will be comparatively little loss 
of light by absorption in the prism or by reflection on enter- 
ing and leaving it. The same optical effect can be produced 
by a simple plane mirror, but as a rule a polished metallic 
surface absorbs the incident light to a considerable extent 
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However, the loss of light in the case of a mirror silvered 
on glass is very slight; but on the other hand, the fine layer 
of silver may easily be injured mechanically or tarnished 
by exposure to the air. If the glass mirror is silverea on 
the back side, the light will be reflected from both surfaces 
of the glass and there will be confusion. Moreover, a glass 
mirror may easily get broken or become dislocated in an 
optical instrument; whereas a prism made of a solid piece 
of glass is much more substantial and durable. 

Optical prisms consisting of solid pieces of highly trans- 
parent homogeneous glass with three or more polished plane 
faces are very extensively Used in the construction of modern 
optical instruments for rectifying images which would other- 
wise be inverted or for bending the rays of light into new 
directions, etc. Usually the light undergoes several interior 
reflections before it issues from the prism, and these reflec- 
tions are often total reflections. If the reflection is not 
total, it is best to silver the surface. 

38. Generalization of the Laws of Reflection and Re- 
fraction. Principle of Least Time (Fermafls Law). — The 
laws of reflection and refraction, which merely describe the 
observed effects when light falls on the common surface of 
separation of two homogeneous media, and which are cap- 
able of simple explanation on the basis of the wave-theory, 
as has been illustrated in certain special cases (§§ 14 and 31), 
may be combined into a general law which was first an- 
nounced about 1665 by the French philosopher Feemat, 
and which may be stated as follows actml path pur- 
sued by light in going from one point to another is the route 
that, under the given conditions, requires the least time\ 

In case the reflections and refractions take pmce only 
at plane surfaces, the truth of the above statement is 
easily proved. Consider, first, the case when the light is re- 
flected from a plane mirror. The straight line ZZ (Fig. 55) 
represents the trace of the plane mirror in the plane of the 
diagram, and A and C designate the positions of a pair of 



§38] 


Principle of Least Time 


87 


points lying in this plane in front of the mirror. Now if 
a point X in the plane of the mirror is connected with A 
and C by the straight lines XA, XC, the route AXC will 
be shortest when the normal to the mirror at X lies in the 
plane AXC and bisects the angle ^ 

AXC. The point X must he, there- 

fore, in the plane of the diagram at ^ 

the point B, so that when AB is the 

direction of an incident ray, BC will 

be the direction of the reflected ray. 

Obviously, if A' is the image of A in ^ 

the mirror, then AB+BC=A'BT-BC ^ 

=A'C, and since the straight line 

A'C is shorter, for example, than of reflection at a plane 
(A'D+DC) = (AD+DC), where D is 
another point on the mirror different from the point B, it 
is evident that the route from A to C by way of B is shorter 
than the route via any other point on the mirror. More- 
over, if the ray is reflected at a number of plane mirrors in 
succession, its entire path will be the shortest possible route 
from the starting point to the terminal point, subject to the 
condition that it must touch at each mirror in turn. The 
principle of least time in the case of reflection of light at a 
plane mirror dates back to the time of Heeo of Alexandria 


(m B. C.). 

/ 'Whpn. h‘.nh 


/ When light is refracted at a 'plane surface, the route pur- 
ged between a point A in one medium to a point C in the 
other is indeed the quickest way but generally not the 
shortestl The following illustration will help to make the 
probleja clear in this case. Suppose a level field is divided 
into two parts by a straight line ZZ (Fig. 56), on one side 
of which the ground is bare and smooth while on the other 
side it is plowed and rough; and let us also suppose thai 
a man can walk only half as fast over the rough part of the 
field as over the smooth part, and that he desires to march 
as quickly as possible ^mm s point A in the smooth ground 



Mirrors, Prisms and Lenses 


[§38 


to a certain other point C in the plowed ground. The 
question is, Where should he cross the dividing Hne ZZ? 
Of course, his shortest route would be along the straight 
z hne from A to C which intersects ZZ 

at the point marked E in the figure, 
but unless the straight line AC hap- 
pens to be perpendicular to ZZ this 
//^ / will not be his quickest way. In- 

/y stead of crossing at E, suppose he 
selects a point F on ZZ which is a 
little nearer to his objective at C; 
^ then although the length FC in the 

z plowed ground is shorter than be- 

Fig. 66.-Quiokest route on the Other hand the distance 

from A to c via path AF Over the smooth ground is longer, 
but on the whole we may assume that 
the route AFC will take less time than the shortest route 
AEC. But if the point of crossing ZZ is taken too far from 
E, the advantage of the shorter dis- z 

tance in the rough ground will pres- n 

ently be more than offset by the ^ 

increasing length of the distance that 
has to be traversed in the smooth 
ground. Accordingly, there is a cer- ^ Y ^ 

tain point B on ZZ such that the "" t\/ 
time taken along the route ABC ^ 

will be the quickest of all routes. 

Now we shall see that this is also the 

very path that light would take if it ^ 

were refracted from A to C across w 

ZZ, supposing that the ratio of the of refraction at plane 

velocities of light on the two sides surface. 

of ZZ were the same as the ratio of the velocities of walking 

in the two parts of the field. 

In the accompanying diagram (Fig. 57) the broken line 
ABC represents the actual path of a ray of light from a 
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point A in the first medium (n) to a point C on the other 
side of the plane refracting surface ZZ in the second medium 
(n') ; so that if NBN' is the normal to the surface at B, then 
by the law of refraction : 

sin Z NBA n' v 
sinZN'BC"^ ^7 

where v, v' denote the speeds with which light travels in 
the media n, n', respectively. The time taken to go over 
the route ABC is 

V v' ^ 

and we wish to show that this time t is less than the time 

V v' 

along any other route ADC, where D designates the posi- 
tion of any point on ZZ different from the point B. Draw 
DG, DH perpendicular to AB, BC, respectively; then, since 
Z BDG = Z NBA, Z BDH = Z N'BC, 

evidently we have: 

sinZBDG GB z; GB HB 

v ~ v' ' 

Now 

= AG+GB BC ^ ^ , HC ^ 

V v' V v' V v' ^ 

and since AG<AD and HC<DC, therefore 



and hence the time vi& ABC is less than it would be vid any 
other route from A to C. 

It should be remarked, however, that when the boundary- 
surface between two media is curved^ the time taken by 
light to go from a point A across the surface to another point 
C is not always a minimum. It may, indeed, be a maximum, 
but it is always one or the other. 

39. The Optical Length of the Light-path, and the Law 
of Malus. — In the time t that light takes to go along the path 
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ABC from a point A in one medium (n) to a point C in an 
adjacent medium (n') it would traverse in vacuo the distance 


where V denotes the velocity of hght in vacuo. But by the 
definition of the absolute index of refraction (§ 33), n = F/z;, 

n' = Vlv'] and hence the 
. equivalent distance in 
vacuo is: 

n,AB+n'.BC, 

(jThe optical length of the 
path of a ray in a medium 
is defined to be the prod- 
uct of the ^ctual length (1) 
of the ray-path by the index of the medium^(n) that is, n. I, 
Suppose, for example, that light traverses a series of media 
Til, etc., as represented in Fig. 58; the total optical length 
along a ray will be: 

k =m 



Fig. 


58 . — Optical length of ray-path 
~ 'Zinl. 


ni,li+rh>l2+ +nra-lm=^'^k-k] 

k=l 

where l^ denotes the actual length of the ray-path in the 
A:th medium. 

Now the wave-front at any instant due to a disturbance 
emanating from a point-source is the surface which con- 
tains all the farthest points to which the disturbance has 
been propagated at that instant. Thus, the wave-surface 
may be defined as the totality of all those points which are 
reached in a given time by a disturbance originating at a point 
In a single isotropic medium the wave-surfaces, as we have 
seen, will be concentric spheres described around the point- 
source as center; but if the wave-front arrives at a reflect- 
ing or refracting surface at which the directions of the 
so-called rays of light are changed, the form of the wave- 
surface thereafter will, in general, no longer be spherical; and 
even in those exceptional cases when the reflected or refracted 
wave-front is spherical, the waves will spread out from 
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a new center which is seldom identical with the original 
center. The fimction Ihnl has the same value for all ac- 
tual ray-paths between one position of the wave-surface and 
another position of it; so that when the form and position 
of the wave-front and the paths of the rays at any instant 
are known, the wave-front at any subsequent instant may 
be constructed by laying off equal optical lengths along the 
path of each ray. 

A consequence of this definition of the wave-surface is 
that the ray is always normal to the wave-surface (§7), as will 
be evident from the following 
reasoning. Suppose that the 
straight line AB (Fig. 59) repre- 
sents the path of a ray incident 
on the refracting surface ZZ at 
the point B, and that the straight 
line BC represents the path of 
the corresponding refracted ray. 

Moreover, let the wave-surface of Malus: Ray 

which passes through the pomt 

C be designated by a*. From the incidence-point B draw 
any other straight line, as BD, meeting the wave-surface <r 
in the point D. Then by the principle of least time, the 
route ABC is quicker, that is, optically shorter, than the 
route ABD, because the natural or actual route between the 
points A and D would not be by way of the incidence-point 
B, Hence, the straight hne BC must be shorter than BD, 
and therefore BC is the shortest line that can be drawn from 
the incidence-point B to the wave-surface a. 

The same reasoning is applicable to all cases of reflection 
and refraction, and hence we may make the following gen- 
eral statement: 

Rays of light meet the wave-surface normally; and, con- 
versely, The system of surfaces which intersect at right angles 
rays emanating originally from a point-source is a system of 
wave-surfaces. 

This law was pubhshed by Malus in 1808. 
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PROBLEMS 

‘"1. (a) A ray is refracted from vacuum into a medium 
whose index of refraction is-x/^j ihe angle of incidence being 
45"^: find the angle of refraction. 

(6) Find the angle of incidence of a ray which is re- 
fracted at an angle of 30° from vacuum into a medium of 
index equal to '\/3- 

(c) Find the relative index of refraction when the 
angles of incidence and refraction are 30° and 60°, respec- 
tively. Ans. (a) 30°; (5) 60°; (c) \/3: 3. 

2. Assuming that the indices of refraction of air, water, 
glass and diamond have the values 1, I-, | and f, respec- 
tively, calculate the angle of refraction in each of the 
following cases: 

(a) Refraction from air to glass, angle of incidence 40°; 
(h) from air to water, angle of incidence 60°; (c) from air 
to diamond, angle of incidence 75°; (d) from glass to water, 
angle of incidence 30°; (e) from diamond to glass, angle of 
incidence 36° 52' 11.6", Ans. (a) 25° 22' 26"; (6) 40° 30' 19"; 

(c) 22° 43' 44"; (d) 34° 13' 44"; (e) 90°. 

The height of a cylindrical cup is 4 inches and its di- 
ameter is 3 inches. A person looking over the rim can just 
see a point on the opposite side 2.25 inches below the rim. 
But when the cup is filled with water, looking in the same 
direction as before, he can just see the point of the base 
farthest from him. Find the index of refraction of water. 

^ Ans. 4:3. 

The index of a refracting sphere is\/3 ; it is surrounded 
by air. A ray of light, entering the sphere at an angle of 
incidence of 60° and passing over to the other side, is 
there partly reflected and partly refracted. Show that the 
reflected ray and the emergent ray are at right angles to 
each other. 

5. In the preceding problem, show that the reflected ray 
will cross the sphere again and be refracted back into the 
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air in a direction exactly opposite to that which the ray had 
before it entered the sphere. 

6. A straight line drawn through the center C of a spher- 
ical refracting surface meets the surface in a point desig- 
nated by A. If J, J' designate the points where an inci- 
dent ray and the corresponding refracted ray intersect the 

straight line AC, and if CJ=— .AC, show that CJ'=— .AC, 

n n' 

where n, n' denote the indices of refraction of the first 
and second media, respectively. 

7. Construct the path of a ray refracted at a plane sur- 
face. Draw diagrams for the cases when n' is greater and 
less than n. Construct the critical angle in each figure. 

.-8- The velocity of light in air is approximately 186000 
miles per second. How fast does it travel in alcohol of 
index 1.363? Ans. Approximately, 136 460 miles per sec. 

^" 9. A fish is 8 feet below the surface of a pool of clear water. 
A man shooting at the place where the fish appears to be 
points his gun at an angle of 45°. Where will the bullet 
cross the vertical fine that passes through the fish? (Take 
index of water as 1.33, and neglect any deflection of the 
bullet caused by impact with the water.) 

Ans. 3 feet above the fish. 

10. Assuming that the velocity of light in air is 
30 000 000 000 cm. per sec., calculate its velocity in water 
and in glass. 

11. Prove that nab=‘^cb* ^ca. 

12. Show that the sine of the critical angle of an optical 
medium is equal to the reciprocal of the absolute index of 
refraction. 

13. Assuming same values of the indices of refraction as 
in problem No. 2, calculate the values of the critical angle 
for each of the following pairs of media: (a) air and glass, 
(b) air and water, (c) air and diamond. 

Ans. (a) 41° 48' 40"; (6) 48° 35' 25"; (c) 23° 34' 41". 

/l4:. A 45° prism is used to turn a beam of light by total 
internal reflection through a right angle. What must be 
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the least possible value of the index of refraction of the 
glass? 

15. Show that when a ray of light passes from air into 
a medium whose index of refraction is equal to"\/2> fLe de- 
viation cannot be greater than 45°. 

16. The absolute index of refraction of a certain trans- 
parent substance is Show that a luminous point at the 
center of a cube of this material cannot be seen by an 
eye in the air outside, if at the center of each face of the 
cube a circular piece of opaque paper is pasted whose radius 
is equal'to three-eighths of the edge of the cube. 

17. What will be the greatest apparent zenith distance of 
a star to an eye under water? 

18. Explain why it is that it is not possible for a person 
by merely opening his eyes under water to see distinctly 
objects in the water around him or in the air above the 
water; whereas, if he is provided with a diver's helmet with 
a plate glass window in it, he will experience no difficulty 
in distinguishing such objects clearly. 

^9. Rays of light are emitted upwards in all directions 
from a luminous point at the bottom of a trough contain- 
ing a layer of a transparent liquid 3 inches in depth and of 
refractive index 1.25. Show that all rays which meet the 
surface outside a certain circle whose center is vertically 
above the point will be totally refiected; and find the radius 
of this circle. Ans. 4 inches. 

20. A pin with a white head is stuck perpendicularly in 
the center of one side of a flat circular cork, and the cork 
is floated on water with the pin downwards. Assuming 
that the head of the pin is 2 inches below the surface of the 
water, find the smallest diameter the cork can have so that 
a person looking down through the water (index |-) from 
the air above (index unity) could not see the head of the pin. 

Ans. 4.535 inches. 

21. Plot a curve showing the deviation 6 as a function 
of the angle of incidence a for the case when the refraction 
is from water (n = 4/3) to air (n'= 1). 
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REFRACTION AT A PLANE SURFACE, AND ALSO THROUGH A 
PLATE WITH PLANE PARALLEL FACES 

40. Trigonometric Calculation of Ray Refracted at a 
Plane Surface. — geometrical construction of the path of 
the refracted ray was t 

given in § 34. The path 
of a ray refracted at a 
plane surface may also 
be easily determined by 

trigonometric calculation. 1 — ^ 

The straight line yy m n 

Figs. 60 and 61 represents ^ 

the plane refracting sur- 
face separating the two 
media of indices n, n', 

and the straight line LB shows the path of a ray which is in- 
cident on yy at the point marked B. The straight line LA 

perpendicular to yy at A 
^ ^ is the axis of the refract- 

ing plane with respect 
to the position of the 
point L. The magni- 

^ /v X tudes z;=AL a = 

^ ^ , Z ALB which determine 

n n' 

^ completely the position 

Fig. 61. — Refraction of ray at piano surface: Qf incident ray are 
?; = AL, Z = AL' (n'<n). . n i . i. 

sometimes called t n e 

ray ■‘Coordinates. Let L' designate the point where the re- 
fracted ray L'B intersects the axis xx, and let z;'=AL', 
a' = Z AL'B denote the coordinates of the refracted ray. The 
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problem is: Given the incident ray {v, a), determine the re- 
fracted ray {v', a'). 

From either diagram we obtain immediately the relation: 
v' tan 
V "~tana'^ 

and since n.sina=n'.sina', we obtain finally the following 
formulse for calculating the refracted ray: 

, y - n^.sin^ a . ^ ^ • 

v' = , sin a' = —..sin a. 

n cos a n' 

Now if the point L is a luminous point, rays will emanate 
from it in all directions, and, whereas the magnitude v will 
2 remain the same for all these 

rays, the an8;le a will vary from 
ray to ray. But for different 
values of a, in general we shall 
obtain different values of the 
magnitude v\ and, consequently, 
the position of the point L' on 
the axis will be different for dif- 
ferent incident rays coming from 
L. Accordingly, the bundle of 

Fig. 62 .— Refraction of paraxial refracted rays corresponding to 
rays at plane surface: 

■ ' ■ ■ a homocentric bundle of incident 


n 

B 







n'>n 


AM, u'^AU\ 


: n —u:n^ 


rays will not be homocentric. 

41. Imagery in a Plane Refracting Surface by Rays 
which Meet the Surface Nearly Normally. — ^The more 
or less blurred and distorted appearance of objects seen 
under water is familiar to everybody. When the rays 
that enter the eye meet the surface of the water very 
obliquely, the distortion is almost grotesque. If the pupil 
of the eye were not comparatively small, it would indeed 
be practically almost impossible to recognize an object under 
water, even if the eye were placed in the most favorable 
position vertically over the object. It is only because the 
apertures of the bundles of effective rays that enter the eye 
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are quite narrow, that there is any true image-effect at all 
in the case of refraction at a plane surface. 

When the eye looks directly along the normal to the 
plane refracting surface at an object-point M on the other 
side of the surface (Figs. 62 and 
63), the effective rays coming 
from M will meet the surface 
very nearly perpendicularly, 
and the incidence-points will 
all be so close to the point A 
that there will be practically no 
difference between the lengths 
of the straight hnes MA and 
MB, and accordingly under 

these circumstances we may Fig. 03. — Refraction of paraxial 
write sin a in place of fcan a. rays at plane surface: w = AM, 

1 1 .,1 , , u = AM ,u :n =u:n , (n <.n). 

Similarly, also, with respect to 

the refracted ray, sin a' can be substituted here for tan a'. 
And if in this case we put AM = ^^, AM^~u\ where M, M' 
designate the points where a ray which is very nearly nor- 
mal to the refracting plane crosses the normal before and 
after refraction, we have therefore. 



tang sing 
u ~ tan a' ~ sin a' 

and, hence, by the law of refraction: 


n'n , n' onhj 

ii' u n 


The angle a has disappeared entirely from this formula, and 
the value of may be foimd as soon as the value of u is given. 
This means that corresponding to a given position of the 
object-point M there is a perfectly definite image-point M', 
and the points M, M' are said to be a pair of conjiigate points. 
Accordingly, when a narrow bundle of homocentric rays is 
incident nearly normally on a refracting plane, the correspond- 
ing bundle of refracted rays will he homocentric also. And if 
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the aperture of the bundle is infinitely narrow, the imagery 
will be ideal. 

For example, a pebble at the bottom of a pool of water 
12 inches deep will be seen distinctly from a point in the air 
vertically above it, but it will appear to be only 9 inches 
below the surface of the water, since n'jn = 3/4. On the other 
hand, an object 9 inches above the surface will seem to be 

12 inches above it to an eye in 
the water vertically beneath the 
object, becanse in this case 
n7n=4/3. 

42. Image of a Point Formed 
by Rays that are Obliquely Re- 
fracted at a Plane Surface. — 

But if the bundle of rays com- 
ing from the luminous point S 
(Fig. 64) is a wide-angle bundle 
of considerable aperture, no dis- 

Fio. 64 .-Caustro by refraction at image will be formed by 

plane surface from water to these rays after refraction at a 

plane, but the points of inter- 
section of the refracted rays will be spread over a so- 
called caustic surface, which in this case is a surface of 
revolution around the normal SA drawn from S to the re- 
fracting plane. The figure shows a meridian section of this 
surface for the case when the rays are refracted from a 
denser to a rarer medium (n'< n), the curve in this case being 
the evolute of an ellipse. Each refracted ray produced back- 
wards touches the caustic surface. The cusp of the meridian 
curve is on the normal SA at the point M' where the image of 
S is formed by rays that meet the refracting plane nearly per- 
pendicularly, as explained in the preceding section. Wherever 
the eye is placed in the second medium, only a narrow 
bundle of rays coming from S can enter it through the pupil 
of the eye. The nearest approach to an image of the source 
at S as seen by rays that are refracted more or lessS obliquely 
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will be the little element of the caustic surface which is the 
assemblage of the points where the effective rays that enter 
the eye touch this surface. Thus, rays entering the eye at B 
appear to come from the point S' where the tangent from E 
touches the caustic. It is evident now why an object S under 



Fig. 65. — Rod partly immersed in water appears to be bent 
upwards. 


water appears to be raised towards the surface and at the 
same time also to be shifted towards the spectator more and 
more as the eye at E is brought nearer to the surface of the 
water, until finally when the eye is on a level with the surface 
of the water, the image of S appears now to be at V on the 
refracting plane. Rays from S that meet the surface beyond 
this limiting point V where the caustic curve is tangent to 
the straight line ZZ will be totally reflected. The image of S 
seen by the eye at E is blurred and distorted, because 
the image-point S' is the point of intersection of a very 
limited portion of the bimdle of refracted rays that enter 
the eye. 

The above explanation makes it clear why a straight line 
ABC (Fig. 65) which is partly in air and partly in water will 
appear to an eye at E to be bent at B into the broken line 
ABC'. The image BC' of the part BC under water can be 
plotted point by point for any position of the eye. 
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43. The Image-lines of a Narrow Bundle of Rays Re- 
fracted Obliquely at a Plane.— The diagram (Fig. 66) shows 
the paths of two rays SBD and SCE which originating at S 
and falling on the refracting plane ZZ at the points B and C 
are refracted in the directions CE and BD into the eye of an 
observer. The refracted rays produced backwards intersect 

at S' and cross the normal 
SA at the points marked 
W and V. Evidently, all 
the rays from S that fall 
on the refracting plane at 
points between B and C 
will, after refraction, in- 
tersect SA at points be- 
tween V and W. Sup- 
pose that the figure is 
revolved around SA as 
axis, then each ray will 
generate a conical surface, and the vertices of these cones will 
be at the points S, V, and W for the rays that are actually 
drawn in the diagram. The bundle of rays that enter the eye 
at DE will be a small portion of the refracted rays that are 
contained between the conical surfaces whose vertices are 
at V and W. These conical surfaces intersect each other in 
the circle which is described by the point S' when the figure 
is rotated aroxmd the axis SA, and it is a little element of 
arc of this circle perpendicular to the plane of the diagram 
at S' that contains the points of intersection of the rays that 
enter the eye. This is called the 'primary 'image-line (§188) of 
the narrow brmdle of refracted rays. There is another 
image line at V called the secondary image-line, which lies in 
the plane of the paper, and which is generally taken as per- 
pendicular to the axis of the bundle of refracted rays, though 
sometimes it is considered as the segment VW of the axis 
of revolution. But these are intricate matters that can be 
only alluded to in this place. (See Chapter XV.) 



Fig. 66. — Oblique refraction at plane sur- 
face {vf <n). 
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44. Path of a Ray Refracted Through a Slab with Plane 
Parallel Sides. — When a ray of light traverses several media 
in succession, then 

Wi . sin tti = n2 . sin tti', n2 . sin a2 = n-s . sin aa', etc., 
where ni, v^, th, etc., denote the indices of refraction of the 
media, and ai, ai'; a2, 02'; etc., denote the angles of incidence 
and refraction at the various surfaces of separation. In the 



Fig. 67. — Path of ray refracted through plate with plane parallel sides. 

special case when these refracting surfaces are a series of 
parallel planes, the angle of incidence at one plane will be 
equal to the angle of refraction at the preceding plane 
(ak4.i= ttk', where the integer h denotes the number of the 
plane). 

The simplest case of this kind occurs when there are only 
two parallel refracting planes, and when the last medium is 
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the same as the first, as, for example, in the case of a slab 
of glass bounded by plane parallel sides and surrounded by 
air, as represented in Fig. 67. Then 

n^=zni — nj — 

and ai'=a 4 ==a'. 

Accordingly, we have the following pair of equations: 

n. sin ai = n' . sin a', n' . sin a' = n . sin (i%) 
and, therefore: 

— ai= a; 

which means that the ray emerges from the slab in the same 
direction as it entered it. Thus, when a ray of light traverses 
a slab with plane parallel sides which is hounded by the same 
medium on both sides, the emergent ray will be parallel to the 
incident ray. Obviously, this statement may be amplified 
as follows: When a ray of light traverses a series of media each 
separated from the next by one of a series of parallel refracting 
planes, the final and original directions of the ray will be 
parallel, provided the first and last media have the same index 
of refraction. 

The only effect of the interposition of the glass plate 
(Fig. 67) in the path of the ray is to shift the path to one 
side without altering the direction of the ray. It might be 
inferred, therefore, that the apparent position of an object 
as seen through such a plate of glass would not be altered, 
but this is not true in general, as we shall proceed to explain. 
Every ray that traverses the plate will be found to be dis- 
placed at right angles to its original position through a dis- 
tance 


COS a' ^ 


where d denotes the thickness of the plate. Since 

\/n'2-n2.sin2a 

cosa = , 

n' 

the formula above may b e put also in the following form: 
B^D — ^ n^sin^ a -n.cos a ) ^ 

\/ ri'2-ri^sin2a 
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Accordingly, the shift B 2 D varies with the slope of the in- 
cident ray. If the object is very far away, the rays that 
enter the eye will be parallel, so that the apparent position 
of a distant object will not be altered in the slightest by view- 
ing it through a plate of glass with plane parallel sides, no 
matter what may be the angle of incidence of the rays, and 
consequently the plate may be turned to the rays at dif- 



Fig. 68. — ^Apparent position of object seen through plate with 
plane parallel sides 


ferent angles without producing any change in the appean 
ance of the object as seen through it. But if the object- 
point S (Fig. 68) is near at hand, an eye at E will see it in 
the direction ES, but when the glass is interposed, it will 
appear to lie in the direction ES' which is sensibly different 
from ES, and this difference can be increased or diminished 
by rotating the plate around an axis perpendicular to the 
plane of the figure. This principle is utilized very ingeniously 
in the original form of ophthalmometer designed by Helm- 
holtz (1821-1894) for measuring the curvatures of the re- 
fracting surfaces of the eye. It is employed also in an instru- 
ment for measuring the diameter of a microscopic object, 
which Professor Poynting has called the ^'parallel plate mi- 
crometer (see Ptoc, Opt, Convention^ London, 1905, p. 79) * 
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45. Segments of a Straight Line —The finite portion of 
a straight hne included between two points is called a segment 
of the line, while each of the other two parts of the hne is to 
be regarded as a prolongation of the segment. Considered 
as generated by the motion of a point along a straight Hne 
from a starting-point or origin A to an end-point or terminus 
^ 3 , _ B, the segment AB is 

5 frequently spoken of also 

^ m the step from A to B 

Fig. 69. — Segments of a straight line: Or the step AB. * The 
AB^ ~BA. order of naming the two 

capital letters placed at the ends of a segment describes 
the sense of the motion or the direction of the segment. Thus, 
with respect to direction the step BA (Fig. 69) is exactly the 
reverse of the step AB. 

Two steps AB and CD are said to be congruent, that is, 
AB = CD, 

provided these steps are not only equal in length but ex- 
ecuted in the same sense. 

If A, B, C are three points ranged along a straight Hne in 
any order, that is, if AB and BC are two steps along the same 
straight Hne such that the end of one step is the starting 
point of the other, then the step AC is said to be equal to 
the sum of the steps AB and BC; thus, 

AB+BC=AC; 

and hence also: 

AB-AC^BC, BC=AC~AB. 

Moreover, if we suppose that the point C is identical with 
the point A, it follows that 

AB+BA-0orAB= -BA. 

Thus, if one of the two directions along a straight line is 
regarded as the positive direction, the opposite direction is 
to be reckoned as negative. For example, if the distance 
between A and B is equal to 12 Hnear units, and if we put 
AB= +12, then BA = -12. 
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Similarly, also, we may write: 

AB-i-BC+CA=0; 

or if X designates the position of any fourth point on the 
straight line, then 

AB+BCH-CX=AX. 

These ideas will be found to be of great service in treating 
a certain class of problems in geometrical optics; and an 
application of this method of adding line-segments occurs 
in the following section. 

46. Apparent Position of an object seen through a 
transparent Slab whose Parallel Sides are perpendicular 
to the Line of Sight. — In 
Fig. 70 the line o" sight ;ii 

joining the object-point ” ” 

Ml with the spectator’s I;.:' . ] 

eye at E is perpendicular p . ' ] 

at Ai and A 2 to the paral- m; m. m; b 

lei faces of the transpar- E .. . '/j 

ent slab, and all the rays 

that enter the eye will 70 —Displacement of object viewed 
pass through the slab perpendicularly through plate with 

close to this axial hne. plane paraUel sides. 


Inside the slab they will proceed as if they had originated at 
a point Ml' on the line of sight, but being again refracted, 
they will emerge into the surrounding medium as if they had 
come from a point M 2 ', which is the apparent position of the 
object-point as seen by rays that are very nearly perpen- 
dicular to the faces of the slab. If n, n' denote the indices 
of refraction of the two media, then, according to §§ 41 and 
45, we may write the following equations: 


AiMi_ Ai^' 

n' ’ 


A2M1' = A2A1-I- AiMi', 


A2M1' _ A2M2' 

n' ~ n ' 


n 
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Hence, the apparent displacement of the object is: 

MiM2' = MiAi+AiA2+A2M2' 

= M1A1+ AiA2+^,A2Mi' 

lb 

= MiAi+AxA2+P (A2A1+A1M1O 

lb 

/ft 

=MiAi+AiA 2(1 — ^)+AiMi==—; ^A iA2; 

fb fb 

accordingly, if the thickness of the plate is denoted by 

c 2 = A1A2, 

]VIi]Vl2 = — ~f — d. 

n' 

Thus, we see that the apparent displacement in the line of 
sight depends only on the thickness of the plate and on the 
relative index of refraction (n';n), and is entirely independent 
of the distance of the object-point from the slab. Hence, 
also, the size of the image of a small object viewed directly 
through a glass plate is the same as that of the object, but 
its apparent size will be different, because since the image 
and object are at different distances from the eye, the angles 
which they subtend will be different. 

An object viewed perpendicularly through a glass plate 
surrounded by air (n':n — 3 : 2 ) will appear to be one-third 
the thickness of the plate nearer the eye than it really is. 

If the displacement of the object is denoted by x, that is, 
if we put MiM'2=iz:, then 

n' d 

n d-x' 

This relation has been utilized in a method of determining 
the relative index of refraction (n': n). A microscope S 
pointed vertically downwards is focused on a fine scratch 
or object-point 0 . A plate of the material whose index 
is to be determined is then inserted horizontally between 
the object and the objective of the microscope. The inter- 
position of the plate necessitates a re-focusing of the micro- 
scope in order to see the object distinctly, which will 
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now appear to be at a point O' nearer the microscope by 
the distance x=00'. This distance x is easily ascertained 
in terms of the distance through which the objective of the 
microscope has to be raised in order to obtain a distinct image 
of the object. The thickness of the plate is easily measured, 
and, consequently, we 
have all the data for de- 
termining the value of 
n'jn. This method is 
especially convenient for 
obtaining the index of 
refraction of a liquid 
(Fig, 71). 

47. Multiple Images 
in th e two Parallel Faces 
of a plate glass Mir- 
ror. — ^An object is repro- 
duced in a metallic mir- 
ror by a single image, but in a glass mirror which is silvered 
on the back side there will be a series of images of an object 
in front of the glass, which may be readily seen by looking a 
little obliquely at the reflection of a candle-flame in an or- 
dinary looking glass. The first image will be comparatively 
faint, the second one the brightest and most distinct of all, 
and behind these two principal images other images more 
or less shadowy may also be discerned whose intensities 
diminish rapidly until they fade from view entirely. These 
multiple images by reflection may also be seen in a trans- 
parent block of glass with plane parallel sides. 

The light falling on the first surface is partly reflected and 
partly refracted. It is this reflected portion that gives rise 
to the first image of the series. The rays that are refracted 
across the plate will be partly reflected at the second face, 
and, returning to the first face, a portion of this light will be 
refracted back into the air and give rise to the second image 
of the series; while the other portion of the light will be re- 
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fleeted back into the glass to be again reflected at the back 
face, and so on. In the diagram (Fig. 72) the source of the 
light is supposed to be at the point marked S, and the straight 



Fig. 72. — Multiple images by reflection, from 
the two parallel faces of a plate of glass. 


line drawn from S perpendicular to the parallel faces of the 
glass slab meets these faces in the points marked Ai and A 2 . 
The path of one of the rays coming from 8 is indicated in 
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the figure, and it can be seen how it zigzags back and forth 
between the two sides of the slab, becoming feebler and 
feebler in intensity at each reflection. We consider here only 
such rays from S as meet the surface very nearly normally. 
The series of images of S will be formed at S', S", S'", etc., 
all lying on the prolongation of the normal SA 1 A 2 , and it is 
because these images are all ranged in a row one behind the 
other, that ordinarily when we look in a mirror we do not see 
the images separated. 

The reflected ray 1 proceeds as if it had come from S', the 
position of this point being determined by the relation AiS' = 
SAi. But the refracted ray crosses the slab as if it had come 
from the point T, the position of which is determined by the 
relation TAi=n.SAi, where n denotes the index of refraction 
of the glass (the other medium being assumed to be air of 
index unity). Arriving at the second face, this ray will be 
reflected as if it had come from a point U such that A 2 U = 
TA 2 . Returning to the first surface, it will be partly re- 
fracted out into the air as the ray marked 2 proceeding as 
if it came from the second image-point S", the position of 
which is determined by the relation AiS"— AiU/n; and also 
partly reflected as if it had come from a point V such that 
VAi = AiU. The ray is reflected a second time at the second 
face, as if it came from the point W, where A 2 W = VA 2 ; and 
being once more refracted at the first face, emerges into the 
air as the ray marked 3, appearing now to come from the 
image-point marked S'" determined by the relation AiS'" = 
AiW/n. 

What is the interval between one image and the next? 
For example, let us try to obtain an expression for the inter- 
val S"S'". This may be done as follows: 

S"S'" = S"Ai+AiS'"; 

AiS'"= AiW/n= (AtA 2 +A 2 W)/n= (AiAa+VAs)/^ 

= (AiA2+VAi+AiA 2)/^— (AiU+2AiA2)/n 
=AiS"+2d/n; 
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where d^AiA^ denotes the thickness of the glass plate. 
Hence, we find : 

n ■ 

It appears, therefore, that the distance between one image 

2 

and the next is constant and equal to - times the thickness 

of the plate. Thus, for a glass plate for which n — 3/2 the 
distance from one image to the next is equal to 4/3 the thick- 
ness of the plate. 


PROBLEMS 

1. A ray of light traverses in succession a series of isotropic 
media bounded by parallel planes, and emerges finally into 
a medium with the same index of refraction as that of the 
first medium. Show that the final path of the ray is parallel 
to its original direction. 

2. Construct accurately the paths of six rays proceeding 
from a point below the horizontal surface of water and re- 
fracted into air; and show where the object-point will appear 
to be as seen by an eye above the surface of the water, for 
three different positions of the eye. 

3. Why does the part of a stick obliquely immersed in 
water appear to be bent up towards the surface of the water? 
Explain clearly. 

71 

4. Derive the formula ” for the refraction of paraxial 

'U/ 'll 

rays (§63) at a plane surface. 

5. A ray of light incident on a plane refracting surface at 
an angle a crosses a straight line drawn perpendicular to the 
surface at a distance v from this surface. How far from the 
surface does the refracted ray cross this line? 

/d. If a bird is 36 feet above the surface of a pond, how high 
does it look to a diver who is under the water? What is the 
apparent depth of a pool of water 8 feet deep? 

Ans. 48 feet above the surface; 6 feeto 
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7. What will be the effect on the apparent distance of an 
object if a slab of transparent material with plane parallel 
sides is interposed at right angles to the line of vision? 

Ans. It will appear to be nearer the eye by the amount 
(n—l)d/n, where d denotes the thickness of the slab and n 
denotes the index of refraction of the material. 

8. A cube of glass of index of refraction 1.6 is placed on a 
flat, horizontal picture; where does the picture appear to be 
to an eye looking perpendicularly down on it? 

Ans. It will appear to be raised three-eighths of the thick- 
ness of the cube. 

9. A microscope is placed vertically above a small vessel 
and focused on a mark on the base of the vessel. A layer of 
transparent liquid of depth d is poured in the vessel, and then 
it is found that the image of the mark has been displaced 
through a distance x which is determined by re-focusing the 
microscope. Show that the index of refraction of the liquid 
is equal to d/ (d — x). 

^0. In an actual experiment made by the above method to 
determine the index of refraction of alcohol, the depth of the 
liquid was 4 cm., and the displacement of the image was 
found to be 1.06 cm. What value was found for the index of 
alcohol? Ans. 1.36. 

11. A candle is observed through a tank of water with 
vertical plane glass walls. The line of sight is perpendicular 
to the sides of the tank, the candle being 15 cm. from one 
side and 39 cm. from the opposite side. What is the apparent 
position of the candle? (Neglect the effect of the thin glass 
walls.) Ans. It appears to be 9 cm. from the near side. 

'^12. If an object viewed normally through a plate of glass 
with plane parallel faces seems to be five-sixths of an inch 
nearer than it really is, how thick is the glass? 

Ans. 2.5 inches. 

13. A layer of ether 2 cm. deep floats on a layer of water 
3 cm. deep. What is the apparent distance of the bottom of 
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the vessel below the free surface of the ether? (Take index of 
refraction of water =1.33 and of ether =1.36.) 

. Ans. 3.73 cm. 

nA. A person looks perpendicularly into a mirror made 
of plate glass of thickness one-half inch silvered on the back. 
If his eye is at a distance of 15 inches from the front face, 
where will his image appear to be? 

Ans. 15% inches from the front face. 

15. When a stick is partly immersed in a transparent 
liquid of index n at an angle 6 with the free horizontal sur- 
face, what is the angle 6 ' which the part of the stick below 
the surface appears to make with the horizon as seen by an 
eye looking vertically down on it from the air above the 
liquid? 

. . tan^ 

Ans. tan0' = . 

n 

16. Calculate the values of the angles of refraction for 
all angles of incidence from 0® to 90®, at intervals of 5®, 
for each of the following values of the relative index of re- 
fraction, namely: 2.40, 2.00, 1.75, 1.50, 1.25 and 1.00; and 
plot the results on a sheet of coordinate paper, obtaining a 
set of curves representing the angle of refraction as a function 
of the angle of incidence. 

‘ 17. The critical angle of an optical medium of index n is 
given by the formula sinA = 1/n. Give n in succession the 
values n = 1.0, n == 1.2, n = 1.4, etc., up to n = 3.0; and 
calculate the corresponding values of the angle A. On a 
sheet of coordinate paper plot a curve which represents the 
critical angle as a function of the index of refraction. (It 
will be convenient to take the vertical axis of coordinates as 
corresponding to the value n = 1.) 
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REFRACTION THROUGH A PRISM 

48. Definitions, etc. — ^An optical prism is a limited portiou 
of a highly transparent substance with polished plane faces 
where the light is reflected or refracted. Prisms in a 
great variety of geometrical forms and combinations are 
employed in many types of modern optical instruments (c/. 
§§ 20, 37) y but in this chapter the term prism will be re- 
stricted to mean a portion of a transparent, isotropic sub- 
stance included between two polished plane faces that are 
not parallel.^ The straight line in which the planes of the 
two faces meet is called the edge of the prism, and the di- 
hedral angle between these planes is called the refracting angle. 
This angle, which will be denoted by the symbol jS, may be 
more precisely defined as the convex angle through which the 
first face of the prism has to be turned around the edge of the 
prism as axis in order to bring this face into coincidence with 
the second face. (The first face of the prism is that side where 
the rays enter and the second face is the side from which the 
rays emerge. ^Every section made by a plane perpendicular 
to the edge of the prism is a principal section, and we shall 
consider only such rays as traverse the prism in a principal 
section, not only because the problem of oblique refraction 
through a prism presents some difficulties which are beyond 
the scope of this volume, but especially because in actual 
practice the principal rays are usually confined to a principal 
section of the prism. It will also be assumed, for simplicity, 
that the prism is surrounded by the same medium on both 
sides. 

I. Geometrical Investigation 

49. Construction of Path of a Ray Through a Prism. — 

The plane of the diagram (Fig. 73) represents the principal 

113 
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section of a prism whose edge meets this plane perpendicu- 
larly at the point marked V. The traces of the two plane 
faces are shown by the straight lines ZiV, Z 2 V intersecting at 
V. The straight line ABi represents the oath of the given 
incident ray lying in the plane of the principal section and 



Fig. 73. — Construction of path of ray through principal section 
of prism (n'>7i). 

falling on the first face of the prism at the incidence-point Bi. 
The problem of constructing the path of the ray both within 
the prism and after emergence from it is solved by a method 
essentially the same as that employed in § 34. 

Let n denote the index of refraction of the medium sur- 
rounding the prism and n' the index of refraction of the prism- 
medium itself. With the point V as center, and with radii 

7t 

equal to r and . r, where the radius r may have any con- 
venient length, describe the arcs of two concentric circles both 
lying within the angle Z 2 VE, where E designates a point on 
the prolongation of the straight line ZiV beyond V. Through 
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V draw a straight line VG parallel to ABi meeting the arc 
of radius nrjn' in the point designated by G; and through 
the point G draw a straight Une GE perpendicular at E to 
the first face of the prism (produced if necessary), and let H 
designate the point where the straight line GE (likewise 
produced if necessary) meets the circumference of the other 
of the two circular arcs. Then the straight line B1B2 drawn 
parallel to the straight line VH will represent the path of 
the ray within the prism. For if the straight fine NiN/ is the 
incidence-normal to the first face of the prism at the point 
Bi, and if the angles of incidence and refraction at this face 
are denoted by ai = ZNiBiA,ai'=ZNi'BiB2, then by the 
law of refraction: 

n. sin ai=n'. sin tti'. 

But by the construction: 

sinZEGV VH n' 
sinZEHV“VG~n’ 

and since Z EGV = Z NiBiA= ai, it follows that Z EHV = a/; 
and hence the path of the ray within the prism must be 
parallel to VH. 

Again, from the point H let fall a perpendicular HF on 
the second face of the prism, where F designates the foot of 
this perpendicular; and let J designate the point where HF 
intersects the arc of radius nrjn'. Then the straight line 
B2C drawn from the incidence-point B2 parallel to the straight 
line VJ will represent the path of the emergent ray. For if 
we draw N2N2' perpendicular to the second face of the prism 
at B2, and if the angles of incidence and refraction at this 
face are denoted by a2 = ZN2B2Bi, a2'=ZN2'B2C, re- 
spectively, then n' . sin 02 = n . sin 02' . But 
sinZFJV VH n' 

sinZFHV” VJ “n ’ 

and since by construction Z FHV = 02, it follows that 
Z FJV = 02', and hence the path of the emergent ray will 
be parallel to VJ. 
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The rli'agra.m (Fig. 73) is drawn for the case when n'>n, as 
in the ordinary case of a glass prism surrounded by air. The 
student should draw also a diagram for the other case when 
n'<n, showing the procedure of a ray through a prism of less 
highly refracting substance than that of the surroundmg 
medium, for example, an air prism surrounded by glass, such 
as is formed by the air-space between two separated glass 
prisms. 

60. The Deviation, of a Ray by a Prism, — The total de- 
viation of a ray refracted through a prism, which is equal to 
the algebraic sum of the deviations produced by the two 
refractions (§35), may be defined as the angle e=ei-|-e 2 
through which the direction of the emergent ray must be 
turned in order to bring it into the direction of the incident 
ray; thus, in Fig. 73, e = ZJVG; and if the angle e is meas- 
ured in radians, the arc JG=€.JV. In order to specify 
completely an angular displacement, it is necessary to give 
not only the magnitude of the angle and the sense of rotation 
of the radius vector, but also the plane in which the displace- 
ment occurs. This plane may be specified by giving the 
direction of a line perpendicular to it, which in the case of 
the angle here under consideration may be the edge of the 
prism or any line parallel to it; because any such line will 
be perpendicular to the principal section of the prism in 
which the ray lies. In fact, the angle e may be completely 
represented in a diagram by a straight line drawn parallel 
to the edge of the prism, which by its length indicates the 
magnitude of the angle and by its direction shows the sense 
of rotation. Thus, for example, the line may be drawn along 
the edge of the prism itself from a point V in the plane of the 
principal section and always in such a direction that on 
looking along the line towards that plane ZJVG= e will 
be seen to be a counter-clockwise rotation. A deviation of 
20° in a principal section coinciding, say, with the plane of 
the paper would be represented, therefore, by a straight line 
perpendicular to this plane of length 20 cm., if each degree 
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were to be represented by one centimeter. If 6 = + 20°, this 
line would point out from the paper towards the reader, and 
if €=-20°, it would point away from him. Thus, if the 
prism, originally '+ase down,’’ is turned “base up” (as the 
opticians say), ever 3 d:hing else remaining the same, the sign 
of the angle t will be reversed, and so also will be the direc- 
tion of the vector which represents this angle. 

61. Grazing Incidence and Grazing Emergence. — The 
angle GHJ between the normals to the two faces of the prism 
is equal to the refracting angle /3,* and hence for a given prism 
this angle will remain always constant. No matter how the 
direction of the incident ray ABi (or VG) may be varied, 
the vertex H of this angle will lie always on a certain portion 
of the circumference of the construction-circle of radius r, 
and the sides HG, HJ will remain always in the same fixed 
directions perpendicular to the faces of the prism. Obviously, 
there will be two extreme or limiting positions of the point H 
marking the ends of the arc on which it is confined, namely, 
the positions which H has when one of the sides of the angle 
GHJ is tangent to the circle of radius nrjn'; which can occur 
only for the case when n'>n, because otherwise the point H 
will lie inside the circumference of this circle and therefore 
it will be impossible for either HG or HJ to be tangent to it. 

If the side HG is tangent to the inner circle at G, as shown 
in Fig. 74, the point G will lie in the plane of the first face 
of the prism, and accordingly the corresponding ray incident 
on the first face of the prism at the point Bi, which must 
have the direction VG, will be the ray ZiBi which, entering 
the prism at grazing incidence (ai=90°), traverses the 
prism as shown in the figure. 

On the other hand, when the side H J of the angle GHJ is 
tangent at J to the construction-circle of radius nr/n' (Fig. 75), 
the point J will lie in the second face of the prism, and the 
straight line VJ will coincide with the straight line VZ 2 . 
Under these circumstances the ray emerges from the prism at 
B 2 along the second face in the direction B 2 Z 2 (a 2 '== -90°) 



118 


Mirrors, Prisms and Lenses [§ 51 

The straight line KBi shows the path of the ray incident on 
the first face of the prism at Bi which “grazes” the second 
face on emerging from the prism. Any ray incident at Bi and 
lying in the principal section of the prism within the angle 
KBiZi will succeed in getting through the prism and emerginff 



Fig. 74. — Case when ray “grazes” first face of prism. 

into the surrounding medium again; whereas if the ray in« 
cident at Bi lies anywhere within the angle VBiK, it will 
be totally reflected at the second face of the prism. The 
ray KBi is called the limiting incident ray and ZNiBiK = 6 
is the limiting angle of incidence. These relations will be 
discussed more fully in the analytical investigation of the 
path of a ray through a prism (§§ 55, foil.); but it may be 
remarked that Z GHV = ai' in Fig. 74 and Z JHV = a 2 in 
Fig. 75 are both equal to the critical angle A (§ 36) with 
respect to the two media n, n' (sinA=?i/n'). 
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62. Minimum Deviation, — ^Between the two extreme or 
terminal positions of the vertex H of ZGHJ shown in 
Figs. 74 and 75, there is also an intermediate place which is 
of special interest and importance and to which, therefore, 
attention must be called. In general, the sides HG, HJ inter- 


/ 

/ r 

I N 



Fig. 75. — Case when ray grazes” second face of prism. 


cepted between the two construction-circles (Fig. 73) will 
be unequal in length, but if HG =HJ, as in Fig. 76, the angles 
GVJ, GHJ and EVF will evidently all be bisected by the 
diagonal VH of the quadrangle VGHJ. When this happens, 
the path B 1 B 2 of the ray inside the prism, which is parallel 
to VH, crosses the prism symmetrically, that is, the triangle 
VB 1 B 2 is isosceles. In fact, the points designated in the dia- 
gram by the letters V, D and O will be the summits of isos- 
celes triangles having the common base B 1 B 2 , and they will 
all lie therefore on the bisector of the refracting angle /3 = 
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ZZ 1 VZ 2 , which is perpendicular to VH. The angle of in- 
cidence at the first face and the angle of emergence at the 
second face are equal in magnitude, although they are de- 
scribed in opposite senses, so that a 2 '= ■“ ai. The same is 
true also in regard to the angles which the ray makes inside 



Tig. 76. — Ray traverses prism symmetrically (VBi = VB 2 ) ; case 
of minimum deviation. 


the prism with the normals to the two faces, that is, a 2 = 

- ai'. 

Now when the ray traverses the prism symmetrically, as 
represented in Fig. 76, the deviation e has its least value 
€ 0 . In order to show that this is true, it will be convenient 
to reproduce the symmetrical quadrangle VGHJ in Fig. 76 
in a separate diagram, as in Fig. 77. Suppose that H' desig- 
nates the position of a point infinitely near to H lying likewise 
on the arc of the circle of radius r, and draw H'G', H'J' 
parallel to HG, HJ and meeting the arc of the other circle 
in the points G', J', respectively. In the figure the point H' 
is taken below the point H, and in this case it is plain that 
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the two parallels HJ, H'J' will meet the circumference of 
the inner circle more obliquely than the other pair of parallel 
lines HG, H'G', and, consequently, the infinitely small arc 
J'J intercepted between 
the first pair will be 
greater than the arc G'G 
intercepted between the 
second pair. Hence, the 
small angle J'VJ will be 
greater than Z G'VG, and 
therefore 

ZJ'VG'>ZJVG. 

The angle JVG here is the 
angle of deviation ( €o) of 
the ray that goes S 3 nn- 
metrically through the prism; whereas Z J'VG' = e is the angle 
of deviation of a ray which traverses the prism along a very 
slightly different path. And according to the above reason- 
ing (for we shall arrive at the same result if we take the 
point H' also above H), we find: 

^ fe,'*' 

Ajs cqrdingly , we see that the ray which traverses the 'prism sym- 
metrically in the plane of a principal section is also the ray 
which is least deviated. 

It is easy to verify this statement experimentally. Thus, 
for example, if a bundle of parallel rays is allowed to fall on 
an isosceles triangular prism, so that while some of the rays 
are incident on one of the equal faces and are transmitted 
through the prism, the other rays of the bundle are reflected 
from the base of the prism, as represented in (1) in Fig. 78; 
and if then the prism is gradually turned around an axis 
parallel to its edge, first, into position (2), which is the posi- 
tion of minimum deviation, and then past this position into 
a third position (3), it will be observed that when the prism 
is in the position of minimum deviation the rays reflected 
from the base will be parallel to the rays which emerge at 
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the second face of the prism; which can only be the case 
when the rays cross the prism S3nnmetrically. 

In spectroscopic work and in many other scientific uses of 
^ the prism, the position of mini- 

A mum deviation, which is easily 

/ \ foimd, is frequently the most 

— ^ convenient and advantageous ad- 

justment of the prism for purposes 
of observation. 

V 

A 53. Deviation away from the 

/ \ Edge of the Prism . — When a ray 

^ passes through a prism of 

highly refracting material 
than that of the surrounding me- 
dium (n'>n), the deviation is al- 
^ ways away from the edge towards 

the thicker part of he prism. 
y \ If the angles of the triangle 

^ VB 1 B 2 (Fig. 79) at Bi and B 2 are 

( 5 ) both acute, the incident and 

\ emergent rays lie on the sides of 

the normals at Bi and B 2 away 

Fig. 78. — Experimental proof £ ±-l. • j j-t. x j. 

that ray which traverses ^0“ *1^6 pnsm-edge, SO that at 

prism symmetrically is ray both refractions the ray will be 
of minimum deviation. r x r xu j m 

bent away from the edge. If 
one of the angles, say, the angle at B 2 , is a right angle, 
the ray will not be deviated at all by the refraction at 
this point, but at the other incidence-point it will be bent 
away from the edge. And, finally, if one of the angles at Bi 
or B 2 is obtuse, for example, the angle at Bi (Fig. 80), the 
deviation on entering the prism will, it is true, be towards 
the edge of the prism, but this deviation will not be so great 
as the subsequent deviation away from the edge which is 
produced at the second refraction when the ray issues from 
the prism, as may be easily seen from the diagram. Thus, 



§ 54] Plane Wave Refracted Through Prism 12S 

in every case when the total deviation will be away 

from the prism-edge. 

If n' <n, all these effects will be reversed. 


V 



Fig. 79. — Deviation away from edge of prism. 

64. Refraction of a Plane Wave Through a Prism.— 

The diagram (Fig. 81) shows a principal section of the prism, 
and the straight line BiD represents the trace of a plane 
wave (supposed to be perpendicular to the plane of the 
paper and parallel therefore to the 
edge of the prism) advancing to- 
wards the first face of the prism in 
the direction DV at right angles to 
BiD. If around the point Bi, which 
lies in the first face of the prism, the 
arc of a circle is described with ra- 

Tl 

dius BE=-,DV, then, according to 

Huygens’s principle (§ 5), the Fig. so.— D eviation away 
straight line VE tangent to this circle from edge of pnsm. 

at E will represent the trace of the wave-front inside the prism. 
Let the straight line BiE meet the second face of the prism 

at B 2 . Around V as center with radius VF=- EB 2 describe 

the arc of a circle; then the straight line B 2 F tangent to this 


V 
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circle at F will represent the trace of the emergent 5vave- 
front. 

The disturbance at any point C will have emanated from 



some point on ABi, and the time 
taken by the light to go from Bi to 
B 2 inside the prism will be the 
same as that required to go from 
D to F in the surrounding me- 
dium (§ 39) ; that is, the optical 
lengths along these two routes 
are equal. For, as appears from 


Fig. 81. — Refraction of plane the construction, 
wave through prism. ^ 


An excellent and most instructive mechanical illustration 


of the refraction of a plane wave through a prism can be ob- 
tained by using the roller and tilted board described in § 32 
with a triangular piece of plush cloth glued in the middle 
of the board to represent the prism (see Fig. 45). 


II. Analytical Investigation 

65. Trigonometric Calculation of the Path of a Ray in a 
Principal Section of a Prism. — ^The angles of incidence and 
refraction at the first and second faces of the prism, denoted 
by ai, tti' and a 2 , a 2 ', are, by definition (§ 27), the acute angles 
through which the normals to the refracting surfaces at the 
incidence-points have to be turned in order to bring them into 
coincidence with the incident and refracted rays at the two 
faces of the prism; thus, in Fig. 73, ZNiBiA= ai, ZNi'BiB 2 
= a/, ZN2B2 Bi= a2, ZN2^B2C== ( 12 ^. 

Assuming that the prism is surrounded by the same me- 
dium on both sides, and being careful to note the sense of 
rotation of each of the angles, we obtain by the law of re- 
fraction, taken in conjunction with the obvious geometrical 
relations as shown in the figure, the following system of 
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§ 56j 

equations for calculating the path of a ray through a prin- 
cipal section of a prism; 

n'.sinai' = n.sinai, a2=ai'— /3, n.sina2' = n'.sin a2. 
Combining these formulae so as to eliminate ai and a2, we 
may derive the following convenient expression for deter- 
mining the angle of emergence at the second face of the 
prism : 

/ • o - • sin^ ai 

sm a2 =sm ai-cosp — sm/? ^ . 

n 

Thus, if we know the value of the relative index of refraction 
{n'In) and the refracting angle of the prism (j8== ZZ1VZ2), 
we can calculate the angle of emergence ( a^') corresponding 
to any given direction ( ai) of the ray incident on the first 
face of the prism. 

The total deviation ( e) of a ray refracted through a prism 
is measured, as defined above (§50), by ZJVG, and since 
this angle is equal to the external angle at D in the triangle 
DB1B2, we have: 

€ = Z B2B1D-I-Z DB2B1 

= Z Ni'BiD - Z Ni'BiB 2+Z DB2N2 - Z B1B2N2 
= ai— ai' — a2'+a2; 

and since a/— a2=iS, we obtain finally the following ex- 
pression for the angle of deviation: 

€== ai— a 2 — ( 3 . 

These formulae contain the whole theory of the refraction 0^ 
a ray through a prism in a principal section. It will be in 
teresting to discuss analytically some of the special casetv 
which we have already studied in the preceding sections ot 
this chapter. 

56 . Total Reflection at the Second Face of the Prism. — 

If the angle of emergence at the second face of the prism is 
a right angle, that is, if a2'= -90°, the emergent ray B2C 
will issue from the prism along the second face in the direc- 

Yh Tlf 

tion B2Z1 (Fig. 7 5 ) . Hence, sin a2 = ^ . sin 02' = — and there- 
fore a2 = - A; where A. denotes the critical angle (§ 36) of the 
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7h 

media defined by the relation sinA = - 7 . If the absolute 

value of the angle a 2 is greater than A, the ray will be totally 
reflected at the second face of the prism, and there will be no 
emergent ray. This case may be discussed in some detail. 

For a prism of given refracting angle (/3), there is a certain 
limiting value (t) of the angle of incidence (ai) at the first 
Face of the prism (§ 51) for which we shall have at the second 



Fig. 82. — Prism with refracting angle )3=2A. 

face the values a 2 = - A, a 2 = -90°; so that a ray which is 
incident on the first face of the prism at an angle less than the 
limiting angle l will not pass through the prism hut will be 
totally reflected at the second face. Putting a 2 = •—A, we find 
ai'== A, and therefore, since ai = t, 

smt--sm ^-A), 

which is the trigonometric formula for computing the value 
of the limiting angle of incidence for a given prism. It will 
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be worth while to examine this formula for certain particular 
values of the refracting angle j8. 

Tl 

(1) If ]8>2A, then, since sinA=^, the formula shows that 

sin 6 will be greater than unity, so that for a prism of this 
form there is no angle corresponding to the limiting angle 6. 
No ray can be transmitted through a prism whose refracting 
angle is more than twice as great as the critical angle of the two 
media in question, A prism of this size is called a totally 



Fid. 83. — Prism with refracting angle /3 = A. 


reflecting prism; if it is made of glass of index 1 . 5 and sur- 
rounded by air, the refracting angle should be about 84° at 
least. 

(2) If j8 = 2A, we find that t=90°; which is the case repre- 
sented in Fig. 82. The only ray that can get through this 
prism is the ray that traverses it symmetrically, entering the 
prism along one face and leaving it along the other. 

(3) If i8>A but <2A (that is, if 2A> i8> A), the value of 
the angle i as determined by the formula above will be com- 
prised between 90° and 0°. This is the case which was shown 
in Fig. 73. The direction of the limiting incident ray is be- 
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tween ZiBi and NiBi; that is, ZViBK will be an obtuse 
angle. 

(4) If id = A, we find 6 = 0°, and then the limiting incident 
^ Y ray will proceed along the 

\ /tv normal NiBi, as shown in 

^ ZVBiK (or 

. ZVBiA) will be a right 
/ angle. 

(5) Finally, if /3<A, the 
/ry - limiting angle of inci- 

dence (t) will be negative 
/vV: in sign; and therefore in a 

* * / . ' ' more or less thin prism of 

this description the limit- 
\o ing incident ray KBi will 

Fig. 84. — Prism with a refracting angle fall On the side of the 

normal NiBi towards the 
apex V of the prism, so that the angle VBiK will be an 
acute angle (Fig. 84). 

Any ray incident on the first face of the prism at Bi and 
lying within the angle KBiZi will be transmitted through 
the prism; whereas if the ray falls within the supple- 
mentary angle VBiK, it will be totally reflected at the 
second face. 

In Kohlratjsch’s method of measuring the relative index 

71 /^ 

of refraction (~), the prism is adjusted so that the incident 

TV 

ray ^'grazes the first face, and then if the refracting angle 
of the prism (/3) is known, and if the angle of emergence 
(a 2 ') is measured, the value of n':n may be calculated by 
means of the formula: 

4 ^ cos /3 - sin a 2 ^ 

V smp ’ ^ ^ 

The principle of total reflection is also employed in the 
prism refractometers of Abbe and Pulfrich for measure- 
ment of the index of refraction. 


(V'-i=- 

n 


(ai=90°). 
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57, Perpendicular Emergence at the Second Face of the 
Prism. — ^For this case we have a 2 = a 2 ' = 0'^, and therefore 
ai'= /3j ai= jS+e, and hence: 

n^_ sm(^+e) . 
n ~ sin^ ^ 

which is also a convenient formula for the experimental de- 
termination of the value of the relative index of refraction. 
A description of the apparatus and the method of procedure 
may be found in the standard treatises on physics. 

58. Case when the Ray Traverses the Prism Symmet- 
rically. — ^As has been pointed out already (§ 52), a special 
case of great interest occurs when the ray traverses the prism 
symmetrically. Under these circumstances, the general 
prism-equations given in § 55 take the following forms : 


n' 


sin 


^4" gp 
2 



where €o denotes the angle of deviation of this symmetric 
ray. The last of these formulae is the basis of_thfiJERA:¥N-' 
HOFER method of determining the relative index of refrac- 
tioTr," the angles /3 and €o being both capable of easy measure- 
ment. 

This last formula may also be transformed into the fol- 
lowing form: 



. €o 

n.sin-^ 

n'-7i.cos“ 


3 


whereby the refracting angle j(3 can be calculated in terms 
of n, n' and €o. 

69. Minimum Deviation. — ^The prism itself is defined by 
its refracting angle (/8) and the relative index of refraction 
(n'In). The total deviation (e) of a ray refracted through 
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a given prism depends only on the ang'e of incidence (o-j), 
according to the formula: 

€= tti- 02 '- d; 

for the angle a^' may be expressed in terms of ai, ^ and n'In, 
as we have seen (§ 55). Hence, for a given value of these 
three magnitudes the angle e will be uniquely determined. 
On the other hand, for a given value of the angle e there 
will always be two corresponding values of the angle of in- 
cidence ail for if is obvious from the principle of the reversi- 
bility of the light-path (§ 29) that a second ray inc'dent on 
the first face of the prism at an angle equal to the angle of 
emergence of the first ray will emerge at the second face at 
an angle equal to the angle of incidence of the first ray at 
the first face, amd these two rays will be equally deviated in 
passing through the prism. For example, suppose that the 
values of the angles of incidence and emergence in the case 
of the first ray are ai= y, at =y'\ a second ray incident on 
the first face of the prism at the angle ai= - 7 ' will emerge 
at the second face at an angle az = — 7 , and each of these rays 
wiU suffer precisely the same deviation, viz., e = 7 - 7 ' - /3. 
Thus, corresponding to any given value of the angle e, 
within certain limits, there will always be a pair of rays which 
are deviated by this same amount. One pair of such rays 
consists of the two identical rays determined by the relation 
ai = 7= - 0-2 ■ 

In fact, this is the ray which traverses the prism symmet- 
rically, and a little reflection will show that the deviation of 
this ray must be either a maximum or a minimum. 

But while the best way of demonstrating that the ray 
which goes syrnmetricaUy through the prism is the ray of mini- 
mum deviation (§ 52) involves the employment of the methods 
of the differential calculus, the following analytical proof 
demands of the student a knowledge of only elementary 
mathematics. 

The deviation at the first face of the prism is ei = ai — ai', 
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and that at the second face is 62= a2— a2 (§ 35 ), and 
hence the total deviation is 

€ = €1+ €2 = ( di — ai) -)- ( a 2 ” CL2) , 

or, since ai'- a2=iS, €= ai— a2 — as has been already 
remarked, for example, in § 55 . Assume now that n^>n, and, 
consequently, that the angle e is positive, as is always the 
case when the ray is bent away from the edge of the prism 
(§ 53 ) ; then it is evident that the angle e will have its least 
value ( €0) in the case of that ray for which the function 
(di— d 20 is least. Now since 

n . sin di = n' . sin d/, n, sin d2' = n' . sin d2, 
we obtain by subtraction: 

n(sin di~sin d2') ==n'(sin di' -• sin d2), 
and hence by an obvious trigonometric transformation: 

di-d2' ai+d2' 

■'.COS" 


n.sin-- 


2 . c) 

which may be written as follows 


, . 0.1 
=n .sm — i 


'd 2 di'+d 2 

— .cos — s , 


sm- 


di- d 2 


n' . iS 


cos 


U-/+ d 2 


cos 


According as di:= - a2j the deviation ei at the first face of 

the prism will (see § 35 ) be greater than, equal to, or less than, 
the deviation €2 at the second face; that is, according as 

di^— d2', we shall have (di— di')=(a2— d20jand hence also 

0'!+ 0 - 2 '^ d2+di' 

2 < 2 ‘ 


If we suppose, first, that di> — d2', then ai> — a2 and 
(d2+diO>0; and since the cosine of a positive angle de- 
creases as the angle increases, it follows that here we must 
have: 


di'+d2^ di+d2' 

cos H >cos — ^ — • 


On the other hand, if we suppose, second, that di< — a2, then 
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ai'<-a2 and (a2+aiO<0; but in this case (a2+ai0> 
( ai+ a20j so that although ( a2+ cli) and ( ai+ a20 ^re both 
negative, the absolute value of the former is greater than that 
of the latter, and hence here also we find exactly the same 
result as before. 

Thus, whether ai is greater or less than — the ratio 


cos 


cos- 


a/+ ^2 

ai“|“ <X2^ ^ 

2 


and only in the case when ai == — a2 will this ratio equal to 
unity. Hence, sin — lias its least value when ai == — a2, 


and then also the deviation ( €) is a minimum and equal to 
€o=2ai-/3. 

The same process of reasoning applied to the case when 
n'<n leads to the conclusion that the angle e will be a maxi- 
mum for the ray which traverses such a prism symmetrically, 
for example, an air-prism surrounded by glass; but in this case 
the angle e will be negative in sign, and since a maximum value 
of a negative magnitude corresponds to a minimum absolute 
value, the actual deviation of the ray is least in this case also. 

60 . Deviation of Ray by Thin Prism. — If the refracting 
angle of the prism (^) is small, as represented, for example, 
in Fig. 85 , the deviation (e) will likewise be a small angle 
of the same order of smallness; for if /3 == a/ - a2 is small, then 
( ai~ a20 will be small also, and the angle e is the difference 
between these two small magnitudes. In fact, the deviation 
e produced by a thin prism will not only always be small, 
but it will never be very different from its minimum value 
Cq. Accordingly, in the case of a thin prism, we may put 
€ = €o without much error; and therefore very approxi- 
mately (see § 58 ) : 
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Consequently, the deviation e, as calculated by this formula, 
will depend only on the prism-constants (jS, n': n) and not 
on the angle of incidence ( ai). The smaller the angle /S, the 
more nearly correct this formula will be; and if the angle /3 

is so small that we may substitute ^ and hi place of 


/3 


sm ^ and sin 


2 ’ 


respectively, we obtain the exceedingly 



angle. 


useful and convenient practical relation for the angle of 
deviation of a ray refracted through a thin prism, viz. : 


which, however, is more frequently written: 

€ = (n-l)A 

where n is employed now to denote the relative index of 
refraction. Accordingly, in a thin 'prism the deviaiion is di~ 
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redly proportional to the refracting angle. For example, the 
deviation in the case of a thin glass prism surrounded by 
air for which n = 1 . 5 is one-half the refracting angle. 

61. Power of an Ophthalmic Prism. Centrad and Prism- 
Dioptry. — ^An ophthalmic prism is a thin glass prism, whose 
index of refraction is usually about 1.52, which is used to 
correct faulty tendencies and weaknesses of the ocular 
muscles which turn the eye in its socket about the center of 
rotation of the eye-ball. In an ordinary laboratory prism 
the two faces are usually cut in the form of rectangles having 
the edge of the prism as a common side; but the contour of 
an ophthalmic prism which has to be worn in front of the eye 
in a spectacle-frame is circular or elliptical like that of any 
other eye-glass, and its edge is the line drawn tangent to this 
curve at the thinnest part of the glass. The line drawn 
perpendicular to this tangent at the point of contact and 
lying in the plane of one of the faces of the prism is the so- 
called '‘base-<ipex'' line, which is a term frequently employed 
by writers on spectacle-optics. 

The formula 

€ = (n - 1) jS 

obtained in § 69 is peculiarly applicable to the weak prisms 
used in spectacles. As long as the refracting angle of the 
prism does not exceed, say, 10°, the error in the value of e 
as calculated by this approximate formula will be less than 
5 per cent. 

Formerly it was customary to give the strength or power 
of an ophthalmic prism in terms of its refracting angle /3 
expressed in degrees; but the proper measure of this power 
is the deviation produced by the prism. However, instead 
of measuring this angle in degrees, Dennett has suggested 
that the deviation of an ophthalmic pnsnTsEall be measured 
in terms of a unit angle called a centrad, which is the one- 
himdredth part of a radian and equal therefore to the angle 
subtended at the center of a circle of radius one meter by an 
arc of length one centimeter. Since tt radians = 180°, the 
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relation between the centrad and the degree is given as 
follows: 




100 TT , , 

^^g^centrads, 


or 


1° = 1 . 745 ctrd., 1 ctrd. = 0 . 573^ 

Prior to this suggestion, Mr. C. F. ^rentice, of New 
York, had proposed in 
1888 to measure the de- 
viation of an ophthalmic 
prism in terms of the 
linear or tangential dis- o 
placement in centime- 
ters on a screen placed 
at a distance of one 
meter from the prism. If the straight lines OA, OB (Fig. 86) 
represent the directions of the incident and emergent 
rays, respectively, then ZAOB will be the angle of devi- 
ation of the prism; and if a plane screen placed at right angles 



Fig. 86. — Deviation of prism: 


AB 


to OA at A is intersected by OB at B, then tanZ AOB = q^- 


Now if the distance OA=100 cm. and if AB = x cm,, 
then, according to Prentice’s method, the ZAOB would 
be an angle of x units and the power of the prism would be 
denoted by a;. Dr. S. M. Burnett suggested that the name 
'prism-diopter or prism-dioptry be given to this unit. (The term 
“ prismoptrie” was proposed by Professor S. P. Thompson.) 
The prism-dioptry is the angle corresponding to a deviation of 
one centimeter on a tangent line at a distance of one meter; 
and, accordingly, when the angle of deviation is equal to the 
angle whose trigonometric tangent is x/100, the power of the 
prism is said to be x prism-dioptries or x A, where the symbol 
A stands for prism-dioptry. The chief objection to be urged 
against this unit of angular measurement is that the angle 
subtended at a given point 0 (Fig. 87) by equal line-segments 
on a line Ay perpendicular to Oa; at A diminishes as the 
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jegment on ky is taken farther and farther from A* In 
other words, since tan - ^ ir/100 is less than a:, tan - ^ 1/100, x 
prism-dioptries is less than x times one prism-dioptry* Or- 
dinarily, the variability in the magnitude of a unit would 
constitute an insuperable objection to it; but so long as the 



J^'£G. S7» — ‘XJneQual angles subtended at O by equal intervals on straiglit 
line Av drawn perpendicular to OA. 

angles to be measured are always small, as is the case with 
ophthalmic prisms, the prism-dioptry may be regarded as in- 
Tariably equal to the tan - ^ 1/ 100 or about 34'' 22.6" without 
sensible error; and hence we may say, for example, that 
2A+3A=5A, although this statement is not qidte accu- 
rate. At any rate, whatever may be the' theoretical objec- 
tions, this unit of measurement of the strength of a thin 
prism is so convenient and satisfactory that it has been gen- 
erally adopted in ophthalmic practice. 

In point of fact, with the small angular magnitudes which 
are here pre-supposed (the power of an ophthalmic prism 
seldom exceeds 6 ctrd.), there is practically no distinction to 
be made between the angle itself and the tangent of the angle. 
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so that we may regard the centrad and the prismr-dioptry as 
identical in most cases; that is, 

1A = 1 ctrd. = 0.573°. 

Accordingly, we obtain the following relation between the 
power (p) of an ophthalmic prism expressed in prism- 
dioptries or centrads and the refracting angle (/3) given in 
degrees; 

p = ^^^^(n-l)0 = 1.745{n-l)li, 

where n denotes the relative index of refraction. If n==1.5, 
then the power of a prism of refracting angle 13 degrees is 
0.873 /3 prism-dioptries. 

However, in order to exhibit the actual relations still 
more clearly, the following table gives the values in degrees, 
minutes and seconds of all integral numbers of prism-dioptries 
and centrads from 1 to 20; and incidentally it will be seen 
that whereas an angle of k centrads contains k times as many 
degrees, minutes and seconds as an angle of 1 centrad, where 
k denotes any integer from 1 to 20, the same statement is 
not strictly true of the prism-dioptry. 
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Prism- 

Dioptries 

Equivalent in degrees, 
minutes and seconds 

Centrads 

Equivalent in degrees, 
minutes and seconds 

1 

0° 34' 22.6" 



2 

r 8' 44.8" 

SqU 

1° 8' 45.3" 

3 

r43' 6.1" 

3 

1°43' 8.0" 

4 

2° 17' 26.2" 

4 

2° 17' 30.6" 

5 

2® 51' 44.7" 

5 

2° 51' 53.3" 

6 

3° 26' 1.1" 

6 

3° 26' 15.9" 

7 

4° 0'15.0" 

7 

4° 0'38.6" 

8 

4° 34' 26.1" 

8 

4‘^35' 1.2" 

9 

5° 8' 33.9" 

9 

5° 9' 23.9" 

10 

5" 42' 38.1" 

10 

5° 43' 46.5" 

11 

6^^ 16' 38.3" 

11 

6° 18' 9.2" 

12 

6° 50' 34.0" 

12 

6° 52' 31.8" 

' 13 

7° 24' 24.9" 

13 

7° 26' 54.5" 

14 

7° 58' 10.6" 

14 

8° 1'17.1" 

15 

8° 31' 50.8" 

15 

8° 35' 39.8" 

16 

9° 5' 25.0" 

16 

9° 10' 2.4" 

17 

9° 38' 53.0" 

17 

9M4'25.1" 

18 

10° 12' 14.3" 

18 

10° 18' 47.7" 

19 

10° 45' 28.7" 

19 

10° 53' 10.4" 

20 

11° 18' 35. 8" 

20 

11° 27' 33.0" 


62. Position and Power of a Resultant Prism Equivalent 
to Two Thin Prisms. — In ascertaining the prismatic cor- 
rection of the eye of a patient, the oculist or optometrist 
sometimes finds it convenient and advantageous to employ 
a combination of two thin prisms placed one in front of the 
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other with their edges inclined to each other at an angle 7 
which can be measured; and having obtained the necessary 
correction in this way, he has to prescribe a single prism which 
will produce precisely the 
same resultant effect as p 
the two superposed 
prisms of the trial-case. 

In general, it would be 
exceedingly laborious and 
difficult to calculate the 
power of this resultant 



prism, but, fortunately, 
the problem in this case 
is enormously simplified 


Pig. 88, a . — Parallelogram law for find- 
ing single prism equivalent to a com- 
bination of two thin prisms. 


by the fact that the refracting angles are so small that it is 


quite simple to obtain an approximate solution which is 


sufficiently accurate and reliable for ordinary practical 


purposes. 

Let the deviation-angles or powers of the two prisms, de- 
noted by Pi and ^2? be represented, according to the method 

explained in § 50, by 
the vectors OA, OB, 
0 respectively (Fig. 88), 
which are drawn parallel 
to the edges of the prism, 
so that Z AOB = 7. Com- 
plete the parallelogram 
^ ^ „ , , . ^ 1. OACB and draw the di- 

Fig. 88, 6. — Parallelogram law for finding , 

single prism equivalent to a combina- agonai UU. iJie VectOr 
tion of two thin prisms. OC will represent on 

the same scale the deviation-angle or power p of the resultant 
prism, as we shall proceed to show. 

If a point P is taken anywhere in the plane of the parallelo- 
gram OACB, it may easily be proved that the area of the 
triangle POC is equal to the sum or difference of the areas of 
the triangles POA and POB according as the point P lies 
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outside the Z AOB, as in Fig. 88 (n), or inside this angle, as in 
Fig. 88 (b) , respectively. And, therefore, if PQ, PR and PS are 
drawn perpendicular to OA, OB and OC, respectively, then 
SP.OC = QP.OA±RP.OB. 

For simplicity, let us assume that the deviations pi, p 2 
produced by the two component prisms are indefinitely 
small. Now suppose that the point P is turned, first, about 
OA as axis through a very small angle pi and then about OB 
as axis through the small angle p 2 - In consequence of the 
first rotation it will move perpendicularly out from the plane 
of the paper towards the reader through a tiny distance 
corresponding to the arc of a circle described around Q as 
center with radius QP, the length of this arc being equal 
to the product of the radius by the angle, that is, equal to 
QP.OA, since the length of OA is made equal to the magni- 
tude of the angle pi. If now in this slightly altered position 
the point P is again rotated, this time, however, around OB 
as axis, through another small angular displacement p 2 = OB, 
either it will move a little farther out from the plane AOB, 
as in the case shown in Fig. 88 (a), or it will move back 
away from the reader, as in the case shown in Fig. 88 (6), 
by an additional amount equal to RP.OB. And as this 
latter displacement will also be very nearly at right angles to 
the plane of the paper, the resultant angular displacement 
of the point P may be regarded as equal to the algebraic 
sum of its two successive displacements and numerically 
equal, therefore, to 

QP.OA±RP.OB, 

where the upper sign is to be taken in case the point P lies 
outside the angle AOB and the lower sign in case it lies inside 
this angle. In either case, therefore, the resultant displace- 
ment of P will be equal to SP . OC. But this product is equal 
to the linear displacement which the point P would have if 
it experienced an angular displacement represented by the 
vector OC. 

Hence, if the straight lines OA, OB drawn parallel to the 
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edges of the two thin prisms represent the components of the 
total deviation of a ray which traverses both prisms, the 
diagonal OC of the parallelogram OABC will represent the 
resultant or total deviation, and this effect will be produced 
by a single prism of power p = OC placed with its edge in- 
clined to the edge of the prism of power pi ( == OA) at an angle 
^ = Z AOC. If the powers pi, p2 of the two component prisms 
are given in prism-dioptries (or in terms of any other suit- 
able unit, for example, degree, centrad, etc.), and if also the 
angle 7 between the edges of the prisms is given in degrees, 
the power p of the resultant prism may, therefore, be com- 
puted by the formula^ 

P = Vpi2+p22-f 2pi.p2.cosY , 

and the angle 6 which shows how the resultant prism is to 
be placed may be calculated by the formula: 


tan 9 — 


P2.sinY 

2>i+P2.cosy" 




? 


In particular, if 7 = 90®, then V'pi2+p2^ tan0 = — . 

As an illustration of the use of these formulse, suppose 
that the deviations produced by the two prisms separately 
are 3® and 5°,' and that the edges of the prisms are inclined to 
each other at an angle of 60®. Then pi == 3®, p2 = 6®, 7 = 60°, 
and hence the deviation produced by the two prisms together 

will be p = \/9+25+15=7''5 and since tan0=— , the 

resultant prism in this case is found to be a prism of power 
7® placed with its edge at an angle of nearly 38® 13' with that 
of the weaker of the two component prisms. 

A ''rotary prism'' used for finding the necessary prismatic 
correction of a patient's eye is an instrument, circular in form, 
which consists of two ophthalmic prisms of equal power 
(pi = P2) conveniently mounted so that the prisms can be 
rotated about an axis perpendicular to the plane of the in- 
strument, one in front of the other, the angle between the 
prism-edges being shown by the positions of two marks which 
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move as the prisms are turned over a circular arc graduated 
in degrees. In the initial position when the two marks are 
at opposite ends of a diameter of the circular scale the base 
of one prism corresponds with the edge of the other, so that 
in this position the two prisms are equivalent to a glass 
plate with plane parallel faces ('y=180°, p=pi—pi=0). 
The maximum effect is obtained when the edges of the prism 
correspond (t=0°, p=pi+P2=2pi). With a device of this 
kind, we can obtain, therefore, any prismatic power from 
p = 0 to p=2pi. 

On the other hand, we can resolve the effect of a given 
prism of power p into a component p . cos d in one direction 
and a component p. sin d in a direction perpendicular to the 
first. Thus, a prism of power 5 centrads with its edge at an 
angle of 30° to the horizontal is equivalent to a combination 

of two prisms of powers and ^ centrads, with their 

edges horizontal and vertical, respectively. 

PROBLEMS 

L Show how to construct the path of a ray refracted 
through a prism in a principal section; and prove the con- 
struction. Discuss the following special cases, and draw 
separate diagrams for each of them: (a) Incident ray normal 
to first face of prism, (b) Emergent ray grazes ” second 
face; (c) Ray traverses prism symmetrically; (d) Ray is in- 
cident on first face on side of normal towards the edge of 
the prism. 

2. Show that the total deviation of a ray in a principal 
section of a prism of more highly refracting material than 
the surrounding medium is always away from the prism- 
edge. Discuss each of the three possible cases, viz., When 
the point where the two incidence-normals intersect falls 
(a) inside the prism, (6) outside the prism, and (c) on one of 
the two faces of the prism. Draw diagram for each case. 

Obtain a formula for calculating the magnitude of the 
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angle of incidence at the first face of the prism of the ray 
which emerges from the prism along the second face; and dis- 
cuss this formula for the cases when the refracting angle of 
the prism is (a) greater than 2A, (fe) equal to 2A, (c) less 
than 2A but greater than A, (d) equal to A, and (e) less than 
A; where A denotes the so-called critical angle of the two 
media concerned. Draw diagram for each case. 

4. Show that the deviation of a ray which goes symmet- 
rically through a prism in a principal section is less than 
that of any other ray. 

5. Show that the point of intersection of the incidence- 
normals to the two faces of a prism is equidistant from the 
incident ray and its corresponding emergent ray. 

6. Construct the path of a ray refracted through a prism 
of small refracting angle; and show that the angle of deviation 
will also be a small angle of the same order of smallness, no 
matter how the ray falls on the prism. 

7. What is the smallest angle that a glass prism (n = 1 . 5) 
can have so that no ray can be transmitted through it? 
What is the magnitude of this angle for a water prism 
(7^==1.33)? (Assume in each case that the prism is sur- 
rounded by air of index unity.) 

Ans. 83° 37' 14"; 97° 30' 25". 

8. What must be the refracting angle of a prism whose 

index of refraction is equal to \/2 in order that rays that 
are incident on one of its faces at angles less than 45° will 
be totally reflected at the other face? Ans. 75°. 

9. The refracting angle of a prism is 60° and the index of 
refraction is equal to \/2. Show that the angle of minimum 
deviation is 30°, and draw accurate diagram showing the 
construction of the path of this ray through the prism. 

10. The refracting angle of a glass prism (n = 1.5) is 60°, 
and the angle of incidence is 45°. Find the angle of deviation. 
What is the angle of minimum deviation for this prism? 

Ans. 37° 22' 52.5"; 37° 10' 50". 

11. If the angle of minimum deviation of a ray traversing 
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a principal section of a prism is 90°, show that fche index of 
refraction cannot be less than \/ 2. 

12. Find the angle of minimum deviation in the case of a 
glass prism (n = 1 . 54) of refracting angle 60°. 

Ans. 40° 42' 28". 

13. The minimum deviation for a prism of refracting angle 

40° is found to be 32° 40'. Find the value of the index of 
refraction. 1-7323. 

14. A glass prism of refracting angle 60° is adjusted so 

that the ray “grazes" the first face, and in this position the 
angle of emergence is found to be 29° 25' 49". Determine 
the index of refraction. Ans. 1 . 52. 

15. A prism is made of glass of index 1.6, and the angle 

of minimum deviation is found to be 28° 31' 20". Calculate 
the refracting angle. Ans. 42° 39' 44". 

16. The refracting angle of a water prism (n=4) is 30°. 
How must a ray be sent into this prism so that it will emerge 
along the second face? 

Ans. Ray must lie on the side of the normal towards the 
edge of the prism, and make with the normal an angle of 
25° 9' 15". 

17. The angle of incidence for minimum deviation in the 

case of a prism of refracting angle 60° is 60°. Find the 
index of refraction. Ans. '\/3. 

18. Find the index of refraction of a glass prism for sodium 
light for the following measurements: Refracting angle of 
prism =45° 4'; angle of minimum deviation = 26° 40'. 

Ans. 1.53. 

19 The refracting angle of a prism is 30° and its index of 
refraction is 1.6. Find the angles of emergence and deviation 
for each of the following rays: (a) Ray meets first face nor- 
mally; (5) Angle of incidence at first face is equal to 24° 28'; 

(c) Angle of incidence at first face is equal to 53° 8'; and 

(d) Ray “grazes" first face. 

Ans. {a) 53° 8'; 23° 8'; (6) 24° 28'; 18° 56'; (c) 0°; 23° 8'; 
(d) 13° 59'; 46° 1'. 
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20. Find the refracting angle of a glass prism (n = 1.52) 
for which the minimum deviation is 15°. Ans. 27° 44' 36". 

21. The refracting angle of a flint glass prism is measured 
and found to be 59° 56' 22.4"; and the angles of minimum 
deviation for rays of light corresponding to the Fraunhofek 
lines D, F and H are also measured and found to have the 
following values: 46° 31' 4.15"; 47° 35' 59.2"; and 49° 30' 
5.7", respectively. Calculate the values of the indices of 
refraction no, nj, and rz-H* 

Ans. no = 1 . 603528; 71^ = 1. 614771 ; nn = 1 - 634183. 

22. The refracting angle of a crown glass prism is measured 
and found to be 60° 2' 10.8"; and the angles of minimum 
deviation for rays of light corresponding to the Fraunhofer 
lines D, F and H are also measured and found to have the 
following values: 38° 38' 14.3"; 39° 10' 51.8"; and 40° 3' 
49.4", respectively. Calculate the values of the indices of 
refraction no, np, and 

Ans. = 1 . 516274; == 1 . 522437; nn = 1 . 532370. 

23. A prism is to be made of crown glass of index 1.526, 

and it is required to produce a minimum deviation of 17° 20'. 
To what angle must it be ground? Ans. 31° 20'. 

24. A ray of light falls on one face of a prism in a direction 
perpendicular to the opposite face. Assuming that the re- 
fractmg angle of the prism (/3) is an acute angle, show that 
the ray will emerge along the opposite face if 

cot/3 = cotA~l, 

where A denotes the critical angle of the prism-medium. 

25. A ray "grazes" the first face of a prism and emerges 
at the second face in a direction perpendicular to the first 
face: show that the refracting angle (/3) is such that 

cot/3 = V^^'-l-l? 

where n denotes the index of refraction of the prism-medium. 

26. The refracting angle of a prism is 60° and the index of 
refraction is '\/7/3. What is the limiting angle of incidence 
of a ray that will be transmitted through the prism? 

Ans. 30°, 
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27. Show that if e,, denotes the angle of minimum devia- 
tion of a prism of refracting angle the angle d cannot be 
greater than (tt — eo) and the index of refraction cannot be 

less than sec-^ • 

28. Show that the minimum deviation of a prism of given 
index of refraction increases with increase of the refracting 
angle of the prism. 

29. Derive the formula for the angle of deviation of a thin 
p rism , and show that the deviation is approximately con- 
stant for all angles of incidence. 

30. Show that when a thin glass prism of index | is im- 
mersed in water of index 4 the deviation of a ray will be 
only one-fourth of what it would be if the prism were sur- 
rounded by air. 

31. The refracting angle of a prism of rock salt is 1° 30'. 

How much will a ray be deviated in passing through it’ 
And what should be the refracting angle of a rock salt prisir,, 
which is to produce a deviation of 48'? (Index of refraction 
of rock salt =1.54.) Ans. 48' 36"; 1° 29'. 

32. What must be the refracting angle of a water prism of 

index 4 to produce the same deviation as is obtained with 
a glass prism of index | whose refracting angle is equal to 
2y Ans. 3°. 

^33. A glass prism of index 1.5 has a refracting angle of 
2°. What is the power of the prism in prism-dioptries? 

Ans. 1 . 745 prism-dioptries. 
'U&i. The power of a prism is 2 prism-dioptries and n = 1 . 5. 
Find the refracting angle. Ans. 2.29°. 

35. A prism of refracting angle 1° 25' bends a beam of 
light through an angle of 1° 15'. Calculate the index of 
refraction and the power of the prism in prism-dioptries. 

Ans. n=l. 882; 2 . 18 prism-dioptries. 

36. Two thin prisms are crossed with their edges at an an- 
gle of 30°. The first prism produces a deviation of 6° and 
the second a deviation of 8°. Find the deviation produced 
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by the single prism which is equivalent to this combination 
and the angle which the edge of the resultant prism must 
make with the edge of the first prism. 

Ans. Deviation of resultant prism = 13. 53°; angle be- 
tween its edge and that of the 6°-prism = 17° 11'. 

37. Two prisms, each of power 5 prism-dioptries, are 
combined base down with their base-apex lines inclined to 
the horizontal at angles of 45° and 135°. Find the equivalent 
single prism. 

Ans. A prism of power a little more than 7 prism-dioptries, 
base down, vertical meridian (edge horizontal). 

38. What will be the horizontal effect of a prism of power 
10 placed with its base-apex line at an angle of 20° with the 
horizontal? 

Ans. It will be the same as the effect of a prism of power 
nearly 9.4 in horizontal meridian (edge vertical). 

39‘. The base-apex line of a prism of power 4 centrads makes 
an angle of 120° with the vertical. Show that it is equiva- 
lent to a combination of two prisms, one of power 2 centrads in 
the vertical meridian (edge horizontal) and the other of power 
3.46 centrads in the horizontal meridian (edge vertical). 

40. Find the single prism equivalent to a combination of 
two prisms superposed with their base-apex lines at right 
angles to each other, the power of one being 3 and that of 
the other 4. 

Ans. A prism of power 5 with its base-apex line inclined to 
that of the weaker prism at an angle of nearly 53° 8'. 

41. Two equal prisms, each of power 3, are superposed 
m meridians inclined to each other at an angle of 120°. 
Find the equivalent single prism. 

Ans. A prism of power 3 in a meridian halfway between 
the meridians of the two components. 

42. The angle between the base-apex lines of a combina- 

tion of two unit prisms is 82° 50', and the bisector of this 
angle is horizontal What is the horizontal effect of the 
combination? Ans. 1 . 5 units. 
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43. ABODE is the principal section of a pentagonal prism. 
AB=BC, AE=CD, ZABC=90°, ZEAB = ZBCD = 112.5°. 
A ray of light RS lying in the principal section is incident on 
the face BC at the point S. The ray enters the prism at this 
face, and is reflected, first, from the face AE, and then from 
the face DC, and emerges finally at a point P in the face AB 
in the direction PQ. Show that PQ makes a right angle 
with RS. 

44. ABC is a principal section of a triangular prism, 
Z B = 2Z A. A ray of light lying in the plane ABC is refracted 
into the prism at the side BC, and after undergoing two 
internal reflections, first, from the side AB and then from 
the side CA, emerges into the surrounding medium at the 
side AB. Show that the total deviation of the ray will be 
equal to the angle at B. 

45. If j8 denotes the refracting angle of a prism and if € de- 
notes the deviation (defined as in §§ 50, foil.), show that the 
angle of incidence of the ray at the first face of the prism 
must be such that 


tanai == — ^ — ; 

where A, B and C are abbreviations for the following ex- 
pressions: 

A = sin(/3-|-e) j cosjS-cosC/S-fe) j ; 

B = sinj3 Vn^ I 2 -n^sin='|8-2cos^cos (|S-|-e) | -sin*(jS-|-e); 
C = (n^ —1) sin^ j8- | cosjS— cos (/3-l-e) }L 

In these expressions n denotes the relative index of refrac- 
tion of the two media. 

46. Show that the two values of a, for a prism of glass 
(n = 1.5) and of refracting angle 60° which give a deviation 
of 40° are 63° 27' 28" and 36° 32' 32". 
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REFLECTION AND REFRACTION OF PARAXIAL RAYS AT A 
SPHERICAL SURFACE 


63. Introduction. Definitions, Notation, etc. — ^The center 
of the spherical refracting or reflecting surface ZZ (Fig. 89) 
will be designated by C. The axis of the surface with respect 


to a given point M is the 
straight line joining M 
with C, and the pomt A 
where the straight line 
MC (produced if neces- 
sary) meets ZZ is called the 
pole or vertex of the surface 
with respect to the point 
M. Evidently, the spheri- 



cal surface will be sym- 
metrical around MC as 
axis, and the plane of the 


Fig. 89, a. — Ray incident on conve3{ 
spherical surface crosses axis at 
point M in front of surface. 


diagram which contains the axis is a meridian section of the 


surface. 


It will be convenient to take the vertex A as the origin 
of a system of plane rectangular coordinates; the axis of 
the surface being chosen as the a;-axis and the tangent to the 
surface at its vertex, in the meridian plane of the diagram, 
being taken as the t/-axis. The positive direction of the x-axis 
is the direction of the incident ray which coincides with this 
line, and since the diagrams are all drawn on the supposition 
that the incident light goes from left to right, a point lying on 
the x-axis to the right of A will be on the positive half of 
the axis. The positive direction of the ^/-axis is the direction 
found by rotating the positive half of the a:-axis through a 
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right angle in a sense opposite to that of the motion of the 
hands of a clock in the meridian plane of the diagram. Ac- 
cordingly, if the positive direction of the x-axis is along a 



Fig. 89, 6. — ^Ray incident on convex spherical surface crosses axis at point 
M on the other side of the surface. 

horizontal line from left to right, the positive direction of 
the t/-axis will be vertically upwards. 

According as the center C lies on the same side of the 
spherical surface as that from which the incident light comes 
or on the opposite side, it is said to be concave (Fig. 89, c 
and d) or convex (Fig. 89, a and 6), respectively. The radius 
r of the spherical surface is the abscissa of the center C, that 
is, r=AC. It is the step from A to C, and this is always a 
positive step for a convex surface (Fig. 89, a and 6) and a 
negative step for a concave surface (Fig. 89, c and d). The 
radius of a convex surface whose center is 60 cm. from its 
vertex is r=+60 cm., and the radius of a concave surface of 
the same size is r = —60 cm. 
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It will be assumed in this chapter that any ray with whicb 
we are concerned lies in a meridian plane of the spherical 
surface; so that any straight line such as RB which repre- 
sents the path of an inci- 
dent ray will intersect the 
axis either really” (Fig. 

89, a and c) or virtually” 

(Fig. 89, h and d) at some 
point designated here by 
M (see § 8). The point 
designated by R is any 
point on the incident ray 
RB at which the light 
arrives before it gets to 
either M or the incidence- 
point B. The straight line BC which joins the point of 
incidence with the center of the surface will be the incidence- 
normal, and if N designates a point on this normal lying in 
front of the spherical surface, then ZNBR= a will be the 

angle of incidence (§§ 13 & 
27). The plane of this 
angle is the plane of inci- 
dence, which is the merid- 
ian plane of the diagram. 

From the incidence-point 
B draw BD perpendicular 
to the x-axis at D; the or- 
dinate h = DB is called the 
incidence-height of the ray. 
The slope of the ray is the 
acute angle through which 
the rr-axis has to be turned around the point M in order 
that it may coincide in position (but not necessarily in 
direction) with the rectilinear path of the ray. If this angle 
is denoted by 0, then ZAMB= d. Here, as always in the 
case of angular magnitudes (§ 13), counter-clockwise rotation 



Fig. 89, d . — Ray incident on concave 
spherical surface crosses axis at point 
M on the other side of the surface. 



spherical surface crosses axis at point 
M in front of the surface. 
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is to be reckoned as positive. And, finally, the acute angle 
at the center C of the spherical surface subtended by the 
arc BA will be denoted by 4>. This angle, sometimes called 
the “central angle,” is defined as the angle through which 
the radius CB must be turned around C in order to bring B 
into coincidence with the vertex A; thus, cj> = ZBCA. The 
angles A, d and 4>, defined as above, are given by the fol- 
lowing relations: 

tan0 = -^^;^j sind> = -> a= d+(t>. 

These fonnulffi should be verified for each of the diagrams 
Fig. 89, (a), (b), (c), (d). 

Moreover, since BM=-^^, and since (see § 45) 

DM = DC-f CA+ AM = r . cos.^ - r-f- AM, 

we find: 

r(cos<f>-l)+AM 

cosd 

Now in the special case when the incidence-point B is very 
close to the vertex A of the spherical surface, the angle of in- 
cidence a will be exceedingly small as will be also the angles 
denoted by d and <^; and if these angles expressed in radians 
are all such small fractions that we may neglect their second 
and higher powers, so that in place of the sines (or tangents) 
we can write the angles themselves and put cos 6 = cos ^ = 
cos a = 1. Obviously, in such a case we shall have BM = AM. 
Under these circumstances the ray KB is called a paraxial 
ray, sometimes also a “central” or “zero” ray, a = 6 = (j) = 0, 
approximately. 

A paraxial ray is me whose path lies very near the axis of 
the spherical surface and which therefore meets this surface at 
a paint close to the vertex and at nearly normal incidence: the 
angles demoted by a, 6 and being all so small that their second 
powers may be neglected. 

In this chapter and for several subsequent chapters we 
shall be concerned entirely with the procedure of paraxial 
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rays; that is, we shall consider only such rays as are com- 
prised within a very narrow cylindrical region immediately 
surrounding the axis of the spherical surface which is like- 
wise the axis of the cylinder. Accordingly, the only portion 
of the spherical surface that will be utilized for reflection or 
refraction will be a small zone whose summit is at A; so that, 
so far as paraxial rays are 
concerned, the rest of the 
spherical surface may be 
regarded as if it had no 
optical existence or at any 
rate as if it were opaque 
and non-reflecting. Thus, 
for example, the surface 
might be painted over 
with lampblack leaving 
bare and exposed only Fig. 90, a.~-Reflection of ray at con- 
the small effective zone cave mirror, 

in the immediate vicinity of the vertex; or a screen might 
be set up at right angles to the axis close to the vertex with 
a small circular opening in it. Even then a source of light 

lying at a considerable dis- 
tance off the axis would 
send rays which notwith- 
standing that they were 
incident near the vertex 
® would not be paraxial rays. 
64. Reflection of Pax- 
axial Rays at a Spherical 
Mirror. — In the accom- 
panying diagrams (Fig. 90, 
Fig. 90, 6. — Reflection of ray at con- a and 6) the Straight line 
vex mirror. represents the path of 

an incident ray crossing the axis of a spherical mirror ZZ at the 
point M and incident on the mirror at the point B, and the 
straight line BS shows the path of the corresponding re« 
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fleeted ray crossing the axis, “really’^ (Fig. 90, a) or '^virtu- 
ally^' (Fig. 90, b), at the point marked M'. By the law of 
reflection ZNBR==ZSBN where BN is the incidence-normal 
and N designates a point on it which lies in front of the 
mirror. Since the normal bisects the interior or exterior 
angle at B of the triangle MBM', the following proportion 
may be written: 

CM^M'C 
BM BM'* 

Now if the ray RB is a paraxial ray, the letter A may be sub- 
stituted in the above equation in place of B, and thus * we 
obtain: 

CM^M^C 
AM AM' ’ 

Denoting the abscissae, with respect to the vertex A, of 
the axial points M, M' by u, u\ respectively, that is, putting 
AM = w, AM'==u', and also, as stated in § 63, putting AC = r, 
we may write: 

CM = CA+AM== —r+u = u—r, 
M'C-M'A+AC= 

so that, introducing these symbols in the equation above, 
we obtain; 

— r __ — r 

u u' 

which may be put in the form (see § 67) : 

U U T 

If, therefore, the form and dimensions of the mirror are 
known (that is, if the value of r is assigned as to both mag- 
nitude and sign), and if also the position of the point M 
* In writing this proportion, care must be taken to see that the two 
members of it shall have the same sign. For example, in each of the 
diagrams in Pig. 90, as they are drawn, the segments CM and AM 
have the same direction along the axis, so that for each of these figures 
the ratio CM : AM is positive. Now if the ratio M^C : AM' is to be 
put equal to this ratio, it must be positive also, that is, the segments 
M'C and AM' in each diagram must have the same direction. 
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where the incident paraxial ray crosses the axis of the 
spherical mirror is given, the abscissa u' of the point M' 
where the corresponding reflected ray crosses the axis may 
be calculated by means of the expression: 

, r.u 
u = - . 

2u-r 

But the most noteworthy conclusion to be drawn from this 
formula is the fact that, provided the rays are paraxial, their 
actual slopes do not matter, for none of the angular magni- 
tudes a, 6, or <f> appears in the formula; which means that 
all paraxial rays which cross the axis at the point M before 
reflection wfll cross the axis after reflection in the spherical 
mirror at one and the same point M'. Thus, a homocentric 
bundle of 'paraxial rays incident on a spherical mirror remains 
homocentric after reflection. If, therefore, M designates the 
position of a luminous point in front of the mirror, and if 
the mirror is screened so that only such rays as proceed close 
to the axis are incident on it, the bundle of reflected rays 
will form at a point M' on the straight line MC an ideal 
image of the luminous point M. According as the image- 
point M' lies in front of the mirror (Fig. 90, a) or beyond it 
(Fig. 90, 6), the image will be real or virtual, respectively. 
Thus, for a real image in a spherical mirror, the value of u' 
as found by the formula above will be negative, whereas 
for a virtual image it will be positive. 

It may be noted also that the formula is symmetrical with 
respect to u and so that the equation will not be altered 
by interchanging the symbols u and u'; and hence it follows 
that if M' is the image of M, then likewise M may be regard^ 
as the image of M'. This is indeed merely an illustration of 
the general law known in optics as the “principle of the 
reversibility of the light-path” (§ 29). But the symmetry 
of the equation implies more than is involved in this prin- 
ciple; for it indicates that in the case of reflection object- 
space and image-space coincide completely, the actual paths 
of the incident and reflected rays both lying in the space in 
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front of the mirror. Accordingly, an incident ray and its 
corresponding reflected ray are always so related that when 
either is regarded as object-ray the other will be an image-ray. 

The Double Ratio of Four Points on a Straight Line 

65. Definition and Meaning of the Double Ratio. — It 
wiU be convenient and profitable at this place to turn aside 
from the special problem which is here under investigation 
in order to devote a few paragraphs to a brief explanation 
of the simpler metrical processes of modern projective 
geometry, which are of great utility in geometrical optics, 
especially when we are concerned with imagery by means 
of the so-called paraxial rays. 


A B 



Fig. 91. — Line-segment AB divided (a) internally at 
C and externally at D, and (6) internally at C 
and JD. 


If L designates the position of a point on a straight line 
determined by the two points A, B, the line-segment AB is 
said to be divided at L in the ratio AL : BL. If the point L 
lies between A and B, the steps (see § 45) AL and BL are 
in opposite senses along the line, and the ratio AL : BL will 
be negative, and in this case we say that the segment AB is 
divided internally^' at L. On the other hand, if the point L 
does not lie between A and B, the ratio AL : BL will be 
positive, and we say that the segment AB is '^divided ex- 
ternally" at L, 

Accordingly^ if A, B. C, D (Fig. 91, a and 6) designate a 
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series of four points all ranged along a straight line in any 
order of sequence, the segment AB will be divided at C and 
D in the ratios AC : BC and AD : BD, respectively; and 
the quotient of these two ratios is called the double ratio (or 
cross ratio”) of the four points A, B, C, D. This double 
ratio is denoted symbolically by inclosing the four letters 
ABCD in parentheses; thus, according to the above def- 
inition, 


(ABCD)- 


^ AD 
BC ‘ BD ^ 


where the first two letters in the parentheses mark the end- 
points of the segment and the last two letters designate the 
points of division. The line-segment CD is divided in the 
same way by the points A and B; for 


(CDAB) = 


CA ,CB_AC.AD 
DA'DB BC'BD 


-(ABCD). 


According as the two ratios AC : BC and AD : BD have 
the same sign or opposite signs, the value of the double ratio 
(ABCD) will be positive or negative, respectively. Suppose, 
for example, that the segment AB is divided internally at C, 
as represented in both a and h of Fig. 91. Then the ratio 
AC : BC will be negative. Now if AB is divided also in- 
ternally at D, as in Fig. 91, h the ratio AD : DB will likewise 
be negative. Accordingly, if C and D are both points of in- 
ternal division (or both points of external division), the 
double ratio (ABCD) will be positive. But if one of these 
points divides AB internally while the other divides it ex- 
ternally (Fig. 91, a), the double ratio (ABCD) will be nega- 
tive. 

In order to form a clear idea of the values which (ABCD) 
may assume, let us suppose that the points designated by 
A, B and C in Fig. 92 represent three stationary points on a 
straight line x, and that 0 designates another fixed point not 
on this line. The straight line x and the point 0 together 
determine a plane which is the plane of the diagram. Now 
let y designate a second straight line lying in this plane and 
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passing through 0, and let the point of intersection of the 
straight lines x and y be designated by Y. And if the 
straight line y is supposed to turn around 0 as a pivot in a 

sense, say, opposite to 
that of the motion of the 
hands of a clock, the 
point Y will be a variable 
point moving along the 
straight line x constantly 
in the same sense, namely, 
in Fig. 92 from left to 
right. Assume, for ex- 
ample, that the three 
stationary points A, C, B 



Fio. 92. — Central projection from O of the 
point-range ABODE lying on the 
straight line x. 


are ranged along the straight line x from left to right in the 
order named, as shown in the figure; and suppose that the 
variable point Y starts originally at B, so that the revolving 
line OY or y coincides initially with the “ray” marked h in 
the figure and BY=BB = 0, and, consequently, the ratio 
AY : BY = 00 , Hence, under these circumstances the initial 
value of the double ratio of the four points A, B, C, Y will be: 

(ABCY) 


BC'BY 


= 0 . 


When the revolving ray has turned through Z. BOD, where 
D designates a point lying on the straight line x to the 
right beyond B, the point Y will be at D outside the segment 
AB and the double ratio (ABCY) will be negative, as ex- 
plained above. As y continues to revolve around 0, the point 

Y will move farther and farther to the right along the straight 
line X, until when y is parallel to x, and in the position of the 
ray marked e in the figure, the point Y will then coincide 
with the infinitely distant point E of the straight line x. Now 
AE=BE= 00 , and hence AE :BE=1; and therefore when 

Y is at E, 


(ABCY): 


'BC'BE^ 


BC 
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When the revolving ray y has turned beyond the position 
represented by the straight line e, the point Y which had 
just vanished at one end E of the straight line x now re- 
appears from the other end E, proceeding along it still in 
the same sense from left to right. Thus, before the ray y 
has executed a complete revolution, the point Y will pass 
through A, and at this moment, AY = AA==0, and 


(ABCY) = 


— 00 : 


BC'BY BC‘BA" 
and thus we see that as the point Y has traversed the straight 
line X from B via the infinitely distant point E to A, the double 
ratio (ABCY) has assumed all negative values from 0 to — oo . 
Finally, as the ray y completes its revolution by turning from 
the position a to its initial position &, the point Y moves from 
A via C to B. When Y is at G, AY= AC, BY=BC, and 




so that in passing along x from A to C, (ABCY) assumes all 
positive values comprised between + oo and +1. Between 
C and B, it has all positive values less than unity. Thus, 
as the point Y traverses the straight line x continually in 
the same sense until it has returned to its starting point, 
the double ratio (ABCY) will assume all possible values 
both positive and negative. 

In general, since 

^ ^ bc'bd AD*AC DA‘DB CB'CA’ 

we may write: 

(ABCD) = (BADC) = (CDAB) = (DCBA). 

66. Perspective Ranges of Points. — If A, B, C, etc., desig- 
nate the positions of the points of a point-range x (Fig. 92) 
these points are said to be ^'projected” from a point 0 out- 
side of X by the straight lines or '^rays^^ OA, OB, OC, etc.; 
and if these rays intersect another straight line x^ (Fig. 93) 
in the points A', B', C', etc., the two point-ranges x, x' are 
said to be in verspective with respect to the point 0 as center 
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of perspective. The points A, B, C, C^; etc., arc 
called pairs of corresponding points of the two perspective 
point-ranges x, x\ 



Fig. 93. — The point-ranges ABCD and A'B'C'D' 
are in perspective relation with respect to the 
point O as centre of perspective. 

If A, B, C, D designate the positions of any four points of 
X, and if A', W, C', D' designate the corresponding points 
on x', then 

(A'B'C'D0 = (ABCD), 
as we shall proceed to show. 



Fig. 94. — Straight lines x, x' are bases of two point-ranges in 
perspective, so that (ABCD) = (A'B'C'DO- 

Through the points A, B, A' and B' (Fig. 94) draw four 
^rallel lines AA^., BBc, A'Ac' and B'B/ meeting the ray OC 
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or c in the points Bp, Ap' and Bp', respectively; and 
through these same points draw four other parallel lines 
AAd, BBd, A'Ad' and B'B^' meeting the ray OD or d in the 
points Ad, Bd, Ad' and Bd', respectively. Then, evidently, 

AD ^ AAd 
BC BB; bd BBd ' 

A'C'__^A'Ap' A'D'^A'Ad'. 

B'C' B'Be'’ B'D' B'Bd' ' 


hence, 


(ABCD) = 


AC , AD _ A Ap AAd 
BC‘BD~BBe*i^' 


(A'B'C'D') 


A'C'>'D'__A'Ae'.A'Ad' 
B'C' ‘B'D' B'Bp' B'Bd'* 


Now 


A Ap A Ad B Bp B Bd 

A^'^'a^' B^^B'Bd'^ 
and, consequently, 

(A'B'C'D') -(ABCD), 
as was to be proved. 

67. The Harmonic Range. — The special case when the 
points C and D divide the line-segment AB internally and 
externally in the same numerical ratio, so that 

BC BD^ 


demands attention, particularly because it is a case that we 
shall meet again in the theory of the reflection of paraxial rays 
at a curved mirror. Under these circumstances, the value 
of the double ratio is 


(ABCD)=-1; 

and then we say that the segment AB is divided harmonically 
at C and D, or also the segment CD is divided harmonically 
at A and B. For example, the perpendicular bisectors of 
the exterior and interior angles of a triangle divide the op- 
posite side of the triangle harmonically in the ratio of the 
other two sides. 



162 


Mirrors, Prisms and Lenses [§ 67 

Four harmonic points may be defined not merely by the 
metrical relation that their double ratio is equal to — 1, but 
also by a geometrical relation, as we shall now show. 

Let P, Q, R, S (Figs. 95 and 96) designate the positions of 

four points lying all in 
one plane, no three of 
which are in the same 
straight line. These 
four points will deter- 
mine six straight lines, 
viz., PQ, PR, PS, QR, 

Fiu. 95,— Complete quadrilateral PQRS; QS, and RS, which are 
(ABCD)=-i. called the sides of the 

complete quadrilateral whose four vertices are at the points 
P, Q, R, and S. Any two of these lines which together con- 
tain all the vertices form a pair of opposite sides of the 
quadrilateral. Accordingly, there are three paii*s of opposite 
sides, viz., PQ and RS 
which meet in a point 
designated by A, PS and 
QR which meet in a 
point designated by B, 
and QS and PR which 
meet in a point desig- 
nated by O. The three 
points A, B and 0 are ^6- — Complete quadrilateral PQRS; 

sometimes called the (abcd) i 

secondary vertices of the quadrilateral. We shall explain now 
what connection this figure has with a harmonic range of 
points. 

The secondary vertices A and B are determined by the 
two pairs of opposite sides PQ, RS and PS, QR; and the 
points C and D where the third pair of opposite sides QS 
and PR meet the straight line AB divide the segment AB 
harmonically. For, since A, B, C, D and P, R, 0, D are in 
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perspective relation with respect to the point Q as center of 
perspective (§ 66), therefore 

(ABCD) = (PROD). 

But P, R, 0, D and B, A, C, D are also in perspective to 
each other with respect to the point S as center of perspective; 
consequently, 

(PROD) = (BACD). 

It follows therefore that 


(ABCD)-(BACD). 
But by the definition of the double ratio 


(BACD) = - 


(ABCD) 

Accordingly, here we must have: 

1 


(ABCD) = 


(ABCD)' 


or 

(ABCD)2=1. 

According to this equation, therefore, the double ratio 
(ABCD) must be equal to +1 or —1. But we saw above 
(§ 65) that the double ratio of four points A, B, C, D in a 
straight line can be equal to +1 only in case one of the 
points A, B is coincident with one of the pair C, D; which 
cannot happen in case of the four points A, B, C, D of the 
quadrilateral PQRS. Therefore, we must have here: 
(ABCD)=-1; 

and hence, by definition, the points A, B are harmonically 
separated by the points C, D. Similarly, also, the points 
P, R are harmonically separated by the points O, D. 

If A, B, C, D is a harmonic range of points, then 
BC _ DB BA+ AC _ DA+ AB 

AC AD’ AC AD ’ 

that is, 

AC-AB_AB-AD . 

AC AD ’ 
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which may finally be written in the form: 

AC AD A B’ 

an equation that is characteristic of a harmonic range of 
four points A, B, C, D (c/. § 64). 

68. Application to the Case of the Reflection of Paraxial 
Rays at a Spherical Mirror. — ^When paraxial rays are re- 
flected at a spherical mirror whose center is at C, we saw 
(§ 64) that CM : AM = M'C : AM', where M, M' designate 
the positions of a pair of conjugate points lying on a central 
ray which crosses the mirror at the point marked A (Fig. 90, 
a and 5); and therefore 


CM . AM 
CM' ‘AM' 


= -l or (CAMM') = 


- 1 . 


Consequently, the four points C, A, M, M' are a harmonic 
range of points lying on the central ray AC, and we may say 
that the pair of conjugate points M, M' is harmonically 
separated by the center of the mirror C and the point A 
where the central ray meets the mirror. Thus, if we know 
the positions of three of these points, we can construct the 
position of the fourth point by the aid of the properties of 
the complete quadrilateral (§ 67). For example, the image- 
point M' conjugate to a given point M with respect to a 
spherical mirror may be constructed as follows: 

Draw a straight line x (Fig. 97, a and b) to represent the 
mds of the mirror, and mark on it the positions of the three 
given points, A, C and M, which may be ranged along this 
line in any sequence whatever depending on the form of 
the mirror and on whether the object-point M is real or 
virtual. Through M draw another straight line in any con- 
venient direction, and mark on it two points which we shall 
call Q and S, and draw the straight lines AQ and CS meeting 
in a point R and the straight lines AS and CQ meeting in a 
point P. Then the straight line PR will intersect the straight 
line X in the point M' which is conjugate to M mth respect 
to a spherical mirror whose vertex is at A and whose center 
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is at C. It will be remarked that in performing this con- 
struction the only drawing instrument that is needed is a 
straight-edge. 



Fig. 97, a . — Concave Mirror: Construction of point 
M' conjugate to axial point M in front of the mirror. 


If the mirror is concave, the possible sequences of these 
four points on the axis are M, C, M', A; M', C, M, A; and 
C, M, A, M', when the object-point M is real, and C, M', 



Fig. 97, h . — Convex Mirror: Construction of point M' 
conjugate to virtual object-point M on axis of mirror. 

A, M, when the object-point M is virtual. In the case of a 
convex mirror the points may occur in any one of the follow- 
ing arrangements: M, A, M', C, when the object-point M 
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is real, and M', A, M, C; A, M, C, M' and A, M', C, M, 
when the object-point M is virtual. The student should 
satisfy himself as to the accuracy of these statements by 
drawing a diagram for each of these eight sequences accord- 
ing to the directions for the construction as given above. 
Fig. 97, a shows the case of a concave mirror with the points 
in the order M, C, M', A; whereas Fig. 97, 6 represents 

a convex mirror with a 
virtual object-point at M, 
the order in this case be- 
ing A, M, C, M'. 

69, Focal Point and 
Focal Length of a Spheri- 
»j cal Mirror. — In the 

special case when the ob- 
of convex ject-point M coincides 
with the infinitely distant 
point E of the a;-axis, the conjugate point M' will lie at a 
point F' (Fig. 98, a and b) determined by the relation: 
(CAEF0=-1, 

and since here CE=AE= oo , we must have: 

AF'=Fa 



Fig. 98 , 


a . — Focal point 
mirror (AF = FC) 


This means that a cyl- 
indrical bundle of inci- 
dent paraxial rays parallel tob «« 

to the axis of a spherical 

mirror will be transformed 
into a conical bundle of 

reflected rays with its ^ 

vertex at a point F' which 
is midway between the 
vertex A and the center C. 

If, on the other hand, the image-point M' coincides with 
the infinitely distant point E, the conjugate object-point M 
will lie on the axis at a point F determined by the relation: 

(CAFE') 




Focal Length of Mirror 


and therefore we obtain here in the same way as above: 

AF-FC. 

Accordingly, a conical bundle of incident rays with its 
vertex at a point F midway between the vertex of the mirror 
and its center will be transformed into a cylindrical bundle 
of reflected rays parallel to the axis of the mirror. The 
letters F and F' will be used to designate the positions of 
the so-called focal points of an optical system which is sym- 
metric around an axis. They are not a pair of conjugate 
points, as might naturally be inferred from the fact that 
they are designated by the same letter. In the case of a 
spherical mirror these two points, as we have seen, are coin- 
cident with each other, which is a consequence of the identity 
of object-space and image-space to which reference was made 
at the conclusion of § 64. The focal point of a concave mirror 
lies in front of the mirror, as shown in Fig. 98, h, so that 
paraxial rays parallel to the axis will be reflected at a con- 
cave mirror to a real focus at F; whereas in the case of a 
convex mirror the focal point F lies behind the mirror (vir- 
tual focus), as shown in Fig. 98, a. 

The focal length / of a spherical mirror may be defined as 
the abscissa of the vertex A with respect to the focal point 
F as origin; that is, /=FA. Hence, according as the mirror 
is concave or convex, the focal length will be positive or negative, 
respectively. It may be remarked that the signs of / and 
r are always opposite, the relation between these magnitudes 
being given by the following formula: 

/=-Lorr=-2/. 

Hence, also, the abscissa-relation obtained in § 64 may be 
written in terms of / instead of r as follows: 

-+A+J=0; 

U u' f 

where, however, it must be borne in mind that, whereas th(‘ 
abscissae u, u' are measured from the vertex A as origin, 
the focal length / is measured from the focal point F. 
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If the abscissae, with respect to the focal point F, of the 
pair of conjugate axial points M, M' are denoted by x, x', 
that is, if FM=a:, FM'=a:', then, since 

AM=AF+FM, AM'=Ar+FM', 
the connection between the w’s and the x's is given by the 
following equations; 

u=x-f, u'=x'-f; 

and substituting these values in the formula above and 
clearing of fractions, we derive the so-called Newtonian 
formula, viz.: 

x.x'=f; 

which is an exceedingly simple and convenient form of the 
abscissa-relation between a pair of conjugate axial points. 
The right-hand side of this equation is essentially positive, 
and hence the abscissae x, x' must always have like signs. 
Consequently, in a spherical mirror the conjugate axial points 
M, M' lie always both on the same side of the focal point F. 

70. Graphical Method of exhibiting the Imagery by 
Paraxial Rays. — The points M, in Fig. 99, a and b desig- 



Fig. 99, a . — For paraxial rays the reflecting (or 
refracting) surface must be represented in diagram 
by the straight line Ay, not by the curved line AZ. 


nate the positions on the axis of a spherical mirror of a pair 
of conjugate points constructed according to the method 
explained in § 68. On the reflecting sphere ZZ take a point 
D, and draw the straight lines MD, M'D meeting the tan« 
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gent Ay in the plane of these lines in the points B, G, re- 
spectively. Also, draw the straight line M'B. Now if the 
point D were very close to the vertex A of the mirror, then 
the straight line MD would represent the path of an incident 



Fig. 99, h , — For paraxial rays the reflecting (or 
refracting) surface must be represented in diagram 
by the straight line A?/, not by the curved line AZ. 


paraxial ray crossing the axis at M, and the path of the 
corresponding reflected ray would be along the straight line 
DM'. But under these circumstances, the three points 
designated here by the letters D, B, G would all be so near 
together that even when we cannot regard D as absolutely 
coincident with A, we may consider D, B and G as all coin- 
cident with one another. Therefore, when the ray is paraxial, 
we may, and, in fact, in the diagram we must, regard the 
straight line BM' as showing the path of the reflected ray. 
It is quite essential that this point which is seldom clearly 
explained should be rightly apprehended by the student. In 
diagrams showing the imagery by means of paraxial rays 
the duty of the straight lines that are drawn is not primarily 
to represent the actual paths of the rays themselves but to 
locate by their intersections the correct positions of the pairs 
©f corresponding points in the object-space and image-space. 

In the construction of such diagrams, a practical difliculty 
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is encountered due to the fact that, whereas in reality par- 
axial rays are comprised within the very narrow cylindrical 
region immediately surrounding the axis of the spherical 
surface (§ 63), it is obviously quite impossible to show them 
this way in the figure, because it would be necessary to take 
the dimensions of the drawing at right angles to the axis 
so «ma.n that magnitudes of the second order of smallness 
would no longer be perceptible at all ; thus, for example, the 
points B, D, G in Fig. 99 would have to be shown as one 
point. On the other hand, if the lines in the diagram are 
not all drawn close to the axis, the relations which have been 
found above will cease to be applicable, so that, for instance, 
the rays shown in such a drawing would not intersect in the 
places demanded by the formulae. 

Accordingly, in order to overcome this difficulty, a method 
of constructing these figures has been very generally adopted, 
which, although it is confessedly in the nature of a com- 
promise, has been found to be on the whole quite satisfactory, 
and wherein at any rate the geometrical relations are in 
agreement with the algebraic conditions, which is the essen- 
tial requirement. In this plan, while the dimensions parallel 
to the axis remain absolutely unaltered, the dimensions at 
right angles to the axis are all prodigiously magnified in the 
same proportion. Thus, for example, if the incidence-height 
/i=DB (Fig. 89) is a small magnitude of the order, say, of 
one-thousandth of the unit of length, it will be shown in 
the figure magnified a thousand times; whereas another or- 
dinate whose height was only one one-millionth of the unit 
of length and which, therefore, would be of the second order 
of smallness as compared with h, would appear even in the 
magnified diagram as a magnitude of the first order of small- 
ness. And if the ordinate denoted by h, although in reality 
infinitely small, is represented in the drawing by a line of 
finite length, an ordinate of the second order of smallness 
as compared with h will be entirely unapparent in the 
magnified diagram. 
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Of course, as already intimated, one effect of this lateral 
enlargement will be to misrepresent to some extent the rela- 
tions of the lines and angles in the figure. For instance, the 
circle in which the spherical mirror (or refracting surface) 
is cut by the plane of a meridian section wiU thereby be 
transformed into an infinitely elongated ellipse with its 
major axis perpendicular to the axis of the spherical surface, 
and this ellipse will appear in the diagram as a straight line 
ky tangent to the circle at A. The minor axis of the ellipse 
remains unchanged and equal to the diameter 2r of the circle, 
and moreover the center of the ellipse remains at the center C 
of the circle. But the most apparent change will be in the 
angular magnitudes which will be completely altered and 
distorted. For example, every straight line drawn through 
the center C really meets the circle ZZ (Fig. 89) normally, 
but in the distorted figure the axis of symmetry wiU be the 
only one of such lines which will be perpendicular to the 
straight line ky which takes the place of the circular arc ZZ. 
Angles which in reality are equal will appear unequal, and 
vice versa. However — and after all this is the really essential 
matter — the absolute dimensions of the abscissce and the rela- 
tive dimensions of the ordinates will not be changed at all; and 
therefore lines which are really straight will appear as 
straight lines in the figure, and straight lines which are 
parallel will be shown as such. The abscissa of the point of 
intersection of a pair of straight lines in the drawing will be 
the true abscissa of this point. 

In such a diagram, therefore, any ray, no matter what 
slope it may have nor how far it may be from the axis, is to 
be considered as a paraxial ray. The meridian section of 
the spherical reflecting or refracting surface must be repre- 
sented in the figure by the straight line ky (y-axis), and the 
position of the center C with respect to the vertex A will 
show whether the surface is convex or concave. 

71. Extra-Axial Conjugate Points. — If we suppose that the 
axis of the spherical mirror is rotated about the center G 
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through a small angle ACU, so that the vertex A moves 
along the mirror to a neighboring point U, the conjugate 
axial points M, will describe also small arcs MQ, M Q 
of concentric circles; and, evidently, the points Q, will be 



Fig. 100. — Concave mirror: Object is a small line MQ perpendicular to 
axis; its image M'Q' is real and inverted. 


harmonically separated (§§ 67, 68) by the points C, TJ, so that 
(CUQQO = (CAMMO = - 1. Thus, we see how the point Q' 
is the image-point conjugate to the extra-axial object-point Q. 
In the diagram (Fig. 100) the circular arcs AU, MQ and 
M'Q' will appear as straight lines perpendicular to the axis, as 
explained in § 70. We derive, therefore, without difficulty 
the following conclusions: 

(1) The image, in a spherical mirror, of a plane object per- 
pendicular to the axis is likewise a plane perpendicular to the 
axis; (2) A straight line passing through the center of the 
spherical mirror intersects a pair of such conjugate planes in a 
pair of conjugate points; and (3) To a homocentric bundle of 
incident paraxial rays proceeding from a point Q in a plane 
verpendicular to the axis of a spherical mirror there corre- 
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sponds a homocentric bundle of reflected rays with its vertex Q' 
lying in the conjugate image-plane. 

In order to construct the image-point Q' of the extra-axial 
object-point Q, we have merely to find the point of inter- 
section after reflection at the spherical mirror of any two 



rays emanating originally from Q. The diagrams (Fig. 101, 
a and b), which are drawn according to the method explained 
in § 70, exhibit this construction for the cases when the mirror 
is concave and convex. Of the incident rays proceeding 
from Q, it is convenient to select for this purpose two of the 
following three, namely: the ray QC which proceeding to- 
wards the center C meets the spherical mirror normally at 
U, whence it is reflected back along the same path; the ray 
QV which proceeding parallel to the axis and meeting the 
mirror in the point designated by V is reflected at V along 
the straight hne joining V with the focal point F; and the 
ray QW which being directed towards the focal point F is 
reflected at W in a direction parallel to the axis. The point 
where these reflected rays intersect will be the image- 


174 Mirrors, Prisms and Lenses [§ 71 

point Q'. Moreover, having located the position of Q', we 
can draw QM, Q'M' perpendicular to the axis at M, M', re- 
spectively; and then M'Q' will be the image of the small 
object-line MQ. In Fig. 101, a the image M'Q' is real and 
inverted, whereas in Fig. 101, & it is virtual and erect. 



Fig. 101, h . — Lateral magnification and construction of image in convex 

mirror. 


Whether the image is real or virtual and erect or inverted 
will depend both on the position of the object and on the 
form of the mirror. 

If the object-point Q is supposed to move, say, from left 
to right along the straight line QV drawn parallel to the 
axis of the mirror, the corresponding image-point Q' will 
traverse the straight hne VF continuously in the same 
direction. Thus, in the diagrams (Fig. 102, a & b) the 
numerals 1, 2, 3, etc., ranged in order from left to right along 
a straight line parallel to the axis of the mirror, show a 
number of successive positions of the object-point, while the 
primed numbers 1', 2', 3', etc., lying along the straight line 
VF, show the corresponding positions of the image-point. 
The straight lines 11', 22', 33', etc., all meet at the center 
C of the mirror. 
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TO 4- AT 00 




TO 5 ' AT 06 


102, a and 6. — ^Imageiy in (a) concave mirror, (6) convex 
mirror. 
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72. The Lateral Magnification. — If the ordinates of the 
pair of extra-axial conjugate points Q, Q' are denoted by 
y, y', respectively, that is, if in Fig. 101, a and 6, MQ=y, 
M'Q'= 2 /', the ratio y'jy is called the lateral magnification at 
the axial point M. This ratio will be denoted by y; thus, 
y = y'ly. The sign of this function y indicates whether the 
image is erect or inverted. The lateral magnification may 
have any value positive or negative depending only on the 
position of the object. 

In the similar triangles MCQ, M'CQ' 

M'Q' :MQ=M'C :MC; 

and since 

M'C=r--u', MC=r-M, 

where w=AM, = r=AC; and since according to the 
abscissa-formula (§ 64) 


we derive the following formula for the lateral magnification 
in the case of a spherical mirror: 


Also, from the figure we see that 

M'Q' _ AW _ FA _ M'Q' _ FM' . 

MQ MQ FM AV FA’ 
and since FM=a:, FM'=a:', and rA=/, we derive also an- 
other formula for the lateral magnification, as follows : 

y X f 

This expression shows that the lateral magnification is in- 
versely proportional to the distance of the object from the 
focal plane. 

73. Field of View of a Spherical Mirror. — ^When the 
image of a luminous object is viewed in a spherical mirror, 
the axis of the mirror is determined by the straight line O'C 
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(Fig. 103, a and b) joining the center O' of the pupil of the 
observer's eye with the center C of the mirror; and, on the 
assumption that the image is formed by the reflection of 
paraxial rays, the actual portion of the mirror that is utilized 



consists of a small circular zone immediately surrounding 
the vertex A where the axis meets the reflecting surface. Ac- 
cording to the method of drawing these diagrams which was 
described in § 70, the line-segment GH which is perpendicu- 
lar to the axis at A and which is bisected at A will represent 
a meridian section of this zone in the plane of the figure, so 
that the points designated by G, H are opposite extrenaities 
of a diameter of the effective portion of the mirror. 

All the reflected rays that enter the eye at O' must neces- 
sarily lie within the conical region determined by revolving 
the isosceles triangle O'GH around the axis of the mirror. 
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The outermost rays that can possibly be reflected into the eye 
at O' wfll be the rays that are reflected along the straight 
lines HO' and GO'. In order to see a real image in a concave 
mirror (Fig. 103, 6), the eye must be placed in front of the 



Fig. 103, b. — Field of view for eye in front of concave mirror. 


mirror at a distance greater than the length of the radius. 
The incident rays corresponding to the extreme reflected 
rays will intersect in a point 0 which is conjugate to O'; 
and hence the field of view (§ 9) within which all object-points 
must lie in order that their images in the mirror may be 
visible to an eye at O' will be limited by the surface of a 
right circular cone generated by the revolution of the isosceles 
triangle OHG around the axis of the mirror. Thus, exactly 
as in the case of the corresponding problem in connection 
with the field of view of a plane mirror (§ 16), the contour of 
the effective portion of the spherical mirror acts also as a 
field-stop for the imagery produced by paraxial rays. 

Through O' draw B'J' at right angles to the axis of the 
mirror, and mark the points B', J' at equal distances from 
O' on opposite sides of the axis. Then B'J' may be supposed 
to represent the diameter in the plane of the diagram of the 
iris opening of the pupil of the observer’s eye. Construct 
by the method described in § 71, the object-hne BJ whose 
image in the mirror is B'J'. Evidently, any ray which aftei 
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reflection enters the pupil of the eye between B' and J' must 
before reflection have passed, really or virtually, through 
the conjugate point on the straight line between B and J. 
In fact, the circle described around 0 as center in the trans- 
versal plane perpendicular to the axis at 0 with radius OB 
will act like a material stop to limit the apertures of the 
bundles of incident rays. It is the so-called entrance-pupil 
of the system, while the pupil of the eye plays the part of 
the exit-pupil (see § 16). Thus, for example, if S designates 
the position of a luminous point lying anywhere within the 
field of view, the eye at O' will see the image of S at S' by 
means of a bundle of rays which are drawn from S to all points 
of the entrance-pupil and which after reflection at the 
mirror are comprised within the cone which has its vertex 
at S' and the exit-pupil as base. The entrance-pupil BJ is 
the aperture-stop of the system (§ 11). 

74. Refraction of Paraxial Rays at a Spherical Surface. — 
In the accompanying diagrams Fig. 104, a and 6, the straight 
line RB represents an incident ray meeting the spherical 
refracting surface ZZ at B, while the straight line BS shows 



Fig. 104, a . — Convex spherical refracting surface {n'>n). 


the path of the corresponding refracted ray. If the position 
of the point M where the incident ray crosses the axis is 
given, the problem is to determine the position of the point 
M' where the refracted ray meets the axis. The angles of 
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incidence and refraction are ZNBR=a, ZN'BS=a', and 
by the law of refraction: 

K.'.sina'=«.sina, 

where n, n' denote the indices of refraction of the first and 
second media, respectively. In the triangles MBC, M'BC, 
we have: 

CM : BM = sina : sin<^, CM' : BM'=sina' : 



Fig. 104, b. — Concave spherical refracting surface (n'>ri). 


where 0 = Z BCA. Dividing one of these equations by the 
other, we obtain: 

CM .BM 
CM'*BM' n' 

Now if the ray BB is a paraxial ray, the incidence-point B 
will be so near the vertex A of the spherical refracting surface 
that A may be written in place of B, according to the def- 
inition of a paraxial ray as given in § 63. Therefore, in the 
case of the refraction of paraxial rays at a spherical surface 
the four points C, A, M, M' on the axis are connected by 
the following relation: 

CM .AM 
CM' 'AM' n 



§ 74] Spherical Refracting Surface 181 

which may be written (§ 65) ; 

(CAMM')=-; 

n 

that is, the double ratio of the four axial points C, A, M, M' 
is constant and equal to the relative index of refraction from 
the first medium to the second. 

Thus, for a given spherical surface (that is, for known 
positions of the points A and C), separating a pair of media 
of known relative index of refraction (n'/n), the point M' 
on the axis corresponding to a given position of the axial 
point M has a perfectly definite position, entirely independent 
of the actual slope of the incident paraxial ray RB; whence 
it may be inferred that M' is the image of M, so that to a 
homocentric bundle of incident paraxial rays with its vertex 
lying on the axis of the spherical refracting surface there corre- 
sponds also a homocentric bundle of refracted rays with its 
vertex on the axis. 

In Fig. 104, a the image at M' is real, whereas in Fig. 104, b 
it is virtual. Since the relative index of refraction is never 
less than zero, the value of the double ratio (CAMM') in 
the case of refraction at a spherical surface is necessarily 
positive; consequently, the pair of conjugate points M, M' 
is not separated^' (§ 65) by the pair of points A, C, as was 
found to be the case in reflection at a spherical mirror (§ 68). 
Thus, if M, M' designate the positions of a pair of conjugate 
axial points with respect to a spherical refracting surface, it 
is always possible to pass from M to M' along the axis one 
way or the other without going through either of the points 
A or C, although in order to do this it may sometimes be 
necessary to pass through the infinitely distant point of the 
axis (see § 65). Accordingly, depending only on the form 
of the surface and on whether n is greater or less than n', 
there will be found to be sixteen possible orders of arrange- 
ment of these four points, viz. : 

A, C, M, M'; A, C, M', M; A, M, M', C; A, M', M, C; 
M, A, C, M'; M', A, C, M; M, M', A, C; M', M, A, C; 
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together with the eight other arrangements obtained by re- 
versing the order of the letters in each of these combinations; 
in other words, exactly the series of combinations that are 
not possible in the case of a spherical mirror where the pair 
of conjugate axial points M, M' is harmonically separated 
by the pair of points A, C, so that (CAMM')= ~1 (§ 68). 
The student should draw a diagram similar to Fig. 104 for 
each of the possible arrangements of the four points above 
mentioned. Fig. 104, a shows the case M, A, C, M' and 
Fig. 104, b shows the case M, M', C, A. 

Moreover, if (CAMM')=n'ln, then also (CAM'M) = 
nln', as follows from the definition of the double ratio (§ 65). 
Consequently, if a paraxial ray is refracted at a point B of 
a spherical surface from medium n to medium n' along the 
broken line RBS, a ray directed from S to B will be refracted 
from medium n' to medium n in the direction BR; which is 
in accordance with the general principle of the reversibility 
of the light-path (§ 29). If therefore M' is the image of M 
when the light is refracted across the spherical surface in a 
given sense, then also M will be the image of M' when the 
refraction takes place in the reverse sense. 

75. Reflection Considered as a Special Case of Refrac- 
tion. — ^It was imphed above that if it were possible for the 
ratio n'jn to have not only positive values but also the unique 
negative value -1, the single formula (CAMM')=«Vn 
would express the relation between a pair of conjugate axial 
points M, M' both for a spherical refracting surface and 
for a spherical mirror. The question naturally arises, there- 
fore, Is there a general rule of this kind applicable also to 
other problems in optics that are not necessarily concerned 
with paraxial rays or particular conditions? Returning to 
fundamental principles and recalling the laws of reflection 
and refraction, we observe that while the angles of incidence 
and refraction always have like signs, the angles of incidence 
and reflection, on the contrary, have opposite signs. In 
order, therefore, that the refraction-formula n'.sina'=n.sina 
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may include also the law of reflection as well, the values 
of n and n' in the latter case must be such that a'= — a 
is a solution of the equation in question; and obviously this 
solution can be obtained only by putting 

n = —n, or — = — L 
n 

Accordingly, the rule discovered above to be true in a special 
case is found to be entirely general, so that, at least from a 
purely mathematical point of view, the reflection of light 
may be regarded as a particular case of refraction back again 
into the medium of the incident light, provided we assign to 
this medium two equal and opposite values of the absolute 
index of refraction. The convenience of this artifice is ap- 
parent, since it makes it quite unnecessary to investigate sep- 
arately and independently each special problem of reflection 
and refraction; for when in any given case the relation be- 
tween an incident ray and the corresponding refracted ray 
has been ascertained, it will be necessary merely to impose 
the condition n' == - ?^ in order to derive immediately the 
analogous relation between the incident ray and the corre- 
sponding reflected ray. Thus, for example, any formula 
hereafter to be derived concerning the refraction of paraxial 
rays at a spherical surface may be converted into the corre- 
sponding formula for the case of a spherical mirror by 
putting n'= ~n. 

76. Construction of the Point M' Conjugate to the Axial 
Point M. — In order to construct the point M' conjugate to 
the axial point M with respect to a spherical refracting sur- 
face, we may proceed as follows: 

Through the vertex A (Fig. 105, a, 6, c and d) and the center 
C draw a pair of parallel straight lines (preferably but not 
necessarily) at right angles to the axis; and on the line going 
through C take two points O and O' such that 
CO:CO'-n':n. 

Join the given axial point M by a straight line with the point 
0. and let B designate the point where this straight line, 
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Fro. 105. — Spherical refracting surface: Construction of image-point 
conjugate to axial object-point M; construction of focal points F, F'. 

(a) Convex surface, n'>n; order MACM' 

(b) Concave surface, n'>n; order MM'CA. 

(c) Convex surface, nf<,n; order MM'AC. 

(d) Cone? VP surface, nf<n; order MCAM'. 
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produced if necessary, meets the line drawn through A 
parallel to CO; then the required point M' will be at the 
place where the straight line BO', produced if necessary, 
intersects the axis. 

The straight line Ky drawn perpendicular to the axis at A 
will be tangent to the spherical surface at its vertex; and this 
line will represent the spherical surface in the diagram, since 
we are concerned here only with paraxial rays (§ 70). Thus, 
to the incident ray RB crossing the axis at M and incident 
on the surface at B, there will correspond the refracted ray 
BS crossing the axis at M'. 

The proof of the construction consists in showing that 

the double ratio (CAMM') is equal to —, in accordance with 

the relation which, as we saw above (§ 74), connects the two 
conjugate points M, M'. 

In the pair of similar triangles CMO, AMB, 
CM:AM=CO: AB; 

and in the pair of similar triangles CM'O', AM'B, 

AM': CM'=AB: CO'. 

Multipl 3 dng these two proportions, we obtain: 

CM AM'_CO 
CM' ■ AM CO' ’ 
or 

CM AM 
CM' 'AM' n ' 

and hence 

(CAMM') = -. 

n 

The diagrams illustrate four cases, viz., the cases when 
the points A, C, M, M' are ranged along the axis from left 
to right in the orders MACM', MM'CA, MM' AC and 
MCAM'. In the diagrams Fig. 105, a and 6, the second 
medium is represented as more highly refracting than the 
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first {n'>n)j whereas in the two other diagrams Fig. 105, 
c and d, the opposite case is shown (n'<n); in a and c the 
surface is convex, and in h and d it is concave. 

77. The Focal Points (F, F') of a Spherical Refracting 
Surface. — The object-point F which is conjugate to the in- 
finitely distant image-point E and the image-point F' which 
is conjugate to the infinitely distant object-point E of the 
axis are the so-called focal 'points of the spherical refracting 
surface. A conical bundle of incident paraxial rays with its 
vertex at the primary focal point F will be converted into a 
cylindrical bundle of refracted rays all parallel to the axis 
and meeting therefore in the infinitely distant point E of 
the axis; and, similarly, a cylindrical bundle of paraxial rays 
proceeding from the infinitely distant point E of the axis 
will be transformed into a conical bundle of refracted rays 
with its vertex at the secondary focal point F'. 

According to the method explained in § 76, the focal point 
F may be constructed by drawing the straight line O'H 
(Fig. 105, a, 6 , c and d) through O' parallel to the axis meeting 
the straight line AB in the point designated by H; and then 
the straight line OH will intersect the axis in the primary focal 
point F. Similarly, if the straight line OK is drawn through 
0 parallel to the axis meeting AB in a point K, the point of 
intersection of the straight line KO' with the axis will de- 
termine the position of the secondary focal point F'. In 
brief, the diagonals of the parallelogram OO'HK meet the 
axis in the focal points F, F'. The spherical refracting surface 
is said to be convergent or divergent according as the focal 
point F' is real or virtual, respectively. Thus, in the dia- 
grams Fig. 105, a and d, incident rays parallel to the axis are 
brought to a real focus at F', so that the surface is convergent 
for each of these cases; whereas in the diagrams Fig. 105, 
b and c, incident rays parallel to the axis are refracted as if 
they proceeded from a virtual focus at F'. 

Moreover, certain characteristic metric relations may be 
derived immediately from the diagrams Fig. 105, a, 6 , c, and d. 
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For example, in the two pairs of similar triangles FAH, HO'O 
and F'CO', O'HK, we obtain the proportions: 

FA : HO' = AH : O'O, CP' : HO' = CO' : HK, 

and since CO'= AH, HK=0'0, we find: 

FA=CF'; 

and hence also: 

F'A=CF. 

Accordingly, concerning the positions of the focal points of 
a spherical refracting surface we have the following rule: 

The focal points of a spherical refracting surface lie on the 
axis at such places that the step from one of them to the center 
is identical with the step from the vertex to the other focal point. 

This statement should be verified for each of the diagrams. 
Not only will the center C be seen to be at the same distance 
from the primary focal point as the secondary focal point is 
from the vertex A, but the direction from F to C will always 
be the same as that from A to F'. 

This relation may also be expressed in a different way; 
for, since 

FA=CF'=CA+AF', 
we have the following equation: 

FA+F'A=CA; or AC = AF+AF'; 
which may be put in words by saying that the step from the 
vertex to the center of a spherical refracting surface is equal to 
the Slim of the steps from the vertex to the two focal points. 

And, finally, since in the pair of similar triangles FAH, 
FCO, we have: 

FC:PA-CO:AH=CO:CO'=n':n, 
and since FC= ~CF= — F'A, we obtain also another useful 
and important relation, viz. : 

F'A___n' 

FA n' 

and, consequently: The two focal points F, F' of a spherical 
refracting surface lie on opposite sides of the vertex A, and at 
distances from it which are in the ratio of n to n'. If, there- 
fore, we are given the positions of one of the two focal points^ 
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Fig. 106, a, h, c and d , — Focal points of spherical refracting surface sep- 
arating air, of index 1, and glass, of index 1.5. 

(a) Refraction from air to glass at convex surface. 

(5) “ “ “ “ “ concave “ 

(c) “ glass to air “ convex “ 

** concave 
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F or F', as well as the positions of the points A, C which de- 
termine the size and form of the spherical surface, we have 
all the data necessary to enable us to locate the point M' 
conjugate to a given axial object-point M. For we can 
locate the position of the other focal point and thus determine 
the value of the ratio n': n. 

Whether the secondary focal point will lie on one side or 
the other of the spherical refracting surface, that is, whether 
the surface will be convergent or divergent, will depend on 
each of two things, viz.: (1) Whether the surface is convex 
or concave, and (2) Whether n' is greater or less than n. For 
example, if the rays are refracted from air to glass (n'fn= 
3/2), according to the above relations we find that AF=2 CA, 
AF'=3 AC; so that starting at the vertex A and taking the 
step CA twice we can locate the primary focal point F; and 
returning to the vertex A and taking the step AC three 
times, we arrive at the secondary focal point F'. The dia- 
grams Fig. 106, a and 6, show the positions of the focal points 
for refraction from air to glass for a convex surface and for 
a concave surface. In this case the convex surface is con- 
vergent and the concave surface is divergent. On the other 
hand, when the light is refracted from glass to air 
2/3), we find AF=3 AC, AF'=2 CA (Fig. 106, c and d), and 
in this case the concave surface is convergent and the convex 
surface is divergent. 

In conclusion, it may be added that the constructions and 
rules which have been given above for the case of a spherical 
refracting surface are entirely applicable also to a spherical 
mirror. In fact, here we have an excellent illustration of 
the method of treating reflection as a special case of refrac- 
tion, which was explained in § 75. For if we take n'== - n, 
the two points 0, O' (Fig. 107, a and 6) will lie on a straight 
line passing through the center C of the mirror at equal dis- 
tances from C in opposite directions. The point M' con- 
jugate to the axial object-point M and the focal points F, 
F' will be found precisely according to the directions for 
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Fig. 107, a and h . — Reflection at spherical mirror: Con- 
struction of image-point M' conjugate to axial object- 
point M ; construction of focal point. 

(a) concave mirror, (6) convex mirror. 

drawing the diagrams of Fig. 105. Obviously, the focal 
points of a spherical mirror will coincide with each other 
at a point midway between the vertex and center (§ 69). 

78. Abscissa-Equation referred to the Vertex of the 
Spherical Refracting Surface as Origin. — If the vertex A of 
the spherical refracting surface is taken as the origin (§ 63) 
from which distances or steps along the axis are reckoned, 
and if the symbols r, u and u' are employed as in the case 
of a spherical mirror (§ 64) to denote the abscissae of the 
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center C and the pair of conjugate axial points M, M', that 
is, if AC=r, AM = m, AM'=m', then 

CM = CA4-AM = u-r, CM' = CA+AM'=w'-r; 

and since the formula (CAMM') = -- may evidently be 

n 

written as follows: 

, CM' CM 

^‘AM' ^ AM’ 

we obtain: 

, u' — r u—r 

n' . — r- = n. . 

u' u 

Dividing both sides by r, we derive the so-called invariant 
relation in the case of refraction of paraxial rays at a spherical 
surface, in the following form: 



Usually, however, this equation is written as follows: 

. "T" } 

u u r 

which is to be regarded as one of the fundamental formulae of 
geometrical optics. If the two constants r and n^jn are known, 
the abscissa u' corresponding to any given value of u may 
easily be determined. Putting n' = — n (§ 75), we obtain the 
abscissa-formula for reflection of paraxial rays at a spherical 
mirror (§ 64); and if we put r= oo, we derive the formula 

= - for the refraction of paraxial rays at a plane surface 
u u 

(§41). It is because this linear equation connecting the 
abscissse of a pair of conjugate axial points includes these 
other cases also that some writers have proposed that the 
formula above should be called the characteristic equation of 
paraxial imagery. 

79. The Focal Lengths f, f' of a Spherical Refracting 
Stirface. — The steps from the focal points F and F' to the vertex 
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A are called the focal lengths of the spherical refracting surface; 
the primary focal length, denoted by f, is the abscissa of A with 
respect to F (f=FA'), and the secondary focal length, denoted 
by f, is ike abscissa of A with respect to F'(J'=F'A). 

Since rA+F'A=CA (§ 77), and since CA= -r, the focal 
lengths and the radius of the surface are connected by the 
following relation: 

/+f+r=0, 

and hence if two of these magnitudes are known, the value 
of the third may always be determined from the fact that their 
algebraic sum is equal to zero. For example, starting at any 
point on the axis and taking in succession in any order the 
three steps denoted by f, f and r, one will find himself at 
the end of the last step back again at the starting point. 

Moreover, the focal lengths are connected with the indices 
of refraction by the following relation (| 77) : 

L= —— or n.f+n'.f=0; 
f n 

and, hence, the focal lengths of a spherical refracting surface 
are opposite in sign and in the same numerical ratio as that of 
the indices of refraction. This formula, as we shall see (§ 122), 
represents a general law of fundamental importance in geo- 
metrical optics. 

Expressions for the focal lengths in terms of the radius 
r and the relative index of refraction (n' : n) may be derived 
immediately from the pair of simultaneous equations above 
by solving them for / and The same expressions may 
likewise be easily obtained by substituting in succession in 
the abscissa-formula (§ 78) the two pairs of corresponding 
values, viz., u= —f, u' = co and u=<x, u'——f'. And, 
finall y, they may also be obtained geometrically from one of 
the diagrams of Fig. 107 by observing that, since by con- 
struction CO : CO'=n': n, it follows that 

CO': 0'0 = n: (n’-n), CO: 0'0=n': (n'~n). 
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Now from the two pairs of similar triangles FAH, HO'O and 
F'AK, O'HK we obtain the two proportions: 

FA:H0'=AH:0'0, F'A: 0'H= AK: HK; 
and since 

FA=/, HO'=AC=r, AH = CO', F'A=/', AK=CO, and 
HK=0'0, 

we have, finally: 

which are exceedingly useful forms of the expressions for the 
focal lengths. 

Since 

n _n' n' 

/ f’ 

the abscissa-relation connecting u and u' may be expressed 
in terms of one of the focal lengths instead of in terms of the 
radius r, for example, in terms of the focal length/, as follows: 

u' uj' 

80. Extra- Axial Conjugate Points; Conjugate Planes of a 
Spherical Refracting Surface. — ^If the axis AC of a spherical 
refracting surface is revolved in a meridian plane through 
a very small angle about an axis perpendicular to this plane 
at the center C, so that the vertex of the surface is displaced 
a little to one side of its former position A to a point U on 
the surface, the pair of conjugate points M, M' will likewise 
undergo slight displacements into the new positions Q, Q'; 
and, evidently, the same relation will connect the four points 
C, U, Q, Q' on the central line UC as exists between the four 
points C, A, M, M' on the axis AC, and accordingly (§ 76) 
we may write: 

(CUQQ0=^'; 
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and hence it is obvious that the points Q, Q' are a pair of 
extra-axial conjugate points with respect to the spherical 
refracting surface. Thus, if the points belonging to an ob- 
ject are all congregated in the immediate vicinity of the axis 
on an element of a spherical surface which is concentric with 
the refracting sphere, the corresponding image-points will 
all be assembled on an element of another concentric spherical 
surface, and any straight line going through C will determine 
by its intersections with this pair of concentric surfaces two 
conjugate points Q, Q'. In order that the rays concerned 
may all be incident near the vertex A, it is necessary 
to assume that ZUCA is very small, which means that 
the little elements of the surfaces described around C may 
in fact be regarded as plane surfaces perpendicular to the 
axis AC. Accordingly, the imagery produced by the re- 
fraction of paraxial rays at a spherical surface may be de- 
scribed by the following statements: 

(1) The image of a plane object perpendicular to the axis 
of a spherical refracting surface is similar to the object^ a7id 
will lie likewise in a plane perpendicular to the axis; (2) A 
straight line drawn through the center C will intersect a pair of 
conjugate planes in a pair of conjugate points Q, Q'; and (3) 
Incident rays which interesct in Q will be transformed into 
refracted rays which intersect in Q'. 

Diagrams showing the refraction of paraxial rays at a 
spherical surface should be drawn therefore according to the 
plan explained in § 70, as has been already stated. The 
spherical refracting surface must be represented in the figure 
by the plane tangent to the surface at its vertex A, whose 
trace in the meridian plane of the drawing is the straight 
line Ky which is taken as the t/-axis of the system of rect- 
angular coordinates whose origin is at A (§ 63). 

81. Construction of the Point Q' which with Respect to a 
Spherical Refracting Surface is Conjugate to the Extra- 
axial Point Q. — The point Q' conjugate to the extra-axial 
point Q is easily constructed. Having first located the focal 
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points F, F' (§ 77), we draw through Q (Figs. 108 and 109) a 
straight line parallel to the a;-axis meeting the ^/-axis in the 
point designated by V ; then the point of intersection of the 



Fig. 108. — Spherical refracting surface: Lateral magnification and 
construction of image. Convex surface, n''>n. 


straight lines VF' and QC will be the required point Q'. 
A third line may also be drawn through Q, viz,, the straight 
line QF meeting the y-axis in the point marked W ; and if a 



Fig. 109. — Spherical refracting surface: Lateral magnification and 
construction of image. Convex surface, n'<.n. 

straight line is drawn through. W parallel to the rr-axis, it 
will likewise pass through Q'. 

If M, M' designate the feet of the perpendiculars let fall 
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from Q, Q' respectively, on the a:-axis, then M'Q' will be 
the image of the small object-line MQ. In both Fig. 108 
and Fig. 109 the refracting surface is convex to the inci- 
dent light. In Fig. 108 {n'>n) the image is real and in- 
verted, whereas in Fig. 109 in' <n) the image is virtual 
and erect. 

If the object-point Q coincides with the point marked V, 
the image-point Q' will also be at V, and image and object 
will be congruent. The pair of conjugate planes of an optical 
system for which this is the case are called the principal 
planes (see § 119); and hence the principal planes of a spher- 
ical refracting surface coincide with each other and are identical 
with the tangent-plane at the vertex. 

82. Lateral Magnification for case of Spherical Refract- 
ing Surface. — ^The ratio M'Q'; MQ (Figs. 108 and 109) is the 
so-called lateral magnification of the spherical refracting sur- 
face with respect to the pair of conjugate axial points M, M'. 
Since 

M'Q':MQ=CM':CM, 

and since (§ 74) 

AM' 

CM ft' ■ AM ’ 

we find: 

M'Q'_ft AM' 

MQ ft' ■ AM ■ 

If y, y’ denote the heights of object and image, that is, if 
j/=MQ, 2 /'=M'Q', and if we put the lateral magnification 
equal to p, as in § 72, then, evidently: 

—yl—VL — 

^ y n' ' 

where ft=AM, ft'=AM'. The lateral magnification depends, 
therefore, on the position of the object, and the image is 
erect or inverted according as this ratio is positive or nega- 
tive. 
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83. The Focal Planes of a Spherical Refracting Surface. 

— The focal planes are the pair of planes which are perpendic- 
ular to the axis at the focal points F, F'. “The infinitely 
distant plane of space/' which, according to the notions of 
the modern geometry, is to be regarded as the locus of the 
infinitely distant points (§ 65) of space, is the image-plane 
conjugate to the primary focal plane, which is the plane 
perpendicular to the axis at F. On the other hand, re- 
garded as belonging to the object-space, the infinitely dis- 
tant plane is imaged by the secondary focal plane perpendicu- 
lar to the axis at F'. 

The rays proceeding from an infinitely distant object-point 
I (Fig. 110) constitute a cylindrical bundle of parallel in- 



cident rays. Since I lies in the infinitely distant plane of 
space, its image I' will be formed in the secondary focal 
plane, and the position of I' in this plane may be located by 
drawing through the center C of the spherical refracting 
surface a straight line parallel to the system of parallel 
rays which meet in the infinitely distant point I. Thus, foi 
example, the image of a star which may be regarded as a 
point infinitely far away will be formed in the secondary 
focal plane; and if the apparent place of the star in the firma- 
ment is in the direction Cl, the star's image will be at the 
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point I' where the straight line Cl meets the secondary focal 
plane. 

Similarly, if J designates the position of an object-point 
lying in the primary focal plane, its image will be the in- 
finitely distant point of the straight line JC. Thus, to a 
homocentric bundle oj incident 'paraxial ra'ys 'with its vertex in 
the primar'y focal plane, there corresponds a cylindrical bundle 
of refracted ra'ys; and to a cylindrical bundle of incident paraxial 
rays there corresponds a homocentric bundle of refracted rays 
'with its vertex in the secondary focal plane. 

The directions of the infinitely distant points I and J' are 
given by assigning the values of the slope-angles 

d=ZFCI = ZF'CI', 0'=ZFCJ = ZF'CJ'; 
and the points F and J conjugate to them will lie in the sec- 
ondary and primary focal planes on straight lines passing 
through the center C and inclined to the axis at the angles 
6 and 6', respectively. The angle 6, which is the measure 
of the angular distance from the axis of the infinitely distant 
object-point I, determines the apparent size of an object 
in the infinitely distant plane of the object-space; and, sim- 
ilarly, the angle d' is the measure of the apparent size of the 
infinitely distant image of the object FJ. 

Draw the straight lines JG and I'K paralled to the optical 
fl-vis and meeting the y-acds in the points designated by G 
and K, respectively; then the straight lines FK and Cl' wOl 
be parallel to each other, and the same will be true with 
respect to the straight lines GF' and JC. Hence, 

ZAFK= 6, ZAF'G= O'; and since AK=F'F and AG=FJ, 

we find: 

F'F * « FJ . 


Putting FA=/ and F'A=/' (§ 79), we obtain the following 
expressions for the focal lengths: 


f= 



FJ 

tan 6” 
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and since the tangents of the small angles d, 0' are indis- 
tinguishable from the angles themselves (see § 63), we obtain 
new definitions of the focal lengths, as follows: 

The primary focal length is the ratio of the height of the image, 
in the secondary focal plane, of an infinitely distant object to 
the apparent size of the object; and the secondary focal length 
is the ratio of the height of an object in the primary focal plane 
to the apparent size of the infinitely distant image. 

The ratio of the apparent size of the infinitely distant 
image to the height of an object in the primary focal plane 
is a measure of the magnifying power of the optical system 
(see § 158), and in this sense we may say that the magnifying 
power of a spherical refracting surface is equal to the reciprocal 
of the secondary focal length. 

84. Construction of Paraxial Ray Refracted at a Spherical 
Surface. — The refracted ray corresponding to a paraxial ray 
IB (Fig. 110) incident on a spherical refracting surface at 
the point B may easily be constructed, for example, in one 
of the following ways: 

(а) Through the primary focal point draw the straight 
line FK parallel to IB meeting the ^-axis in the point K; and 
through K draw a straight line parallel to the rc-axis meeting 
the secondary focal plane in the point I'; the path of the 
refracted ray will lie along the straight line BF. 

(б) Through the center C draw a straight line Cl' parallel 
to the given incident ray meeting the secondary focal plane 
in the point I'; the path of the corresponding refracted ray 
will be along the straight line BI'. 

(c) Let J designate the point where the given incident 
ray crosses the primary focal plane, and draw the straight 
line JG parallel to the x-axis meeting the y-axis in the 
point designated by G; then the path of the required 
refracted ray will lie along the straight line BI' drawn 
through the incidence-point B parallel to the straight line 
GF', where F' designates the position of the secondary focal 
point. 



200 Mirrors^ Prisms and Lenses [§ 85 

(d) Finally, the required refracted ray will be along the 
straight line BI' drawn parallel to the straight line JC. 

85. The Image-Equations in the case of Refraction of 
Paraxial Rays at a Spherical Surface. — The rectangular co- 
ordinates of the image-point Q' may easily be expressed in 
terms of the coordinates of the object-point Q. But the 
forms of these expressions will depend partly on the particu- 
lar pair of constants ^ ^^^d /, /') which define the sur- 
face and partly on the system of axes to which the coordinates 
are referred. The axis of the spherical surface will always 
represent the axis of abscissae (rr-axis), and the y-axis will 
be at right angles to it; but the origin may be taken at any 
place along the a;-axis. If the vertex A is taken as the origin 
(§ 63), the coordinates of Q, Q' will be (u, y) and (w', y^); 
that is, u=AM, Z4'=AM', 2/=MQ, and since 

(§§ 78 and 82) 

u' u r ^ y n'u ’ 
we obtain by solving for u' and y'; 

nry 

(n'-n)u+nr^ ^ {n'-n)u+nr' 

In terms of the same coordinates, but with a different 
pair of constants, viz., /, /', instead of n':n, r, the image- 
equations may be put also in other forms, as follows: 

It will be recalled that in § 79 the abscissa-formula was 
written: 

n' _^n.n 

and since (§ 79) —/V/, ^ and n' may be eliminated 

and the image-equations will become: 

y f+u f fu’ 

which are also frequently employed. These formulae may 
also be easily derived from the geometrical relations in 
Figs. 108 and 109, since we have the proportions: 

FM: AM= VA: VW= AF': AM'. 



§ 86] Smith-Helmholtz Equation 201 

Instead of a single system of rectangular coordinates, we 
may have two systems, one for the object-space and the 
other for the image-space. For example, if the focal points 
F, F' are selected as the origins of two such systems, and 
if the abscissae of the pair of conjugate axial points M, M' 
are denoted by x, x\ that is, if a:=FM, x^ — F'M', then, since 
u=AM = AF+FM = a; u' = AM' = AF'+F'M' = x' -f, 
the abscissae, u, u' may be eliminated from the equations 
above, and the image-equations will be obtained finally in 
their simplest forms, as follows: 

y ^ 

These relations may be derived directly from the two pairs 
of similar triangles FMQ, FAW and F'M'Q', F'AV in 
Figs. 108 and 109. The abscissa-relation 

x.x'=f.f 

is the so-called Newtonian formula (see § 69). If the x^s are 
plotted as abscissae and the x'^s as ordinates, this equation 
will represent a rectangular hyperbola. 

86. The so-called Smith-Helmholtz Formula. — In Fig. Ill 
if M'Q'=2/' represents the image in a spherical refracting 



Fig. 111. — Spherical refracting surface: SMiTH-HELMHoriT7 ’^aw. 


surface Ay of a snouall object-line MQ=i/ perpendicular to 
the axis at M, and if B designates the incidence-point of a 
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paraxial ray which crosses the axis before and after refrac- 
tion at M and M', respectively, then in the triangle MBM' 
sin 0: sin 

where 6 = /LAMB, 0' = ZAM'B denote the slopes of the 
incident ray MB and the corresponding refracted ray BM'. 
Since the ray is paraxial, we may put 6— sin 6, d'=sin6' 
and also BM=AM=«, BM'=AM'=w' (§ 63). Hence, 

-^=— , or u' . d'=u. 6. 

6' u’ 

But (§ 82) 

n' .y' _n.y^ 
u' u 

and, therefore, by multiplying these two equations so as to 
eliminate u and u', we obtain the important invariant- 
relation in the case of refraction of paraxia.1 rays at a 
spherical surface, viz. ; 

n'.y' . 6'=n.y. 6. 

This formula states that the function obtained by the con- 
tinued product of the three factors n, y, 6 has the same value 
after refraction at a spherical surface as it had before re- 
fraction. It is a special case of a general law which is found 
to apply to a centered system of spherical refracting sur- 
faces (§ 118) and which is usually known as Lagbajstge’s law; 
but undoubtedly Robert Smith who announced the law for 
the case of a system of thin lenses as early as 1738 is entitled 
to the credit of it. The importance of the relation was 
recognized by Helmholtz(1821-1894), and the form in which 
it is written above is due to him. On the whole it seems 
proper to adopt the suggestion of P. Culmann and to refer 
to this equation as the Smith-Helmholtz formula. 
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PROBLEMS 

1. If A designates the vertex and C the center of a spher- 
ical mirror, and if M, M' designate the points where a 
paraxial ray crosses the straight line AC before and after 
reflection, respectively, show that 

1 / 7 

u u r 

where r= AC, w=AM, u'=AM'. 

/2. The radius of a concave mirror is 30 cm. Paraxial rays 
proceed from a point 60 cm. in front of it; find where they 
are focused after reflection. 

Ans. At a point 20 cm. in front of the mirror. 

The radius of a concave mirror is 60 cm. A luminous 
point is placed in front of the mirror at a distance of (a) 120 
cm., (6) 60 cm., (c) 30 cm., and (d) 20 cm. Find the position 
of the image-point for each of these positions of the object. 

Ans. (a) 40 cm. in front of mirror; (&) 60 cm. in front of 
mirror; (c) at infinity; and (d) 60 cm. behind noirror. 

4. A candle is placed in front of a concave spherical mir- 
ror, whose radius is 1 foot, at a distance of 5 inches from 
the mirror. Where will the image be formed? 

Ans. 30 inches behind the mirror. 

5. An object is 24 inches in front of a concave mirror of 
radius 1 foot; where will its image be formed? If the object 
is displaced through a small distance Zy through what dis- 
tance will the image move? 

Ans. Image is 8 inches in front of mirror; distance through 
which image moves will be 

v4. An object is placed 1 foot from a concave mirror of 
radius 4 feet. If the object is moved 1 inch nearer the mirror, 
OTat will be the corresponding displacement of the image? 

Ans. The image moves 3.7 inches nearer the mirror. 

7. An object-point is 10 cm. in front of a convex mirror of 
radius 60 cm. Find the position of the image-point. 

Ans. 7.5 cm. behind the mirror. 
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8. Given the positions on the axis of a spherical mirror 
of the vertex A, the center C and an object-point M; show 
how to construct the position of the image-point M'. There 
are eight possible arrangements of these four points; draw 
a diagram for each one of them. 

9. If X, x' denote the abscissae, with respect to the focal 
point F as origin, of a pair of conjugate points on the axis 
of a spherical mirror, show that 

x.x'=f, 

where / denotes the focal length of the mirror. How are 
object and image situated with respect to the focal plane? 
\ylO. An object is placed at a distance of 60 cm. in front of 
a spherical mirror, and the image is found to be on the same 
side of the mirror at a distance of 20 cm. What is the focal 
length of the mirror, and is it concave or convex? 

Ans. Concave mirror of focal length 15 cm. 

11. How far from a concave mirror of focal length 18 
inches must an object be placed in order that the image 
shall be magnified three times? 

Ans. 1 ft. or 2 ft. from the mirror, according as image is 
erect or inverted. 

12. A candle-flame one inch high is 18 inches in front of 
a concave mirror of focal length 15 inches. Find the position 
and size of the image. 

Ans. The image will be real and inverted, 90 inches from 
the mirror, and 5 inches long. 

13. A small object is placed at right angles to the axis of 
a spherical mirror; show how to construct the image, and 
derive the magnification-formula: 

y 

14. A luminous point moves from left to right along a 
straight line parallel to the axis of a spherical mirror. Show 
by diagrams for both concave and convex mirrors how the 
conjugate image-point moves. 

15. The center of a spherical mirror is at C, and the 
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straight line QQ' joining a pair of conjugate points meets 
the mirror in a point U. If P designates the position of a 
point which is not on the straight line QQ', and if a straight 
line is drawn cutting the straight lines PU, PQ, PC and PQ' 
in the points V, E, Z and R', respectively; show that R, R' 
are a pair of conjugate points with respect to another spher- 
ical mirror whose center is at Z and whose radius is equal to 
VZ. 

16. Show by geometrical construction that the focal point 
of a spherical mirror lies midway between the center and the 
vertex. 

17. An object is placed 5 inches from a spherical mirror of 
focal length 6 inches. Assuming that the object is real, 
where will the image be formed, and what will be the mag- 
nification? Draw diagrams for both convex and concave 
mirrors. 

Ans. For concave mirror, image is 30 in. behind the mirror, 
magnification =+6; for convex mirror, image is 2^j inches 
behind the mirror, magnification = +xt- 

18. How far from a concave mirror must a real object be 
placed in order that the image shall be (a) real and four 
times the size of the object, (b) virtual and four times the 
size of the object, and (c) real and one-fourth the size of the 
object? Draw diagrams showing the construction for each 
of these three cases. 

Ans. Distance of mirror from the object is equal to (a) 
5//4, (b) 3//4, and (c) 5/, where / denotes the focal length. 

19. What kind of image is produced in a concave mirror 
by a virtual object? Illustrate and explain by means of a 
diagram. 

Ans. Image is real and erect and smaller than object. 

20. Determine the position and magnification of the image 
of a virtual object lying midway between the vertex and 
focal point of a convex mirror. Draw diagram showing 
construction. 

Ans. The vertex of the mirror will be midway between the 
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axial point of the image and the focal point of the mirror, and 
the image will be real and erect and twice as large as object. 

21. Show that when an object is placed midway between 
the focal point and the vertex of a concave mirror the image 
will be virtual and erect and twice as large as the object. 

^ 22. An object 3 inches high is placed 10 inches in front of 
a convex mirror of 30 inches focal length. Find the position 
and size of the image. 

Ans. Virtual image 7.5 inches from the mirror and 234 
inches high. 

^23. An object is placed in front of a concave mirror at a 
distance of one foot. If the image is real and three times as 
large as the object, what is the focal length of the mirror? 

Ans. 9 inches. 

24. The radius of a concave mirror is 23 cm. An object, 
2 cm. high, is placed in front of the mirror at a distance of 
one meter. Find the position and size of the image. 

Ans, A real image, 0.26 cm, high, 13 cm. from the mirror. 

25. Find the position and size of the image of a disk 3 
inches in diameter placed at right angles to the axis of a 
spherical mirror of radius 6 feet, when the distance from the 
object to the mirror is (a) 1 ft., (b) 3 ft., and (c) 9 ft. 

Ans. For a concave mirror: (a) Virtual image, 4.5 inches 
in diameter, 18 inches from mirror; (6) Image at infinity; 
(c) Real inverted image, 1.5 inches in diameter, 4.5 feet from 
the mirror. 

26. Assuming that the apparent diameter of the sun is 
30', calculate the approximate diameter of the sun^s image 
in a concave mirror of focal length 1 foot. 

Ans. A little more than one-tenth of an inch. 

27. A gas-flame is 8 ft. from a wall, and it is required to 
throw on the wall a real image of the flame which shall be mag- 
nified three times. Determine the position and focal length 
of a concave mirror which would give the' required image. 

Ans. The mirror must have a focal length of 3 ft. and must 
be placed at a distance of 4 ft. from the object. 
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28. It is desired to throw on a wall an image of an object 
magnified 12 times, the distance of the object from the 
wall being 11 feet. Find the focal length of a concave 
mirror which will do this, and state where it must be 
placed. 

Ans. The focal length of the mirror must be ^ ft., and 
it must be placed 1 ft. from the object. 

29. Assuming that the eye is placed on the axis of a spher- 
ical mirror, and that the rays are paraxial, explain how the 
field of view is determined. Draw accurate diagrams for 
concave and convex mirrors. 

30. A man holds, halfway between his eye and a convex 
mirror 3 feet from his eye, two fine parallel wires, so that 
they are seen directly and also by reflection in the mirror. 
Show that if the apparent distance between the wires as 
seen directly is 5 times that as seen by reflection, the radius 
of the mirror is 3 feet. 

31. A scale etched on a thin sheet of transparent glass is 
placed between the eye of an observer and a convex mirror 
of focal length one foot. When the distance between the 
eye and the scale is three feet, one of the scale divisions 
appears to cover three divisions of the image in the mirror. 
Find the position of the mirror. 

Ans. The mirror is one foot from the scale. 

32. A scale etched on a thin sheet of transparent glass is 
interposed between the eye of an observer and a convex 
mirror of focal length /. When the distance of the scale from 
the eye is h feet, one division of the scale appears to cover 
m divisions of its image in the mirror. If now the scale is 
displaced through a distance c in the direction of the axis 
of the mirror, it is found that one division of the scale ap- 
pears to cover k divisions in the mirror. Find an expression 
for / in terms of m. A;, h and c. 

Ans. 

_ {k—m) (b—c) be 
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33. A concave and a convex mirror, each of radius 20 cm., 
are placed opposite to each other and 40 cm. apart on the 
same axis. An object 3 cm. high is placed midway between 
them. Find the position and size of the image formed by 
reflection, first, at the convex, and then at the concave mirror. 
Draw accurate diagram, and trace the path of a ray from 
a point in the object to the corresponding point in the image. 

Ans. The image is 12-A cm. from the concave mirror, 
real and inverted, and A cm. high. 

34. Same problem as No. 33, except that in this case the 
image is formed by rays which have been reflected first from 
the concave mirror and then from the convex mirror. 

Ans The image is 6| cm. behind the convex mirror, 
virtual and inverted, and 1 cm. high. 

35. Two concave mirrors, of focal lengths 20 and 40 cm., 
are turned towards each other, the distance between their 
vertices being one meter. An object 1 cm. high is placed 
between the mirrors at a distance of 10 cm. from the mirror 
whose focal length is 20 cm. Find the position and size of 
the image produced by rays which are reflected first from 
the nearer mirror and then from the farther mirror. 

Ans. A real inverted image, 1 cm. long, at a distance of 
60 cm. from the mirror that is farther from the object. 

36. The distance between the vertices Ai and As of two 
spherical mirrors which face each other is denoted by d, 
that is, d=A 2 Ai. The focal points of the mirrors are at Fi 
and F 2 , and the focal lengths are/i=FiAi and /2 = F 2 A 2 . 
An object is placed between the mirrors at a distance ui 
from Ai. Rays proceeding from the object are reflected, 
first, from the mirror Ai and then from the mirror A 2 ; show 
that the distance of the final image from the mirror A 2 is 

/z. 

(/l+Ml) _(/2+d)-/l.«l' 

and that the magnification is 

fi-h 

(/i+Wi'i C/2+d) —fiMi 
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37. If the rays fall first on the mirror A 2 and then on Ai, 
these letters having exactly the same meanings as in No. 36, 
then the distance of the image from mirror Ai will be 

fl\(f2+d) (Ui+d)+f2d. 

_ ifi-d) f2+(u^+d) (/i-/2-d)’ 
a>nd the magnification will he 

/l-/2 

38. If the mirror Ai in Nos. 36 and 37 is a plane mirror, 
show that when the light is reflected from the plane mirror 
first the distance of the image from the curved mirror is 

(ui-d) U 
f2-\-d—ui 

and that the magnification is 

h . 

fr\-d—ui 

and that when the light is reflected from the curved mirror 
first, the distance of the image from the plane mirror is 
(/a+d) (ui+d)d~/2d 
/2+tti+d ^ 
and that the magnification is 

u 

f2-\-ur\-d 

If both the mirrors are plane, the magnification will be 
unity, and the image after two reflections, first at Ai and 
then at A 2 , will be formed at a distance of iui—d) from 
A 2 ; whereas if the light falls first on mirror A 2 , the distance 
of the image from the other mirror will be (wi+2ci). 

39. If M, M' are a pair of conjugate points on the axis 
of a spherical refracting surface which divides two media 
of indices n and n', show that 

(CAMM0=— , 
n 

where A and C designate the vertex and the center of the 
spherical surface. 

40. Show how to construct the position of the point M' 



210 


[Ch. VI 


Mirrors, Prisms and Lenses 

conjugate to a given point M on the axis of a spherical re- 
fracting surface; and draw diagrams for all the possible ar- 
rangements of the four points A, C, M, M'. Prove the con- 
struction, and derive the formula n' ju' = nlu+{n' -n)lr, 
where n, n' denote the indices of refraction, and •u=AM, 
u'=AM', r=AC. 

41. Show how the formula in No. 40 includes as special 
cases the case of refraction of paraxial rays at a plane sur- 
face and the case of reflection at a spherical mirror. 

42. From the formula in No. 40 derive expressions for 
the focal lengths /, /' of a spherical refracting surface, and 
show that 

/+/'+r=0, n./-fji'./=0. 

43. Does the construction found in No. 40 apply to the 
case of a spherical mirror? Explain with diagrams. 

44. Apply the construction employed in No. 40 to de- 
termine the positions of the focal points F, F' of a spherical 
refracting surface, and show that 

FA=CF', F'A=CF, F'A: FA= —n'\ n. 

45. Where are the focal points of a plane refracting sur- 
face? Explain clearly. 

46. Explain how the results of No. 44 are applicable to 
a spherical mirror. 

47. Air and glass are separated by a spherical refracting 
surface of radius r=AC. Find the positions of the focal 
points F, F' for the cases when the refraction is from air to 
glass and from glass to air and when the surface is convex 
and concave; illustrating your answers by four accurately 
drawn diagrams. (Take indices of refraction of air and 
glass equal to 1 and 1.5, respectively.) 

48. From the figirres used in No. 44 for constructing the 
positions of the focal points F, F', derive the formulae for 
the focal lengths which were obtained in No. 42. 

49. Light falling on a concave surface separating water 
(?i=1.33) from glass (w'=1.55) is convergent towards a 
point 10 cm. beyond the vertex. The radius of the surface 
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is 20 cm. Find the point where the refracted rays cross the 
axis. 

Ans. 12.7 cm. beyond the vertex of the sphere in the glass 
medium, 

50. Light is refracted from air to glass {n': n = 3: 2) at a 
spherical surface. If the vertex of the bundle of incident 
ra 3 rs is in the glass and 20 cm. from the vertex of the re- 
fracting surface, and if the refracted rays are converged to 
a point in the glass and 5 cm. from the vertex, determine 
the form and size of the surface. 

Ans. Convex surface of radius 2 cm. 

51. A small air-bubble in a glass sphere, 4 inches in di- 
ameter, viewed so that the speck and the center of the sphere 
are in line with the eye, appears to be one inch from the 
point of the surface nearest the eye. What is its actual dis- 
tance, assuming that the index of refraction of glass is 1.5? 

Ans. 1.2 inches. 

52. The radius of a concave refracting surface is 20 cm. 
A virtual image of a real object is formed at a distance of 
40 cm. from the vertex, and the distance from the object 
to the image is 60 cm. The first medium is air (n= 1). Find 
the index of refraction of the second medium. 

Ans. n'=1.6. 

53. Light diverging from a point M in air is converged 

by a spherical refracting surface to a point M' in glass of 
index 1.5. The distance MM' = 18 cm., and the point M 
is twice as far from the surface as the point M'. Find the 
radius of the surface. Ans. 1.5 cm. 

54. Find the positions of the focal points F, F' of a con- 
cave spherical refracting surface separating air from a me- 
dium of index 1.6, having found that the image of a luminous 
point 30 cm. in front of the surface is midway between the 
iuminous point and the surface. 

Ans. AF = -h 13.64 cm.; AF' = -21.82 cm. 

55. A convergent bundle of rays is incident on a spherical 
refracting surface of radius 10 cm. The relative index of 
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refraction from the first medium to the second medium is 
equal to 2 {n': n=2;l). If the incident rays cross the axis 
at M and the refracted rays at M', and if M'M = +60 cm., 
determine the positions of the points M, M'. 

Ans. If the surface is convex, AM = +77.72 cm., AM' 
= + 17.72 cm. If the surface is concave, then either AM = 
+30 cm., AM' =— 30 cm. or AM=+20 cm., AM'= -40 cm. 

56. A beam of parallel rays passing through water (n= 

1.3) is refracted at a concave surface into glass («-' = 1.5). 
If the radius of the surface is 20 cm., where will the light be 
focused? Ans. Virtual focus, 150 cm. from the surface. 

57. A small air-bubble is imbedded in a glass sphere at 
a distance of 5.98 cm. from the nearest point of the surface. 
What will be the apparent depth of the bubble, viewed from 
this side of the sphere, if the radius of the sphere is 7.03 cm., 
and the index of refraction from air to glass is 1.42? 

Ans. 5.63 cm. 

58. Assuming that the cornea of the eye is a spherical 

refracting surface of radius 8 mm. separating the outside air 
from the aqueous humor (of index I), find the distance 
of the pupil of the eye from the vertex of the cornea, if its 
apparent distance is found to be 3.04 mm. Also, if the ap*- 
parent diameter of the pupil is 4.5 mm., what is its real 
diameter? Ans. 3.6 mm. ; 4 mm. 

59. Construct the image M'Q' of a small object MQ per- 
pendicular at M to the axis of a spherical refracting surface, 
and derive the magnification-formula in terms of the dis- 
tances of M and M' from the vertex of the surface. Draw 
two diagrams, one for convex, and one for concave surface. 

60. Derive the image-equations of a spherical refracting 
surface referred to the focal points as origins. 

61. Derive the image equations of a spherical refracting 
surface in the forms 

flu+f'lu'+ 1=0, v'ly=fl u+u) = (/'+ w')//'. 

62. Show that there are two positions on the axis of a 
spherical refracting surface where image and object coincide. 



Ch. VI] 


Problems 


213 


63. Locate the two pairs of conjugate planes of a spheri- 
cal refracting surface for which image and object have the 
same size. 

64. A real object, 1 cm. high, is placed 12 cm. from a con- 

vex spherical refracting surface, of radius 30 cm., which 
separates air (n = l) from glass Find the position 

and size of the image. 

Ans. Image is virtual and erect, 1.25 cm. high, 22.5 cm. 
from vertex. 

65. In the preceding example, suppose that the object 
is a virtual object at the same distance from the spherical 
refracting surface. Find the position and size of the image 
in this case. 

Ans. Image is real and erect, f cm. high, and 15 cm. 
from vertex. 

66. Solve Nos. 64 and 65 for the case when the surface 
is concave; and draw diagrams showing construction of the 
image in all four cases. 

67. Solve No, 64 on the supposition that the first medium 
is glass and the second medium air. 

Ans. Image will be virtual and erect, ^ cm. high, and 
cm. from vertex. 

68. (a) The human eye from which the crystalline lens 
has been removed (so-called aphakic ey e^Q may be re- 
garded as consisting of a single spherical refracting surface, 
namely, the anterior surface of the cornea. If the radius 
of this surface is taken as 8 mm., and if the index of refrac- 
tion of the eye-medium (both the aqueous and vitreous 
humors) is put equal to what will be the focal lengths 
of the aphakic eye? (5) Assuming that the length of the 
eye-ball of an aphakic eye is 22 mm., where will an object 
have to be placed to be imaged distinctly on the retina at 
the back of the eye? 

Ans. (a) /=+24 mm., /' = — 32 mm.; (5) t^=4‘52.8 mm., 
which means that the object must be virtual and lie behind 
the eye. 
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69. Listing’s “reduced eye” is composed of a single 
convex spherical refracting surface of radius 5.2 mm. sep- 
arating air (n=l) from the vitreous humor (7’' = 1.332). 
Calculate the focal lengths. 

Ans. f=-\- 15.66 mm., f = —20.86 mm. 

70. In Dondbbs’ “reduced eye” the focal lengths are 

assumed to be +15 and -20 mm. Calculate the radius of 
the equivalent spherical refracting surface and the index of 
refraction of the vitreous humor for these values of the focal 
lengths. Ans. r=+5mm.; n’=-f. 

71. The angular distance of a star from the axis of a 
spherical refracting surface which separates air (n=l) from 
g lass (ra'=1.5) is 10°. The surface is convex and of radius 
10 cm. Find the position of the star’s image. 

Ans. A real image will be formed in the secondary focal 
plane about 3.5 cm. from the axis. 

72. What is the size of the image on the retina of List- 

ing’s “reduced eye” (No. 69) if the apparent size of the 
distant object is 5°? Ans. 1.36 mm. 

73. A hemispherical lens, the curved surface of which has 
a radius of 3 inches, is made of glass of index 1.5. Show 
that rays of light proceeding from a point on its axis 4 inches 
in front of its plane surface will emerge parallel to the axis. 

74. A paraxial ray parallel to the axis of a solid refracting 
sphere of index n' is refracted into the sphere at first towards 
a point X on the axis, and after the second refraction crosses 
the axis at a point F'. If the first and last media are the 
same and of index n, show that the point F' lies midway be- 
tween the second vertex of the sphere and the point X. 

75. A small object of height y is placed at the center of 
a spherical refracting surface in a plane at right angles to 
the axis. Determine the position and size of the image. 
Show how the Smith-Helmholtz formula (§86) is appli- 
cable to a part of this problem. 

Ans. Image is in same plane as object, erect, and of size 
y'=n.yln'. 
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76. A plane object is placed parallel to a plane refracting 
surface. Show that its image formed by paraxial rays is 
erect and of same size as object. Is the Smith-Helmholtz 
formula (§ 86) applicable to a plane refracting suiface? Is 
it applicable to a spherical mirror? Explain clearly. 

In a convex spherical refracting surface of radius 
0.75, which separates air (n = l) from water (n'=|), the 
image is real, inverted and one-third the size of the object. 
Find the positions of object and image. If a ray pro- 
ceeding from the axial point of the object is inclined to the 
axis at an angle of 3°, what will be the slope of the correspond- 
ing refracted ray? 

Ans. Object is in air and image is in water, their distances 
from the surface being 9 and 4, respectively; slope of re- 
fracted ray is -*6.75®. 

78. In a spherical refracting surface 

a= a'= 0'+^, 

where a, a' denote the angles of incidence and refraction, 
0, 6' denote the inclinations of the ray to the axis before 
and after refraction, and (p denotes the so-called central 
angle (ZBCA). For a paraxial ray the law of refraction 
may be written 

a'=n. a. 

From these formulae deduce the abscissa-relation in the form 
u' u r ‘ 

79. The curved surface of a glass hemisphere is silvered. 
Rays coming from a luminous point at a distance u from 
the plane surface are refracted into the glass, reflected from 
the concave spherical surface, and refracted at the plane 
surface back into the air. If r denotes the radius of the 
spherical surface and n the index of refraction of the glass, 
show that 
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where u' denotes the distance of the image from the plane 
surface. 

80. A plane object of height one inch is placed at right 

angles to the axis of a spherical mirror. The slope of the re- 
flected ray corresponding to an incident paraxial ray which 
emanates from the axial point of the object at a slope of +5° 
is Is the image erect or inverted, and what is its size? 

Ans. Inverted image, one-half inch high. 

81. A paraxial ray crosses the axis of a spherical refracting 
surface before and after refraction at points whose distances 
from the center of the surface are denoted by z and z' , re- 
spectively. If n, n' denote the indices of refraction of the two 
media and if / denotes the focal length, show that 

n n' , n 

82. In a spherical refracting surface separating two media 
of indices n, n', show that 

AF :CF=CF':AF' = n :n', 

where A, C, F and F' designate the positions of the vertex, 
center and focal points, respectively. 

83. M, M' designate the positions of a pair of conjugate 
points on the axis of a spherical refracting surface whose 
center, vertex and first focal point are designated by C;, A 
and F, respectively: show that 

MF :MA = MC :MM'. 



CHAPTER VII 


REPRACTION OF PARAXIAL RAYS THROUGH AM INFINITELY 
THIN LENS 

87 . Forms of Lenses. — In optics the word lens is used 
to denote a portion of a transparent substance, usually 
isotropic, comprised between two smooth polished surfaces, 
one of which may be plane- These surfaces are called the 
faces of the lens. The curved faces are generally spherical, 
and this may always be considered as implied unless the 
contrary is expressly stated. Lenses with spherical faces 
are sometimes called spherical lenses to distinguish them 
from cylindrical, sphero-cylindrical and other forms of 
lenses which are also quite common, especially in modern 
spectacle glasses. A plane face may be regarded as a spher- 
ical or cylindrical surface of infinite radius. 

The axis of a lens is the straight line which is normal to 
both faces, and, consequently, a ray whose path lies along 
the axis (the so-called axial ray) will pass through the lens 
without being deflected from this line. The axis of a spher- 
ical lens is the straight line joining the centers Gi, C2 of 
the two spherical faces, and since a lens of this kind is sym- 
metric around the axis, it may be represented in a plane 
figure by a meridian section showing the arcs of the two 
great circles in which this plane intersects the spherical 
faces. Depending on the lengths of the radii in comparison 
with the length of the line-segment C1C2, these arcs inter- 
sect in two points equidistant from the axis or else they do 
not intersect each other at all. 

(a) If they intersect, then C1C2 is less than the arith- 
metical sum but greater than the arithmetical difference 
of the radii, and the lens may be a double convex lens 
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Fig. 112, c . — Convex meniscus. 


(Fig. 112, a) or a convex meniscus (Fig. 112, c). A particular 
case of a double convex lens is a plano-convex lens (Fig. 112, b). 

(b) If they do not intersect, then either one circle lies 
wholly outside the other, the distance between the centers 
being, therefore, greater than the arithmetical sum of the 
radii, so that the lens is a double concave lens (Fig. 113, a), 
or, in case one of the surfaces is plane, a plano-concave lens 
(Fig. 113, 6); or else one circle lies wholly inside the other, 
so that the distance between the centers is less than the 
arithmetical difference of the radii, and then the lens has 
the form of a concave meniscus (Fig. 113, c). 

The first face of a lens is the side turned towards the in- 
cident light. The points where the axis meets the two faces 
are called the vertices^ and the distance from the vertex Ai of 
the first face to the vertex A 2 of the second face, which is 
denoted by d, is called the thickness of the lens; thus, d== 
A 1 A 2 . Since the direction which the light takes in going 
across the lens from Ai to A 2 is the positive direction along 
the axis (see § 63), the thickness d is essentially a positive 
magnitude. 



Fig. 113, o. — Double concave lens. 
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The radii of the surfaces, denoted by ri, are the ab- 
scissae of the centers Ci, C2 with respect to the vertices 
Ai, A2, respectively; thus, ri=AiCi, r2 = A2C2. 

Certain special forms of spherical lenses may be mentioned 
here, viz. : 

(a) Symmetric Lenses, which are double convex or double 
concave lenses whose surfaces have equal but opposite 
curvatures (ri+r2 = 0). A particular case of double convex 
symmetric lens is one whose two faces are portions of the 
same spherical surface; a lens of this kind being sometimes 
called a solid sphere (d = ri — r2 = 2 ri), 

(b) Concentric Lenses, whose two faces have the same 
center of curvature (GiC2 = 0), A concentric lens may be 



a double convex lens characterized by the relation d=ri— r2, 
of which a ^'solid sphere’^ is a special case; or it may have 
the form of a concave meniscus for which either ri>r2>0 
and d=ri—T2 (Fig. 114) or ri<r2<0 and d=r2-ri. 

(c) Lenses of Zero Curvature, in which the axial thickness 
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Fig. 115. — Lens of zero curvature (ri=r 2 ). 


of the lens is equal to the distance between the centers (d— 
AiA 2 = CiC 2 ). This lens is a convex meniscus characterized 
by the condition that ri--r 2 = 0 (Fig. 115). 

Lenses may also be conveniently classified in two main 
groups, viz., convex lenses and concave lenses, depending on 
the relative thickness of the lens along the axis as compared 
with its thickness at the edges. The thickness of a convex 
lens is greater along the axis than it is out towards the edge, 
whereas a concave lens is thinnest in the middle. Each of 
these two main divisions includes three special forms which 
have already been mentioned. Thus, the three types of con- 
vex lenses are the double convex, the plano-convex and the 
convex or ^^crescent-shaped” meniscus, as shown in Fig. 112; 
and, similarly, the types of concave lenses are the double 
concave, plano-concave and the concave or ^^canoe-shaped” 
meniscus (Fig. 113). 

A convex glass lens of moderate thickness held in air with 
its axis towards the sun has the property of a burning glass 
and converges the rays to a real focus on the other side of 
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the lens. A convex lens is called therefore also a convergent 
lens or a positive lens. On the other hand, under the same 
circumstances, a concave lens will render a beam of sun- 
light divergent, and, accordingly, a concave lens is called 
also a divergent lens or a negative lens, , The explanation of 
the terms ''positive” and "negative” as applied to lenses 
will be apparent when we come to speak of the positions of 
the focal points of a lens (§ 90 ). ) 

Finally, if the curvatures of the two faces of the lens are 
opposite in sign, the lens is double convex or double con- 
cave; if the curvatures have the same sign, the lens is a 
meniscus; and if the curvature of one face is zero, the lens 
is plano-convex or plano-concave. 

88. The Optical Center O of a Lens surrounded by the 
same medium on both sides. — When a ray of light emerges 
at the second face of a lens into the surrounding medium 
in the same direction as it had when it met the first face, 
the path of the ray inside the lens lies along a straight line 
which crosses the axis at a remarkable point 0 called the 
optical center of the lens, which is indeed the (internal or 
external) "center of similitude” of the two circles whose 
arcs are the traces of the spherical faces of the lens in the 
meridian plane which contains the ray. 

In order to prove this, draw a pair of parallel radii CiBi and 
C 2 B 2 (Fig. 116), and suppose that a ray enters the lens at 
Bi and leaves it at B 2 , so that the straight line B 1 B 2 repre- 
sents the path of the ray through the lens. If the straight 
line RBi represents the path of the incident ray, a straight 
line B 2 S drawn through B 2 parallel to RBi will represent 
the path of the emergent ray; because, since the tangents 
to the circular arcs at Bi, B 2 are parallel to each other, the 
lens behaves towards this ray which enters it at Bi exactly 
like a slab of the same material with plane parallel sides 
(§44). Consequently, the position of the point 0 where 
the straight line B 1 B 2 , produced if necessary, crosses the 
axis of the lens is seen to be entirely dependent on the 
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geometrical form of the lens. In particular, the position 
of this point will not depend on the direction of the inci- 
dent ray, as will be shown by the following investigation. 
From the similar triangles OCiBi and 00262, we derive 
the proportion: 

OCi: OC2 =BiCi:B2C2=AiCi: A 2 C 2 . 
Accordingly, we may write: 

OAi -pAiC i _ AjCi 

0A2+A2C2”A^’ 

and, consequently; 

AiO_ri 
A2O r2 * 

Now A20 = A2Ai+Ai0=Ai0—d; so that we obtain finally: 

AiO=-^d. 

ri-rz 

The function on the right-hand side of this equation depend;: 
only on the form of the lens, so that the position of the 
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point O with respect to the vertex of the first face of the 
lens may be found immediately as soon as we know the 
magnitudes denoted by ri, and d. 



Fig. 117'. — Optical center of lens with one plane face is at the vertex 
of curved face. 


If the lens is double convex or double concave, the optical 
center 0 will lie inside the lens between the vertices Ai and 



Fig. 118. — Optical center of meniscus lies outside lens. 

A 2 ; if one face of the lens is plane (Fig. 117), the optical 
center will coincide with the vertex of the curved face: and, 
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finally, if the lens is a meniscus (Fig. 118), the optical center 
will lie outside the lens entirely. 

In general, the positions of the points designated in the 
diagrams by the letters N, N' will vary for different ray- 
paths Bi Ba within the lens; but if the rays are paraxial, 
the positions of N, are fixed. In fact, if the ray RB], Ba S 
is a paraxial ray, the points N, are the so-called nodal 
points of the lens (see § 119). 

89. The Abscissa-Formula of a Thin Lens, referred to 
the flXTfll point of the lens as origin. — Ordinarily, the axial 
thickness of a lens is much smaller than either of the radii 
of curvature, so that in many lens-problems this dimension 
is negligible in comparison with the other linear dimensions 
that are involved. Moreover, the lens-formulse are greatly 
simplified by ignoring the thickness of the lens. However, 
in Tifiing these formulae one must be duly cautious about 
taking too literally results that are strictly applicable only 
to an infinitely thin lens, whose vertices are regarded as 
coincident, that is, Ai A2=d=0. The approximate formulae 
that are obtained for lenses of zero-thickness are often of 
very great practical utility, especially in the preliminary 
design of an optical instrument composed, it may be, of 
several lenses whose thicknesses are by no means negligible. 

The optical center 0 of an infinitely thin lens coincides 
with the two vertices Ai, A 2 , and hereafter these three co- 
incident points in which the axis meets an infinitely thin lens 
will be designated by the simple letter A. An infinitely thin 
lens is represented in a diagram by the segment of a straight 
line which is bisected at right angles by the axis of the lens; 
the actual form of the lens being indicated by assigning the 
positions of the centers Ci, C 2 of the two faces. In order to 
tell at a glance the character of a lens, the form of it at the 
edges may be indicated, as shown in Fig. 119. Fig. 119,<i 
is a conventional representation of an infinitely thin con- 
vex lens, and Fig. 119, fe is a similar diagram for an infinitely 
thin concave lens. 
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Let us assume that the lens is surrounded by the same 
medium on both sides; and let n denote the index of refrac- 



Fig. 119, a. — Infinitely thin convex lens; M, M' conjugate points on axis. 

tion of this medium, while v! denotes the index of refraction 
of the lens-substance itself. 

The broken line RBS (Fig. 119) represents the path of 
a paraxial ray which enters and leaves the infinitely thin 



Fig. 119, h . — Infinitely thin concave lens; M, M' conjugate points 
on axis. 


^ens at the point marked B. The points where the ray 
crosses the axis before and after passing through the lens 
will be designated by M, M', respectively. The straight 
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line BMi which intersects the axis at the point marked M/ 
shows the path the ray takes after being refracted at the first 
face of the lens. Obviously, the points M, ML are a pair of 
conjugate axial points with respect to the first surface of the 
lens, and, similarly, the points M/, M' are a pair of con- 
jugate axial points with respect to the second surface of 
the lens, and, therefore, M, M' are a pair of conjugate axial 
points with respect to the lens as a whole, so that M' will 
be the image in the lens of an axial object-point M. The 
abscisssB of these points with respect to the axial point A 
as origin will be denoted by u, u' ; thus, ^ = AM, w' = AM'. 
Also, put ^^i'=AMl'. The radii of curvature of the two 
faces are ri=ACi, r 2 =AC 2 . 

Accordingly, in order to obtain the formulse connecting 
u and ^6', we have merely to apply the fundamental equa- 
tion (§ 78) for the refraction of paraxial rays at a spherical 
surface to each face of the lens in succession, bearing in 
mind that the first refraction is from medium n to medium 
n', while the second refraction is from medium n' to me- 
dium n. Thus, we obtain: 

n/ n jp! _ vl’-n 

ui u ri ’ u' Ui r2 

Eliminating ui by adding these equations, and dividing 
through by we derive the abscissa-formula for the refrac- 
tion of 'paraxial rays through an infinitely thin lens, in the 
following form: 

1 ?^/l ^1 \ 

%' u n \ri r^r 

The expression on the right-hand side of this equation, in- 
volving only the lens-constants ri, r% and n'jny has for a 
given lens a perfectly definite value, which may be com- 
puted once for all. And so if we put- 

r l_ n'~n /l 1\ X 
I 

where the magnitude denoted by / is a constant of the lens 
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(which we shall afterwards see is the focal length of the 
lens), the formula above may be written: 

1 

which is the form of the lens-formula that is perhaps most 
common. For a given value of u we find u' . 

Incidentally, it may be observed that the equation above 
is symmetrical with respect to u and -u'; that is, the equa- 
tion will remain unaltered if — is written in place of u' and 
—u' in place of w. Accordingly, if the positions of a pair of 
conjugate points on the axis are designated by M, M' 



(Fig. 120), the pair of axial points designated by P, P' will 
likewise be conjugate, provided AP=M'A and AP'=MA; so 
that the thin lens at A bisects the two segments PM' and 
P'M. Another and more striking way of exhibiting this 
characteristic property of an infinitely thin lens consists 
in saying, that if M' is the image of an axial object-point 
at M, and if then the lens is shifted from its first position 
at A to a point B such that MB=AM', the object-point M 
will again be imaged at M'. 

90. The Focal Points of an Infinitely Thin Lens. — If 

the object-point M is at the infinitely distant point on the 
axis of the lens, its image will be formed at a point F' whose 
position on the axis may be found by putting u= oo , t/=AF' 
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in the formula l/w'-l/w=l//; thus, we find AF'-=/. Sim- 
ilarly, the object-point F conjugate to the infinitely dis- 
tant point of the axis is found by substituting in the same 
equation the pair of values w=AF, u' = oo, whence we ob- 
tain AF = -/. These points F, F' are tU primary and sec- 
ondary focal points, respectively, and, accordingly, it is 
evident that the focal points of an infinitely thin lens are equi- 
distant from the lens and on opposite sides of it. 

The character of the imagery in the case of an infinitely 
thin lens is completely determined as soon as we know the 
positions of the two focal points F, F'; and since the point A 
where the axis meets the lens lies midway between F and 
F', it is obvious that the natural division of lenses is into 
two classes depending on the order in which the three points 
above mentioned are ranged along the axis. 

(1) If the primary focal point is in front of tlw lens (Fig. 
121, a), that is, if the order of the points named in the se- 



Fig. 121, a . — Focal points (F, F0,of infinitely thin lens 
(FA = AF'=/). In a positive (or convex or conver- 
gent) lens the first focal point (F) lies on same side 
of lens as incident light (real focus). 

quence in which they are reached by light traversing the 
axis of the lens is F, A, P', then incident rays parallel to 
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the axis will be converged to a real focus at F' on the other 
side of the lens, and the lens is a convergent lens (§ 87). It 
is also called a 'positive lenSj because the lens-constant (or 
primary focal length) /=FA=AF' is measured along the 
axis in the positive sense. If it is assumed that n'>n (as, 
for example, in the case of a glass lens in air), the sign of 
this constant /, according to the formula above which de- 
fines 1//, will be the same as that of the term (l/ri-~‘l/r 2 ), 
which is the algebraic expression of the difference of curva- 
tures (§ 99) between the two faces of the lens. If the lens 
is double convex, plano-convex or a crescent-shaped me- 
niscus — ^that is, in all forms of lenses that are thicker in 
the middle than out towards the edges — the difference of 
curvatures (l/ri — 1 /^ 2 ) will be found to be positive. And 
hence, as already stated (§ 87), thin lenses of this descrip- 
tion are convergent if n'>n. 

(2) If the secondary focal point is in front of the lens (Fig. 
121, 6), that is, if the points F', A, F are ranged along the 



Fig. 121, h . — Focal points (F,F') of infinitely thin 
lens (FA = AF'=/). In a negative (or concave or 
divergent) lens the first focal point (F) lies on 
the other side of the lens frona the incident Hght 
Tvirtnal focus). 
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axis in the order named, incident parallel rays will be made 
to diverge from a virtual focus at F', and in this case the 
lens is said to be a divergent or negative lens, since now the 
lens-constant /=FA=AF' is measured along the axis in 
the negative sense. For lenses which are thinner in the 
middle than at the edges, that is, for double concave, plano- 
concave and canoe-shaped meniscus lenses the difference of 
curvatures (1/ri— I/V 2 ) will be found to be negative,* and 
hence for such lenses the constant / will be negative if n'>n. 

A case of rather more theoretical than practical interest is 
afforded by an infinitely thin concentric lens (§ 87) for which 
r 2 ==ri, and which is therefore uniformly thick in a direc- 
tion parallel to the axis, so that according to the above 
classification it should be neither convergent nor divergent. 
In fact, the value of the lens-constant / for this lens is in- 
finity, and hence u' = u, so that object-point M and image- 
point M' are coincident always. A bundle of parallel rays 
traversing an infinitely thin concentric lens will emerge 
from the lens just as though the lens had not been inter- 
posed in the path of the rays. 

91. Construction of the Point M' Conjugate to the Axial 
Point M with respect to an Infinitely Thin Lens. — The 

planes which are perpendicular to the axis of the lens at the 
focal points F, F' are called the primary and secondary focal 
planes, respectively. 

The point M' conjugate to a point M on the axis of an 
infinitely thin lens surrounded by the same medium on both 
sides may be constructed as follows: 

Through the given point M (Fig. 122, a and b) draw a 
straight line MB meeting the lens at B, and through the 
axial point (A) of the lens draw a straight line AI' parallel 
to MB and meeting the secondary focal plane in the point 
I'; then the point where the straight line BI', produced if 
necessary, crosses the axis will be the required point M' 
conjugate to M. 

The point M' may also be constructed in another way, 
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as follows: Let J designate the point where the straight 
hne MB crosses the primary focal plane, and through B 
draw a straight line parallel to the straight line JA, \;hich 



Fig. 122, a and 6. — Infinitely thin lens: Construction of point 
M' conjugate to axial object-point M. (a) Convex, 
(6) Concave lens. 


wiU intersect the axis of the lens in the required point M'. 
rig. 122, a shows the construction in the case of a convex 
lens and Fig. 122, & shows it for a concave lens. 

The proof is obvious. From the two pairs of similar 
triangles MAB, AFT and MM'B, AMT', we obtain the 
proportions: 


MA MB MM' 
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and if we introduce the symbols t6=AM, 2 ^' = AM', /=AP', 
we get: 

_y! ^ 

7 ^ 7 ^^* 

which is the same as the abscissa-relation found in § 89. 

92. Extra- Axial Conjugate Points Q, Q'; Conjugate 
Planes. — Since the axial point A of an infinitely thin lens 
is also the optical center of the lens (§ 89), a straight line 
drawn through A will represent the path of a ray both be- 
fore and after passing through the lens at this point. If 
the axis of the lens is rotated in a meridian plane through 



Fig. 123. — Infinitely thin lens: Image-point Q' conjugate to extra-axial 
object-point Q. 


a veiy small angle FAJ (Fig. 123) around the point A as 
vertex, the focal points F, F' will describe the small arcs 
FJ, F'l' and the straight line JI' wUl represent the path of 
a paraxial ray traversing the lens at A. The points Q, Q' 
at the ends of the arcs MQ, M'Q' traced out in this angular 
movement of the axis by a pair of conjugate axial points 
M, M' will evidently occupy the same relation to each 
other on the straight line JF as M, M' have to each other 
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on the straight line FF', and therefore Q, Q' are a pair of 
extra-axial conjugate points. 

Accordingly, if the points of an object lie in the vicinity 
of the axis on an element of a spherical surface described 



Fig. 124, a and h . — Infinitely thin lens: Lateral magnification 
and construction of image M'Q' conjugate to short object- 
line MQ perpendicular to axis, (a) Convex, (5) Concave lens. 


around the vertex A of the infinitely thin lens as center, 
the corresponding points of the image will be assembled 
on a concentric spherical surface; and since, within the 
region of paraxial rays, these spherical elements may be 
regarded as plane, it follows that a small plane object at 
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right angles to the axis will be reproduced by a similar 
plane image also at right angles to the axis. 

Conjugate planes are pairs of parallel planes perpendicular 
to the axis of the lens; and any straight line drawn through 
the center of an infinitely thin lens will pierce a pair of conju- 
gate planes in a pair of conjugate points. 

In particular, the planes conjugate to the focal planes 
are the infinitely distant planes of the image-space and 
object-space, according as the infinitely distant plane is 
regarded as belonging to one or the other of these 
regions. 

The construction of the point Q' conjugate to an extra- 
axial object-point Q (Fig. 124, a and 6), with respect to 
an infinitely thin lens, is made by a method precisely sim- 
ilar to that employed in the corresponding problem in the 
cases both of a spherical mirror (§ 71) and of a spherical 
refracting surface (§ 81) ; the only difference in this case 
being that the center of the lens takes the place of the center 
of the spherical surface and that the focal points of the 
lens are at equal distances on opposite sides of it. 

93. Lateral Magnification in case of Infinitely Thin Lens. 
— ^The lateral magnification in the case of an infinitely thin 
lens, defined, as in §§ 72 and 82, as the ratio of the height 
of the image (^' = M^Q') to the height of the object (^=MQ),' 
may be obtained from the diagram (Fig. 124) and is evi- 
dently given by the following formula: 


so that the linear dimensions of object and image are in the 
same ratio as their distances from the thin lens. Moreover, 
it appears that the image is erect or inverted according as 
object and image lie on the same side or on opposite sides of 
the lens. 

Another expression for the lateral magnification may 
be derived by considering the two pairs of similar right 
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triangles FMQ, FAW and F'M'Q', F'AV, from which we 
obtain the proportions: 

AW_ FA M'Q'_F'M'. 

MQ FM’ AV F'A ’ 

and since 

AW=M'Q'=2/', AV=Mq=y, FA=AF'=/, 
we find : 

y.t.l.-f, 

y X f 

where = aj'==F'M' denote the abscissse of M, M' 

with respect to the focal points F, F', respectively, as ori- 
gins. Accordingly, the lateral magnification varies inversely 
as the distance of the object from the primary focal plane, and 
directly as the distance of the image from the secondary focal 
plane, 

94. Character of the Imagery in a Thin Lens. — The 

Newtonian form of the abscissa-relation (c/. § 85) for an 
infinitely thin lens surrounded by air is: 

which shows that object and image lie on opposite sides of 
the focal planes; so that if M is a point on the axis to the 
right of the primary focal point F, the conjugate point M' 
will be found on the axis at the left of the secondary focal 
point F', and vice versa. 

The character of the imagery produced by the refraction 
of paraxial rays through an infinitely thin lens is exhibited 
in the diagrams Fig. 125, a and b. The numerals 1, 2, 3, 
etc., mark the successive positions of an object-point which 
is supposed to traverse a straight line parallel to the axis 
(so-called object-ray ^0 from an infinite distance in front 
of the lens to an infinite distance on the other side of it. 
Until it reaches the lens at the point marked V the object 
is real, thereafter it is virtual. The corresponding numerals 
with primes, viz., 1', 2', 3', etc., ranged along the straight 
line VF' (called the ^4mage-ray^0 uaark the successive 
positions of the image-point, which, starting, from the 
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secondary focal point F', moves along this line always in 
the same direction out to infinity and back again to its 
starting point. The straight lines 11', 22', 33', etc., con- 

TO 




Fig. 125, a and b . — Character of imagery in infinitely thin lens, 
(a) Convex, (6) Concave lens. 


necting corresponding positions of object-point and image- 
point form a pencil of rays all passing through the optical 
center A of the lens, which is the center of perspective of 
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object-space and image-space. At the point V object and 
image coincide with each other in the lens itself, and here 
object and image are congruent. The so-called principal 
planes (§ 119) of an infinitely thin lens coincide with each 
other in the plane perpendicular to the axis of the lens at Us 
optical center A. The fact that object-point and image- 
point coincide with each other at V is expressed geometri- 
cally by saying the y-axis is the hose of a range of self conju- 
gate points. 

In a convex lens (Fig. 125, a) the image of a real object 
is seen to be real and inverted as long as the object lies in 
front of the lens beyond the primary focal plane; whereas 
the image is virtual and erect if the object is placed between 
the primary focal plane and the lens. The image of a vir- 
tual object in a convex lens is formed between the lens and 
the secondary focal plane and is real and erect. 

In a concave lens (Fig. 125, b) the image of a real object 
lies between the lens and the secondary focal plane, and it 
is virtual and erect. If the object is virtual, its image in a 
concave lens will be real and erect if the object lies between 
the lens and the primary focal plane, but it will be virtual 
and inverted if the object lies beyond the primary focal 
plane. 

If denotes the distance between a pair of con- 

jugate axial points M, M', then u^ =u-{-z, where u=AMj 
AM'. Substituting this value of u in the formula 
l/u'—l/u = l/fj we obtain a quadratic in u, which implies, 
therefore, that for a given value of the interval z between 
object and image, there are always two positions of the 
object-point M with respect to the lens (§ 89). But under 
some circumstances the assigned value of the interval 
may be such that the roots of the quadratic prove to be 
imaginary, and then it will be quite impossible with the 
given lens to produce an image at the given distance from 
the object. For example, if the object lies in front of a 
convex lens (/>0) at a distance greater than the focal length. 
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then w<0 and z>0. Put a=MA=-M, so that the magni- 
tudes denoted by /, z and a are all positive. Eliminating 
u' from the abscissa-formula, we obtain a quadratic in a. 
whose roots are given by the foll owing ex pression: 

z±\/z!(z-4/). 

a , 

which will be imaginary if (z-4/)< 0. Hence, the distance 
(z) between, a real object and its real image in a convex lens 
cannot be less than four times the focal length f. 

96. The Focal Lengths f, f' of an Infinitely Thin Lens.— 
The focal lengths of a thin lens are defined exactly in the 
same way as the focal lengths of a spherical refracting sur- 



Pig. 126. — Focal planes and focal lengths of infinitely thin lens 
(/=PA=— /'=AF0. 

face (§83). Thus, the 'primary focal length of a lens is the 
ratio of the height of the image, in the secondary focal plane, 
to the apparent size of the infinitely distant object. In Fig. 126 
FT' is the height of the image of the infinitely distant ob- 
ject El which is seen under the angle 0 = ZEFI = ZAFK, 
and the primary focal length is, therefore, FT7tan0=?= 
AK/tan 0==FA=/; and hence, as already observed, the 
primary focal length is identical with the lens-constant 
denoted by/, which, as we have seen (§ 90), is the abscissa 
of the axial point A of a thin lens with respect to its primary 
focal point F. Similarly, the secondary focal length (/') is 
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ihe ratio of the height of an object in the 'primary focal plane of 
:he lens to the apparent size of its infinitely distant image. 
For example, in the diagram the image of the object FJ 
lying in the primary focal plane is E'J', which lying in the 
infinitely distant plane of the image-space, subtends the 
angle 0' = ZEF'J' = Z AF'H; and hence /'-FJ/tan 0' = 
AH/tan 0' = F'A; so that the secondary focal length may 
also be defined as the abscissa of the axial point A of an in- 
finitely thin lens with respect to the secondary focal point F'. 
And since F'A=-AF'=”-FA, evidently: 

Accordingly, the focal lengths (/, /') of a lens surrounded by 
%e same medium on both sides are equal in magnitude and 
opposite in sign. 

If the lens is reversed by turning it through 180° about 
an axis perpendicular to the axis of the lens, that is, if the 
light is made to traverse the lens in a sense exactly opposite 
to that which it had at first, the focal lengths /, /' will not 
be altered. This is evident from the fact that the expres- 
sion for the focal length /, viz., 

{n'-n) {rz-^riY 

remains the same when ~ri, are substituted in place of 
ri, ^ 2 , respectively. Thus, the character of the lens (§ 90) 
and its action are not changed by presenting the opposite 
face to the incident rays. 

The focal length of an infinitely thin symmetric lens 


(§87), for which 7’i = --r 2 ==^ (say) is /=, 


n.r 


and if 


2(n' -ny 

7 ^=l, n' = 1.5, we find /=r. Accordingly, the focal length 
of an infinitely thin symmetric glass lens surrounded by air 
(n = l, n'=1.5) is equal to the radius of the first face. Spec- 
tacle glasses were at first symmetric lenses, and in the old 
inch system of designation a No. 10 spectacle glass, for ex- 
ample, was a lens whose radius of curvature on each surface 
was 10 inches and whose focal length was 10 inches. 
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If one face of the lens is plane, for example, if ri= oo , 

72 - 7 * Ti T 

r 2 = r, we find/= -- 7 ^; or if ri = r, r 2 = oo, then/=-y-^, 
n -n n—n 

where in each case r denotes the radius of the curved sur- 
face. Comparing this with the value of / obtained in the 
preceding case, we see that ij one of the faces of a symmetric 
lens he ground off plane, the focal length of the lens will thereby 
be doubled, 

96* Central CoUineation of Object-Space and Image- 
Space, — Comparing the methods and results of this chap- 
ter with those obtained in the preceding chapter, the serious 
student cannot have failed to remark a striking parallelism 
that exists between the imagery by paraxial rays in a spher- 
ical refracting surface and the imagery under the same con- 
ditions in an infinitely thin lens. In some instances the 
formulae are actually identical, and a closer examination 
will show that this similarity extends even to comparative 
details. For example, the focal points lie on opposite sides 
of a lens just as they were found to do in the case of a spher- 
ical refracting surface, and the resemblance goes still far- 
ther. For in a spherical refracting surface the connection 
between the focal lengths (/, /') and the indices of refraction 
(n, n') is expressed by the formula = 0 (§79); 

and if in this formula we put n^ =n, we obtain the relation 
/+/'=0, which is the algebraic statement of the fact that 
the focal lengths of a lens surrounded by the same medium 
on both sides are equal and opposite (§ 95). 

It has already been pointed out that the imagery in a 
spherical mirror may be regarded as a special case of refrac- 
tion at a spherical surface (§§ 75, 77 and 78) ; and now it 
is proposed to advance a step farther in this generalization 
process and to show that all these types of imagery which 
have been investigated separately and independently are 
in reality embraced in a concept of geometry known as 
collinear correspondence between one space and another 
(called in the theory of optical imagery ^^object-SDace’^ 
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and “image-space”)* Moreover, these types of imagery 
belong to a particularly simple kind of collinear correspond- 
ence to which the name central collineation has been given. 

A lens or an optical instrument is said to divide the sur- 
rounding space into two parts, viz., the object-space and 
the image-space; but these are not to be thought of as sep- 
arate and distinct regions but as interpenetrating and in- 
cluding each other; so that a point or ray may be regarded 
at one time as belonging to the object-space and at another 
time as belonging to the image-space, depending merely 
on the point of view. Thus, for example, the infinitely 
distant plane of space may be viewed as the image of the 
primary focal plane of a lens, and then it is a part of the 
image-space; but if the secondary focal plane is regarded 
as the image of the infinitely distant plane, the latter is a 
part of the object-space. 

Now the distinguishing characteristics of the optical 
imagery which is produced by the refraction of paraxial 
rays at a single spherical surface or through an infinitely 
thin lens may be summarized in the two following state- 
ments: 

(а) All straight lines joining pairs of conjugate points in- 
tersect in one point, viz., the center (C) of the spherical re- 
fracting surface or the optical center (A) of the thin lens. 
This point which is the center of perspective of object- 
space and image-space is called the center of collineation, 
and will be referred to here as the point C. 

(б) Any pair of corresponding incident and refracted rays 
lying in a meridian plane meet in a straight line Ay called the 
axis of collineation (or the ^/-axis) which is perpendicular at 
A to the optical axis (or the a:-axis). 

Any straight line going through the center of collinea- 
tion is called a central ray. Every central ray is a self-cor- 
responding ray; that is, image-ray and corresponding object- 
ray lie along one and the same straight line. Moreover, 
any point lying on the axis of collineation is a self-conjugate 
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'paint; that is, alo-ng this line object-point and image-point 
are coincident with each other. The center of collineation 
is also a self-conjugate point, and hence, in general, there are 
two self-conjugate paints on a central ray, viz., the center 
of collineation and the point where the ray meets the axis 
of collineation. Only in case the center of collineation lies 
on the axis of collineation will there be only one self-conju- 
gate or so-called double point on a central ray. 

97. Central Collineation (cont’d). Geometrical Con- 
structions- — Starting from these simple propositions, we 
can easily develop a complete theory of optical imagery 
for the simple cases mentioned above. Thus, for example. 



Fig. 127. — Central collineation: Construction of pairs of conjugate points 
M, M'; P, P'; Q, Q'; R, R'; S, S'; T, T'; and U, U'. Axis of collineation 
Ay; center of collineation C. 


being given the axis of collineation (Ay) and the center of col- 
lineation (C), together with the positions of a pair of conjugate 
points P, P', we can construct the position of a point Q' con- 
jugate to a given point Q, as follows : 

(a) In general, the straight line PQ (Fig. 127) will not 
pass through the center of collineation. Let the self- 
conjugate point in which the straight line PQ meets the 
axis of collineation be designated by T; the image-ray cor- 
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responding to the object-ray PT will lie along the straight 
line TP', and since this ray must pass likewise through the 
point Q' conjugate to Q, the required point wUl be at the 
intersection of the straight lines TP', QC. 

(b) But in the special case when the straight line PQ is 
a central ray (Fig. 128) the construction which has just 
been given fails, and we must resort to a different procedure, 



Fig. 128. — Central collineation: Straight line PQ passes through center 
of collineation (C) . Diagram shows case when C does not lie on axis 
of collineation Ay; as in spherical refracting surface (c> 1). 

as follows: Through the points P and C draw a pair of 
straight lines PO, CO meeting in a point 0, and let the 
point where the straight hne PO meets the axis of collinea- 
tion be designated by T. Also, let 0' designate the point 
of intersection of the straight lines TP' and CO. Then if 
the point where the straight line QO meets the axis of col- 
lineation is designated by U, the required point Q' will be 
the point of intersection of the straight lines UO' and QC. 

The image-point I' conjugate to the infinitely distant 
object-point I of the pencil of parallel rays whose central 
ray is PP' may be constructed exactly as described above 
in (6), provided we have the same data. The straight line 
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OG is drawn parallel to PP' meeting the axis of collineation 
in G, and the required point I' is the point of intersection 
of the straight lines GO' and PP'. 

Similarly, the position of the object-point J conjugate 
to the infinitely distant image-point J' of the central ray 
PP' is found by drawing the straight line O'H parallel to 
PP' meeting the axis of collineation in H; then the point 
of intersection of the straight lines OH, PP' will be the re- 
quired point J. 



Fig. 129. — Central collineation: Straight line PQ passes through center 
of collineation (C). Diagram shows case when C lies on axis of col- 
lineation Ay, as in infinitely thin lens (c= 1). 

The focal points F, F' on the optical axis are constructed 
in precisely the same way as the two points J, I' on the 
central ray PP'. 

The special case when the center of collineation (C) lies on 
the axis of collineatioUj that is, when the two points A and C 
are coincident, is shown in Fig. 129, which evidently cor- 
responds to the case of an infinitely thin lens surrounded 
by the same medium on both sides. 
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It would be easy to show by the methods of projective 
geometry that the straight lines FJ, F'l' are parallel to 
the axis of collineation and that we have the following re- 
lations between the points J, I' and the two self-conjugate 
points B, C on the central ray JI': 

jB=cr, rB=cj, ^=c, 

where c denotes a constant called the invariant of central 
collineation^ which has the value n': n for a spherical re- 
fracting surface and the value +1 for a thin lens surrounded 
by the same medium on both sides. For a spherical mirror, 
c = — 1 . For the axial ray the above relations may be written : 

FA=CF', F'A=CF, 

The reader who wishes to pursue this subject will find a 
complete discussion at the end of Chapter V of the author’s 
Principles and Methods of Geometrical Optics published by 
The Macmillan Company of New York. 

98. Field of View of an Infinitely Thin Lens. — If it is 
assumed that there are no artificial stops present except 
in the plane of the lens, and that the imagery is produced 
by means of paraxial rays only, the field of view in the case 
of an observer looking through the lens along its axis is 
easily determined by drawing the straight lines O'G, O'H 
(Fig. 130, a and h) in a meridian plane of the lens from the 
center O' of the eye-pupil to the ends G, H of the diameter 
of the lens-opening. For the lens-opening acts here just 
like a round window or port-hole in an opaque wall to limit 
the field of view in the image-space of the lens. If 0 desig- 
nates the position of the axial object-point which is repro- 
duced by the image-point O', then the straight lines OG, OH 
determine the limits in the meridian plane of the diagram of 
the field of view of the object-space. Let the straight line 
B'C' bisected at right angles at O' by the axis of the lens 
represent the diameter of the pupil in the meridian plane of 
the lens; and construct the line BOC whose image in the lens 
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is the diameter B'O'C' of the pupil of the eye. Then the 
image S' of the luminous point S l 5 Tng within the object-side 
field of view may be constructed by drawing through S the 
straight lines SB, SO to meet the lens in two points which 



Fig. 130, a and b . — Field of view of infinitely thin lens for given position of 
eye on axis of lens, (a) Convex, (b) Concave lens. 


must be joined with B', O', respectively; and the point of 
intersection of these latter lines will be the required point 
S' conjugate to S. In brief, the circular opening whose di- 
ameter is BC is the common base of all the cones of effective 
rays in the object-space of the lens, just as the pupil of the 
eye itself is the common base of the cones of effective rays 


Oh. VII] 


Problems 


249 


in the image-space. Assuming that the lens-opening is 
large enough to permit the entire pupil of the eye to be filled 
with rays emanating from an axial object-point, the lens- 
opening GH acts as field-stop and the pupil of the eye as 
aperture-stop (Chapter XII). 

PROBLEMS 

1. Show how to construct the optical center of a lens. 

Draw diagrams for the various forms of convex and con- 
cave lenses; and prove that the distance of the optical 
center from the vertex of the first face is equal to rid/(ri— r 2 ), 
where ri, r 2 denote the radii of the two surfaces and d de- 
notes the axial thickness of the lens. ^ ® 

2. In each of the following lenses the axial thickness is 
2 cm. Find the position of the optical center, and draw 
a diagram for each lens showing the position of this point. 

(a) Double convex lens of radii 10 and 16 cm.; (6) Double 
concave lens of radii 10 and 16 cm.; (c) Plano-convex lens; 
(d) Positive meniscus of radii 10 and 16 cm.; (e) Negative 
meniscus of radii 20 and 16 cm.; (/) Lens of zero curvature. 

3. Rays of light diverging from a point one foot in front 

of a thin lens are brought to a focus 4 inches beyond it. 
Find the focal length. Ans. / = +3 inches. 

4. An object is placed one foot in front of a thin convex 
lens of focal length 9 inches. Where is the image formed? 

Ans. 3 feet from the lens on the other side. 

5. Rays coming from a point 6 inches in front of a thin 

lens are converged to a point 18 inches on the other side of 
the lens. Find the focal length. Ans. / = 4-4.5 inches. 

6. An object is placed in front of a thin lens at a distance 

of 30 cm. from it. The image is virtual and 10 cm. from 
the lens. Find the focal length. Ans. /=— 15 cm. 

7. The radius of the first face of a thin double convex 

lens made of glass of index 1,5 is 20 cm. If the focal length 
of the lens is 30 cm., what must be the radius of the second 
face? Ans. 60 cm. 
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8. A thin convex lens made of glass of index 1.5 has a 
focal length of 12.5 cm. If the radius of the second face is 
+17.5 cm., what is the radius of the first face? And if the 
lens is concave, and the radius of the first face is +17.5 cm., 
what is the radius of the second face? 

Ans. In both cases the radius is +4.6 cm. 

9. The focal length of a double convex lens was found 

to be 30.6 cm., and its radii 30.4 and 34.5 cm. Find the 
index of refraction of the glass. Ans. 1.528. 

10. The focal length of a glass lens in air is 5 inches. 

What -will be the focal length of the lens in water, assuming 
that the indices of refraction of air, glass and water are 1, 
I and I, respectively? ’ . Ans. 20 inches. 

11. Show that any thin lens which is thicker in the middle 
than out towards the edges is convergent, provided the 
lens-medium is more highly refracting than the surrounding 
medium. 

12. Show that the focal length of a thin plano-convex 
lens is twice that of a double convex lens, if the curvatures 
of the curved surfaces are all equal in magnitude. 

13. Find the focal length of a thin double convex diamond 
lens, of index 2.4875, the radius of each surface being 4 cm. 

Ans. 13.4 mm. 

14. The curved surface of a thin plano-convex lens of glass 
of index 1.5 has a radius of 12 inches. Find its focal length. 
What must be the radii of a symmetric double convex lens 
of same material which has same focal length? 

Ans. /==24 inches; r=24 inches. 

15. The radii of a thin double convex lens are 9 cm. and 

12 cm. The lens is made of glass of index 1.5. If light di- 
verges from a point 18 cm. in front of the lens, where will 
it be focused? Ans. Real image, 24 cm. from lens. 

16. A thin lens is made of glass of index n. If the focal 
length of the lens in air is a, and if its focal length in a liquid 
is 6, show that the index of refraction of the liquid is 

bn 

h+a(n- 1) * 
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17. Draw figures, approximately to scale, showing the 
paths of the rays of light, and the positions of the images 
formed when a luminous object is placed at a distance of 
(a) 1 inch, (6) 6 inches from a convex lens of focal length 
2 inches, 

18. An object is placed 8 inches from a thin convex lens, 
and its image is formed 24 inches on the other side of the lens. 
If the object were moved nearer the lens until its distance 
was 4 inches, where would the image be? 

Ans. Virtual image, 1 foot from lens. 

19. A virtual image of an object 30 cm. from a thin lens is 
formed on the same side of the lens at a distance of 10 cm. 
from it. Find the focal length of the lens. 

Ans. /= - 15 cm. 

20. Light converging towards a point M on the axis of 

a lens is intercepted and focused at a point M' on the same 
side of the lens as M. The distances of M and M' from the 
lens are 5 cm. and 10 cm., respectively. Find the focal 
length of the lens. Ans. /= — 10 cm. 

21. A far-sighted person can see distinctly only at a dis- 
tance of 40 cm. or more. How much will his range of dis- 
tinct vision be increased by using spectacles of focal length 
-f 32 cm.? 

Ans. The spectacles will enable him to see distinctly 
objects as near to his eye as 17.78 cm., so that his range of 
distinct vision will be increased by 22.22 cm. 

22. The projection lens of a lantern has a focal length of 
one foot. If the screen is 1024 feet away, how far back of 
the lens must the glass slide be placed? Ans. 1024/1023 ft. 

23. An engraver uses a magnifying glass of focal length 

+4 inches, holding it close to the eye. At what distance 
must the lens be from the work so that the magnification 
may be fourfold? Ans. 3 inches. 

24. Assuming that the optical system of the eye is equiva- 
lent to a thin convex lens of focal length 15 mm., what will 
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be the size of the retinal image of a child 1 meter high at a 
distance of 15 meters from the eye? Ans. 1 mm. 

25. A millimeter scale is placed at a distance of 84 cm. 

in front of a convex lens, and it was found that 10 mm. of 
the scale corresponded to 29 mm. of its real inverted image. 
Find the focal length of the lens. Ans. / = +62.5 cm. 

26. If X, X' and Y, Y' are two pairs of conjugate points 
on the axis of an infinitely thin lens, and if the lens is mid- 
way between X and Y', show that it is also midway be- 
tween X' and Y. 

27. M and M' are a pair of conjugate axial points with 
respect to an infinitely thin lens whose optical center is at 
a point designated by A. Show that when the lens is shifted 
from A to a point B such that MB==AM', the points M 
and M' will be conjugate to each other with respect to the 
lens in this new position. 

28. Given the positions of the focal points F, F' of an 
infinitely thin lens, show how to construct the image-point 
M' conjugate to an axial object-point M. Draw diagrams 
for convex and concave lenses. 

29. At the optical center (A) of a thin lens erect a per- 
pendicular to the axis of the lens, and take a point L on 
this perpendicular such that AL=/, where / denotes the 
primary focal length. Through A draw a line AP in such 
a direction that ZF'AP=45°, where *F' designates the sec- 
ondary focal point of the lens. Take a point M on the axis 
of the lens, and draw the straight line ML meeting the 
straight line AP in a point S. If M' designates the foot of 
the perpendicular let fall from S to the axis of the lens, 
show that M, M' are a pair of conjugate axial points. Draw 
two diagrams, one for a convex and the other for a concave 
lens. 

30. Derive the image-equations in the case of an infinitely 
thin lens in the form: l/u' = 1/w+l//, y'jy^u'lu. 

31. Show that the focal points of an infinitely thin lens 
are at equal distances on opposite sides of the lens. 
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32. A candle is placed at a distance of 2 meters from a 
wall; and when a lens is placed between the candle and the 
wall at a distance of 50 cm. from the candle, a distinct image 
of the latter is cast upon the wall. Find the focal length of 
the lens and the magnification of the image. 

Ans. /=37.5 cm.; image is 3 times as large as object. 

33. The distance between a real object and its real image 
in an infinitely thin lens is 32 inches. If the image is 3 times 
as large as the object, find the position and focal length of 
the lens. 

Ans. The lens is a convex lens of focal length 6 inches 
placed between object and image at a distance of 8 inches 
from the object. 

34. When an object is held at a distance of 6 cm. from 
one face of a thin lens, the image of the object formed by 
reflection in this face is found to lie in the same plane as the 
object. If the object is placed at a distance of 20 cm. from 
the lens, the image produced by the lens is inverted and of 
the same size as the object. The lens is made of glass of 
index 1.5, Find the radii of the two surfaces. 

Ans. The lens is a convex meniscus of radii 6 and l-y cm. 

35. In a magic lantern the image of the slide is thrown 
upon a screen by means of a thin convex lens. Show that 
the adjustment for focusing is always possible provided 
that the distance from the slide to the screen is not less 
than 4 times the focal length of the lens, and provided that 
the lens can move in its tube to a distance from the slide 
equal to twice the focal length. 

36. A person holds a lens in front of his eye and ob- 
serves that by reflection at the nearer surface an object 
which is 6 feet from the lens appears upright and diminished 
to one-twentieth of its height. Looking through the lens 
at an object on the other side 6 feet from the lens, its image 
is inverted and diminished in height to one-tenth. The 
lens is a glass lens of index 1.5. Find the radfi of its sur- 
faces. Ans. A double convex lens of radii y| and ft. 
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37. How far from a lens must an object be placed so 
that its image will be erect and half as high as the object? 

Ans. The object must be in the second focal plane of the 
lens. (Draw diagram showing construction of image for 
convex lens and also a diagram for concave lens.) 

38. How far from a thin lens must an object be placed 
so that its image will be inverted and half as high as the 
object? Draw two diagrams, showing construction of image 
for convex lens and for concave lens. 

Ans. If the optical center of the lens and the primary- 
focal point are designated by A and F, respectively, and if 
the a.xia.1 point of the object is designated by M, then 
AM=3AF. 

39. An object is to be placed in front of a convex lens of 
focal length 18 inches in such a position that its image is 
magnified 3 times. Find the two possible positions, and 
draw rlia.g r fl,Tn for each position showing the construction 
of the image. 

Ans. If image is inverted, object must be 2 ft. from lens; 
if it is erect, object must be 1 ft. from lens. 

40. In the preceding example if the lens were concave, 
where would the object have to be? 

Ans . The object would be virtual, at a distance of 1 ft. 
from the lens W an erect image, and at a distance of 2 ft. 
for an inverted image. 

41. A person can see distinctly at a distance of 1 foot, 
and he finds that when he holds a certain lens close to his 
eye small objects are seen distinctly and magnified 6 times. 
Find the focal length of the lens. Ans. /=+2.4 inches. 

42. Derive the Newtonian formula a;.a:'= — for a lens. 

43. A convex lens is used to produce an image of a fixed 
object on a fixed screen. Show that, in general, there will 
be two possible positions of the lens, and prove that the 
height of the object is the geometrical mean between the 
heights of the two images. 

44. A copper cent is 19 mm. in diameter and a silver 
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half dollar is 30.4 mm. in diameter. How far from a con- 
vex lens of focal length 10 cm. must the smaller coin be 
placed so that its image in the lens will be just the size of 
the larger one? 

Ans. It must be placed in front of the lens at a distance 
of either 16.25 cm. or 3.75 cm. 

45. What must be the radius of the curved surface of a 

thin plano-convex lens made of glass of index 1.5 which 
will give a real image of an object placed 2 cm. in front of 
the lens and magnified 3 times? Ans. 7.5 mm. 

46. Find the magnification of a convex lens of focal 

length 0.2 inch for an eye whose distance of most distinct 
vision is 14 inches. Ans. 71 times. 

47. An object is placed in front of a convex lens at a dis- 
tance from it equal to 1.5 times the focal length. Find the 
linear magnification. If the object is removed to twice this 
distance, what will be the magnification? Ans. — 2; — 

48. An object 5 cm. high is placed 12 cm. in front of a 
thin lens of focal length 8 cm. Find the position, size and 
nature of the image (a) for a convex lens, and (b) for a 
concave lens; and draw accurate diagram for each case. 

Ans. (a) Real, inverted image, 10 cm. high, 24 cm. from 
lens; (b) Virtual, erect image, 2 cm. high, 4.8 cm. from 
lens. 

49. When an object is placed at a point R on the axis of 
a thin lens of focal length /, the image is erect, and when 
the object is moved to a point S the image is the same size 
as before but inverted; show that 

SR=^ 

m 

where m is a positive number denoting the value of the 
ratio of the size of the image to that of the object. 

50. A screen, placed at right angles to the axis of a thin 
lens of focal length /, receives the image of a small object. 
If the image is 20 times as large as the object, show that 
the distance of the screen from the lens is equal to 21/. 
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51. Given a convex lens, a concave lens, a concave mirror 
and a convex mirror, each of focal length 20 cm. An object 
is placed in front of each in turn at distances of 40, 20 and 
10 cm. Draw diagrams showing the construction of the 
image for each lens and each mirror and for each of the 
three given positions of the object; and find the position 
and character of the image in each case. 

52. A plane mirror is placed anywhere behind a convex 
lens with its plane at right angles to the axis of the lens, 
A needle is set up perpendicular to the axis in the primary 
focal plane of the lens. Show that the image of the needle 
produced by rays that have passed twice through the lens 
will lie also in the primary focal plane and will be of the 
same size as the object but inverted, 

53. An object is placed in front of a thin convex lens at 
a distance a from it not greater than twice its focal length /; 
and a plane mirror is adjusted in the secondary focal plane 
of the lens. Show that a real image formed by rays which 
have passed twice through the lens will be formed at a dis- 
tance h in front of the lens; and that /=(a+5)/2. Show 
also that the image is of the same size as the object but in- 
verted. Draw a diagram showing the construction of the 
image. 

54. A convex lens of focal length 10 cm. is placed at a 
distance of 2 cm. in front of a plane mirror which is per- 
pendicular to the axis of the lens. Where must an eye be 
placed in front of the lens so that it may see its own image 
by means of rays which, after having traversed the lens 
twice, return into the eye as bundles of parallel rays? 

Ans. 3.75 cm. from the lens. 

55. A thin convex lens of focal length 10 inches is placed 
in front of a concave mirror of focal length 5 inches. The 
distance between the lens and the mirror is 10 inches. An 
object is placed in front of the lens at any distance from it. 
Show that its image formed by rays which have passed 
twice through the lens will lie at an equal distance from the 
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lens on the other side of it, and that it will be of the same 
size as the object but inverted. 

56. A thin convex lens of focal length 12 inches is placed 
12 inches in front of a concave mirror of focal length 8 inches. 
An object is placed 3 inches in front of the lens. Show that 
its image formed by rays which have passed twice through 
the lens is in the same plane as the object and of the same 
size, but inverted. 

57. The focal length of a thin symmetric double concave 
lens made of glass of index 1.5 is five inches. A luminous 
point lies on the axis so far away that it may be considered 
as being at infinity. Prove that its image formed by rays 
which are reflected at the first surface is 2.5 inches in front 


of the lens; the image formed by rays which are refracted 
twice at the first surface and reflected once at the second 
surface is on the other side of the lens at a distance of 1.25 
inches from it; and, finally, the image formed by rays which 
after being reflected twice at the second surface have emerged 
again into the surrounding air is 0.5 inch from the lens on 
the side away from the source. 

58. A concave mirror, of radius r, has its center at the 
optical center of a thin lens, of focal length /, and the axes 
of lens and mirror are in the same straight line. Rays com- 
ing from an axial object point at a distance u from the lens 
traverse the lens and after being reflected at the mirror 
pass through the lens again and emerge from it as a bundle 
of rays parallel to the axis. Prove that 


i+?+|-0. 

u r f 


59. Being given the axis and the optical center of an infi- 
nitely thin lens and also the positions of a pair of conjugate 
points on the axis, construct the positions of the focal points. 

60. The positions of the focal points of an infinitely thin 
lens are designated by F, F' and the position of the optical 
center by A: show that 

FM: AM=AM:M'M and F'M': AM'-AM':MM', 
where M, M' designate the positions of a pair of conjugate 
points on the axis. 
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CHANGE OF CHRVATUEE OF THE WAVE-FRONT IN REFLEC- 
TION AND REFRACTION. DIOPTRY SYSTEM 

99. Concerning Curvature and its Measure. — Since the 
rays or lines of advance of the light-waves are always at 
right angles to the wave-surface (§7), one way of investi- 
gating the procedure of light is to study the form of the 
wave-surface; for, in general, the effect of reflection and re- 
fraction will be to produce an abrupt change of curvature 
of the wave-front. In this method attention is concen- 
trated primarily on the wave-surface rather than on the 
rays themselves; but in reality the only difference between 
it and the ray-method consists in a new point of view, which 
may, however, be serviceable. Thus, when a plane wave 
is incident on a lens, the wave-front on emergence will no 
longer be plane but curved in such fashion that the light- 
waves either converge to or diverge from a point in the second 
focal plane of the lens. The effect of the lens or optical 
system is to imprint a new curvature on the wave-front, 
and if the change of curvature which is thus produced can 
be ascertained, the final form of the wave can be determined 
by mere algebraic addition of the initial and impressed 
curvatures. It will be necessary, however, to explain pre- 
cisely what is meant by this term curvature and how it is 
measured. 

In passing along an arc of a plane curve from a point A 
(Fig. 131) to a point B, the total curvature of the arc AB is 
the change of direction of the curve between A and B, which 
's evidently measured by the angle between the tangents 
to the curve at these two places. This angle is equal to 
the angle at 0 between the normals AO and BO which are 
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perpendicular to the tangents at A and B. The mean curva- 
ture between A and B is the change of this angle per unit 
length of the arc AB. If, therefore, the length of the arc 
AB is denoted by a and the magnitude of the angle BOA 



Fxg. 131. — Mean curvature of arc AB measured by 
0/a, where a-denotes length of arc and <t> denotes 
angle between the normals AO and BO. 


by (Pf the mean curvature between A and B is equal to (pja. 
And the limiting value of this quotient when the point B is 
infinitely near to A is the measure of the actual curvature 
at the point A or, as we say, the curvature at A. If the curva- 
ture at A is denoted by the capital letter then R is equal 
to the limiting value of <pja when the arc a is indefinitely 
small. 

In Fig. 132 the point B is supposed to be infiinitely near 
to A; and the point of intersection C of the normals drawn 
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to the two contiguous points A, B on the curve passing 
through these two points is called the cmter of curvature 
of the curve at the point A; the circle described in the 
plane of the curve around this point C as center with radius 



Fig. 132 , a and h . — Curvature of are BAB at point A midway between 
B and B is measured by the sagitta AD. (a) Convex, (6) Concave arc. 


r=AC, which will coincide with the given curve throughout 
the infinitely small arc AB, is called the circle of curvature 
and its radius r is called the radius of curvature at the point 
A. Now since by definition the angle (p is equal to the arc 
BA divided by the radius r, that is, since <p ^ajr, the 
curvature at A is equal to 1/r; that is, the curvature at any 
point on a curve is equal to the reciprocal of the radius of curva- 
ture at that point, or 



The sign of the curvature is the same as that of the radius 
of curvature. Accordingly, if the surface is convex with re- 
spect to the incident light, the curvature is to he counted as posi- 
tive, in accordance with our previous usage in this respect. 
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Thus, for example, when spherical waves spread out from 
a point-source, the wave-front at any instant is concave 
and its curvature is reckoned, therefore, as negative. If a 
convex lens is interposed at a distance from the point-source 
greater than its focal length, the light-waves will thereby 
be converged to a focus on the other side of the lens whence 
they will ultimately diverge again. While the wave-front 
is advancing from the lens to the focus, its curvature is pos- 
itive; at the focus itself the wave-front collapses into a point, 
the curvature of the wave at this place being infinite; and 
beyond the focus the curvature becomes negative. As long 
as the wave does not undergo any reflection or refraction, 
its curvature varies continuously; whereas a sudden change 
of curvature is imprinted on the wave when there is a transi- 
tion from one medium to another. 

Another method of measuring the curvature of a small 
arc BB (Fig. 132) is in terms of its bulge AD, where the 
points designated by A and D are the middle points of the 
arc and its chord. If the points A and B are so close to- 
gether that they may be regarded as lying on the circle of 
curvature corresponding to the point A, the ordinate DB = h 
will be a mean proportional between the two segments into 
which the diameter of the circle is divided by the point D, 
so that we have the proportion: 

AI):h = h: (2r-AD). 

Since the segment AD is always very small in comparison 
with the diameter of the circle of curvature, only a vanish- 
ingly small error will be introduced by writing 2r in place 
of (2r— AD) in the above proportion. Thus, we obtain: 

or since R = ljr, 

ad=|e. 

If the arc BB is not infinitely small, this equation contains 
a certain error which is more and more negligible in nro- 
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portion as the arc is taken smaller and smaller. For a small 
arc, therefore, we may say that the segment AD is propor- 
tional to the curvature (R) at the point A, and hence it 
may be said to measure the curvature at this place. This 
segment AD was called by Kepler the sagitta of the arc 
BB because of its resemblance to an ''arrow’' on a bow 




Fig. 133. — Curvatures of arcs 
BAB and BKB are in same 
ratio as their sagittse AD 
and KD. 


Fig. 134. — Curvatures of 
arcs AP and AQ in 
same ratio as their 
sagittsb VP and VQ. 


Obviously, it does measure the bulge or sag ” of the curve 
at A. In Fig. 133, where the straight line BDB is the com- 
mon chord of the small arcs BAB and BKB, the curvatures 
at A and K are evidently in the ratio of AD to KD. Or, 
again, consider Fig. 134, where the two arcs AP and AQ 
have a common tangent at A. If on this tangent a point Y 
is taken very close to A, and if through V a straight line is 
drawn perpendicular to AV intersecting the two arcs in 
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the points designated by P and Q, the curvatures at A will 
be in the ratio of VP to VQ. 

In many optical problems (as has been explained in the 
last two chapters) we are concerned only with a very small 
portion of the reflecting and 
refracting surface (case of 
paraxial rays), and under 
such circumstances it is 
especially convenient and 
simple to measure the curv- 
atures of the wave-fronts 
before and after refraction 
or reflection and the curva- 
tures of the mirrors or 
lenses by means of their 
sagittae. In fact, the ordi- 
nary method of determining 
the curvature of an optical 
surface with an instru- 
ment called a spherometer 
(Fig. 135) consists essen- 
tially in employing a mi- 
crometer screw to measure the sagitta of the arc whose 
chord is equal to the diameter of the circle circumscribed 
about the equilateral triangle formed by the conical points 
of the tripod which supports the instrument on the curved 
surface to be measured. The simple lens-gauge (Fig. 136) 
used by opticians to measure the power of a spectacle lens 
is based on the same principle. In size and external ap- 
pearance it resembles a watch, except that on its lower side 
it has three metallic pins projecting from it in parallel lines 
which all lie in a plane parallel to the face of the gauge. The 
two outer pins are stationary and symmetrically placed so that 
when the instrument is held in a vertical plane with the pins 
pointing downwards, the straight line BB (Fig. 132) joining 
the conical points of the outer pins is horizontal; whereas 
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the other pin which is midway between the two outer ones 
is capable of being pushed upwards by a slight pressure so 
that its tip A which left to itself falls a little below the 
straight line BB can be made to ascend a little above this 

line. The vertical dis- 
placement of the tip A of 
the middle pin above or 
below the level of the 
chord BB, which is equal 
to the sagitta of the arc 
BAB whose curvature is 
to be measured, is regis- 
tered on the dial (see 
§ 108) by the angular 
movement of a hght hand 
or pointer with which the 
movable pin is connected. 
If the circle is drawn 
which passes through the 
end-points of the three 
pins B, A and B, the 
diameter drawn through A will bisect the chord BB at a 
point D; and since the products of the segments of two 
intersecting chords of a circle are equal, we obtain imme- 
diately: 

AD (2r-AD)=A^ 

where r denotes the radius of the circle and 2/i== chord BB. 
Hence, exactly as above, we obtain here also: 

AD= ~ , approximately; 

thus proving again that the sagitta AD is proportional to 
the curvature l/r=i2. In using the lens-gauge care must 
be taken to see that the plane of the instrument is not tilted 
out of the vertical, and this is one reason why a spherometer 
is more accurate. On the other hand, the lens-gauge, be- 
sides being more handy and convenient, possesses a de- 
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cided advantage over a spherometer supported on a tripod 
by reason of the fact that it can be used to measure the 
curvatures in different meridians of a non-spherical surface 
of revolution, for example, the curvatures of the normal 
sections (§ 111) of a cylindrical or of a toric surface (§ 112). 
How the lens-gauge is graduated will be explained presently 
(§ 108). 

100. Refraction of a Spherical Wave at a Plane Surface, 

— The whole duty of an optical system, therefore, whether 



Fig. 137, a . — Divergent spherical waves refracted at plane 
surface from, air to glass. 


it be a single lens or mirror or a combination of such parts 
is to imprint a certain curvature on the surface of the in- 
cident wave; and if we consider only such portions of the 
wave-fronts as lie very close to the axis of symmetry of 
the instrument, it is evident that this method of investi- 
gating the change of curvature that is produced in the 
wave-front at the point where the axis meets it should lead 
to precisely the same results as have been found already 
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in the corresponding problems concerning the reflection 
and refraction of paraxial rays. In fact, according to this 
method, these results should be found to apply not merely 
to the case when the reflecting and refracting surfaces are 
plane or spherical, but equally also to the more general 
case when these surfaces have any form whatever, provided 
they are symmetrical around the optical axis. 



Fig. 137, b . — Convergent spherical waves refracted at plane surface from 

air to glass. 

We shall begin by investigating the simple case of the 
refraction of a spherical wave at a plane surface. 

In the diagrams (Fig. 137, a, fc, c, and d) the straight line ZZ 
represents the trace in the plane of the paper of a plane re- 
fracting surface separating two media of indices n, n\ 
Around the point M as center spherical waves are supposed 
to be advancing in the first medium (n) towards the refract- 
ing surface, and at a certain instant when the disturbance 
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has begun to affect a point B on this surface the incident 
wave will be represented in the plane of . the figure by the 
circular arc BJB described around M as center with radius 
equal to BM; the point designated by J lying on the arc 
midway between its two ends B, B, so that the straight 
line MJ is the perpendicular bisector at A of the chord BB. 
The two points M, J will be found to lie always on opposite 



Fig. 137, c . — Divergent spherical waves refracted at plane 
surface from glass to air. 


sides of the refracting plane. In Fig. 137, a and c, where the 
point M is shown as lying in front of the surface ZZ, the 
arc BJB is indicated by a dotted line, because it marks the 
position which the incident wave-front would have had 
if the refracting surface had not been interposed. But 
the waves travel faster in the rarer medium (air) than in 
the denser medium (glass); and, consequently, the vertex 
of the refracted wave-front instead of being at the point J 
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on the axis will be at a point K on this line, and therefore 
the position of the refracted wave-front at the moment 
when the disturbance arrives at B will be represented by 
the arc BKB of a circle whose center is at a point M' 
on the axis. If, for example, the waves are refracted from 
air to glass, that is, if n'>n, the velocity v in the first me- 



Fig. 137, d. — Convergent spherical waves refracted at plane surface from 

glass to air. 


dium wUl be greater than the velocity v' in the second me- 
dium, so that for this case AK will be shorter than AJ, and 
the effect of the retardation will be to flatten the wave- 
front, as shown in Fig. 137, a and h. On the other hand, if 
n'<n, then v^>Vj so that now AK will be longer than AJ, 
and the effect of the refraction will be to increase the curva- 
ture or bulge of the wave-front, as shown in Fig. 137, c and d. 
Since (see § 31) 

AJ : AK==t^; v'=n': n, 
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it follows that 

n\KA = nJA. 

Now JA and KA are the sagittce (§ 99) of the small arcs 
BJB and BKB, respectively, and hence they are propor- 
tional to the curvatures of these arcs, that is, to 1/JM and 
1/KM'. If the point B is infinitely near to A, we may put 
JM=AM = w, KM' = AM' == zfc'/ and thus we obtain: 

n' __n 
u' u ’ 

which will be recognized as the relation which we found 
for the refraction of paraxial rays at a plane surface (§ 41). 

101. Refraction of a Spherical Wave at a Spherical Sur- 
face. — Here the same method is employed as in the preced- 



Fig. 138, a . — Divergent spherical waves refracted at convex surface 
from air to glass. 

ing section. In each of the diagrams (Fig. 138, a, b, c, d, 
e, /, g, and h) the circular arc ZZ represents the trace in the 
plane of the paper of a meridian section of the spherical 
refracting surface with its vertex at A and center at C. The 
surface is convex in Fig. 138, a, &, c, and d and concave in 
Fig. 138, 6, /, g, and h. The point M on the axis is the center 
of a system of spherical waves which are advancing in the 
first medium, of index n, towards the refracting surface. 
In Fig. 138, a, c, e, and g the point M lies in front of the re- 
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fracting surface, whereas in Fig. 138, b, d, f, and h this point 
is situated on the other side of the surface. The points 



Fig. 138, 6. — Convergent spherical waves refracted at convex 
surface from air to glass. 

marked B, B are two points on the arc ZZ very close to- 
gether but at equal distances on opposite sides of the op- 



Fig. 138, c. — Divergent spherical waves refracted at convex 
surface from glass to air. 

tical axis, so that the arc BJB described around M as centei 
with radius equal to BM shows the position of the wave- 
front of the incident waves at the instant when the disturb- 
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ance begins to affect the points B, B; the point where this 
arc crosses the optical axis being designated by J. 



Fig. 138, d , — Convergent spherical waves refracted at convex 
surface from glass to air. 


When the waves enter the second medium, of index n', 
they will proceed with augmented or diminished speed ac» 



Fig. 138, e . — Divergent spherical waves refracted at 
concave surface from air to glass. 


cording as n is greater or less than n'. In the diagrams 
Fig. 138, a, h, e, f, the case is represented where n' >n; and 
in the diagrams Fig. 138, c, d, g, h the second medium is 



272 


Mirrors, Prisms and Lenses 


[§ 101 


supposed to be less highly refracting than the first {n'<n). 
The center of curvature of the refracted waves will lie at 



Fig. 138, /. — Convergent spherical waves refracted at concave 
surface from air to glass. 

a point M' on the axis, so that the wave-front in the second 
medium which passes through B, B will be represented by 

z 



Fig. 138, g . — -Divergent spherical waves refracted at con- 
cave surface from glass to air, 

the arc BKB of a circle described around M' as center with 
radius equal to BM'; the point where this arc crosses the 
axis being designated by K. 

In each of the diagrams of Fig. 138 one of the two arcs 
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BJB and BKB is shown by a dotted line, because, on ac- 
count of the interposition of the refracting surface ZZ, the 
part of one or the other of these wave-fronts which is com- 
prised between B, B does not actually materialize; but this 
circumstance does not in the least affect the geometrical 
relations. 

Thus, during the time the light takes to go in the first 
medium from J to A (or from A to J), it will travel in the 


z 



Fig. 138, h . — Convergent spherical waves refracted at 
concave surface from glass to air. 

second medium from K to A (or from A to K). In other 
words, the optical lengths (§ 39) of the axial line-segments 
AJ and AK are equal, and therefore: 

n.AJ-n'.AK. 


This shows how the position of the point M' may be found, 
for we have only to lay off on the axis a piece 

AK=-,AJ, 

rt! 

and to locate the point M' at the place where the perpendic- 
alar bisector of the chord BK intersects the optical axis. 
Draw the chord BDB crossing the optical axis at right 
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angles at the point D; then, evidently, since 

AJ = AD+DJ=AD-JD, AK= AD+r>K=AD-KD, 
we have : n(AD — JD) = n'(AD — KD) . 

Now recalling the fact that the points B, B were assumed 
to be very close to the vertex A of the spherical refracting 
surface, we remark that the arcs whose summits are at A, J 
and K are all very small; and hence the segments AD, JD 
and ED may be regarded as the sagitke of these arcs and 
proportional to their curvatures (§ 99), viz., l/r, 1/m and 
1/u', respectively, where r=AC, m=AM = JM, m' = AM'' 
=KM'', approximately. Introducing these values in the 
equation above, we obtain the characteristic invariant re- 
lation for the case of the refraction of paraxial rays at a 
spherical surface, viz.. 



in the same form as was found in § 78. 

102. Reflection, of a Spherical Wave at a Spherical Mir- 
ror.— The problem of reflection at a spherical mirror may 



!Fig. 139, a . — ^Divergent spherical waves reflected at convex mirror. 

be investigated in the same way. In Fig. 139, a and 6, 
the arcs BAB, BJB and BKB represent the traces of the 
mirror and of the wave-fronts of the incident and reflected 
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waves, respectively. In the case of reflection the condition 
evidently is : 

KA = AJ, 

because while the incident wave advances along the optical 
axis through the distance AJ or JA, the reflected wave will 
travel in the opposite direction through an equal distance 



Fig. 139, 6. — Divergent spherical waves reflected at concave mirror. 


KA or AK. Therefore the center M' of the reflected wave 
may be found by laying off AK= JA and locating the point 
where the perpendicular bisector of the chord KB inter- 
sects the axis. 

Here also the segments AD, JD and KD are to be re- 
garded as the measures of the curvatures of the small arcs 
BAB, BJB and BKB, respectively, and proportional, there- 
fore, to the reciprocals of the radii of curvature, viz., 1/r, 
lju md iju^, where r==AG, t^=AM=JM, t^'=AM'=KM' 
in the limit when the arcs are infinitely small. Now 
KD = KA+ AD = AJ+ AD = AD+DJ+ AD, 
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that is, 

JD+KD = 2AD; 

hence, substituting the symbols u, u' and r, we derive the 
abscissa-formula for the reflection of paraxial rays at a 
spherical mirror (§ 64), viz.. 


1 , 1 _ 2 . 

/ j 

u u r 

which may be expressed in words by saying that the curva- 
ture of the mirror is the arithmetical mean of the curvatures 
of the incident and reflected waves at the vertex of the mirror; 
that is, 


where U—lju, = denote the curvatures of the in- 
cident and reflected waves, and R=l/r denotes the curva- 
ture of the mirror. Thus, for example, if an incident plane 
wave (i7=0) is advancing parallel to the axis of the mirror, 
the curvature of the reflected wave will be twice that of 
the mirror, and consequently, the center F of the reflected 
wave-front will lie midway between the vertex A and the 
center C of the mirror (§ 69). 

Of course, the condition KA==AJ might have been de- 
rived at once from the condition n.AJ = rt'.AK, which was 
found in § 101, by putting in this equation n' = —n, in ac- 
cordance with the general rule given in § 75. 

103. Refraction of a Spherical Wave through an In- 
finitely Thin Lens. — Since, as has been shown (§ 89), a 
homocentric bundle of incident paraxial rays with its ver- 
tex at a point M on the axis of a thin lens is transformed 
into a homocentric bundle of emergent rays with its vertex 
at the conjugate point M', we know that if the waves are 
spherical before traversing the lens, they will issue from it 
as spherical waves, at least in the neighborhood of the axis. 

Each of the diagrams (Pig. 140, a and h) represents a 
meridian section of the lens which is convex in one figure 
and concave in the other. As a matter of fact the lens is 
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assumed to be infinitely thin, and perhaps it is well to call 
particular attention to this fundamental consideration, be- 
cause in the diagrams, in order to exhibit the relations by 
means of the sagittce, the lens-thickness is shown very much 
exaggerated. 



Take a point Bi on the first surface of the lens not very 
far from the vertex Ai of this surface, and around the axial 
object-point M as center with radius equal to BiM describe 
the circular arc BiJBi which is bisected by the axis of the 
lens in the point designated by J; evidently, this arc will 
represent the trace in the plane of the diagram of the wave- 
front of the incident waves at the moment when the dis- 
turbance reaches Bi. Now the disturbance which is propa- 
gated onwards from Bi will proceed across the lens to a 
point B2 on the second face of the lens, and since the lens 
is supposed to be infinitely thin, the distances of Bi, B2 
from the axis are to be regarded as equal, that is, DiBi = 
D2B2, where Di, D2, designate the feet of the perpendicu- 
lars let fall from Bi, B2, respectively, to the axis of the 
lens. If, therefore, around the point M' conjugate to M 
an arc B2KB2 is described with radius equal to B2M', which 
is bisected by the axis at the point designated by K, this 
arc will represent the trace in the plane of the diagram of 
the wave-front of the emergent waves at the same instant 
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that the arc BiJBi shows the wave-front of the incident 
waves. 

With M, M' as centers and with any convenient radii 
describe also the arcs GH, SL intersecting the axis of the 



Fig. 140, h . — Divergent spherical waves refracted through thin concave lens. 

lens at G, S and meeting the straight lines BiM, B2M', m 
H, L, respectively; so that these arcs represent, therefore, 
successive positions of the wave-front before and after 
transmission through the lens. Now the optical length of 
the light-path from H to L is equal to that along the axis 
of the lens from G to S (§ 39 ) ; and, hence, if n, n' denote 
the indices of refraction of the two media concerned, we 
may write: 

n.HBi+n'.BiB2+n.B2L=n.GAi+^'.AiA2+n.A2S; 

and since 

n(MH+LM 0 =n(MG+SM'), 
we obtain by addition of these two equations: 

n(MBi+B2M')+n'.BiB2=n(MAi+A2M')+n'.AiA2. 

Now MBi = MJ, B2M'=KM', B1B2-D1D2; 

and therefore: 

~MAi + KM'- A2M') = n'(AiA2 -D1D2). 
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Substituting in this equation the following expressions, viz. : 
MJ-MAi = AiM+MJ = AiJ = AiDi+DJ = AiDi-JDi, 
KM'-A2M' = KM'+M'A2 = KA2 = KD2+D2A2 
= KD2 — A2D2, 

A1A2 = AiDid” DiD 2 “ 1 “ D2A2 — AiDi-j“ D1D2 — A2D2, 
we obtain: 

n(AiDi - JDi+ KD2 - A2D2) = n'(AiDi ~ A2D2) ; 

which may be put finally in the following form: 

7 i(KD 2 — JDi) = (71'^ — u) (AiDi — A2D2). 

It has been assumed here that the lens is surrounded by 
the same medium (n) on both sides, but the same method 
would lead to a more general formula for which the initial 
and final media were different. 

Evidently, since the points Bi, B2 are very near the verti- 
ces Ai, A2, the segments AiDi, JDi, A2D2, KD2 may be re- 
garded as the sagittcB of the small arcs BiAiBi, BiJBi, 
B2A2B2, B2KB2, respectively; and since these arcs all have 
equal chords, the reciprocals of the radii of curvature may be 
substituted in the equation above in place of the sagittce. 
Accordingly, if the radii of the lens-surfaces are denoted 
by ri, T%j and if we put AM=JM = u, A2M' = KM' = u', as 
is permissible in this case, we derive immediately the fa- 
miliar lens-formula for the refraction of paraxial rays (§ 89 ), 
viz.: 


n 


uj 


1\ 

rj “f 


: (n' — n) ( — 

Vri r 2 / 

where / denotes the primary focal length of the lens. 

104 . Reduced Distance. — ^If P, Q designate the positions 
of two points lying both in the same medium of refractive 
index n, a distinction has already been pointed out (see § 39 ) 
between the actual or absolute distance of these points from 
each other and the so-called optical length of the seg- 
ment PQ of the straight line joining these points, which 
is obtained by multiplying the absolute length by the index 
of refraction of the medium, and which is equal therefore 
to n.PQ. A further distinction, due originally to Gauss, 
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is to be made now by employing the term reduced distance 
between P and Q to mean, not the product, but the quo- 
tient of the distance PQ by the index of refraction of the medium 
in which the two points 7 and Q, lie; that is, the reduced dis- 

PO 

tance from P to Q is equal to — . Thus, for example, if 
^ n 

the medium is glass of index 1.5, and if the distance PQ = 
12 inches, the optical distance or equivalent light-path in 
air will be 18 inches, whereas the reduced distance will be 

8 inches. The reduced thickness of a lens is c=-, where 

To 

d = kxki denotes the distance of the second vertex A 2 of 
the lens from the first vertex Ai and n denotes the index of 
refraction of the lens-substance. The optical distance is 
never less, and the reduced distance is never greater, than 
the actual distance. If the medium is air (n=l), the op- 
tical distance and the reduced distance are both equal to 
the absolute distance. Apparently, the first use of the term 
“reduced distance” in this sense in English occurs in 
Pendlebuby’s Lenses and systems of lenses, treated after 
the manner of Gauss (Cambridge, 1884). A d^tinct ad- 
vantage in the direction of simplification is usually gained 
in mathematical formulation by denoting a more or less 
complex function by a single symbol; and modern optical 
writers, notably Gullstrand and his disciples in Germany, 
have recognized the convenience of this idea of “reduced 
distance” and utilized it to express the relations between 
object and image in their simplest forms; as we shall show 
presently by several examples. 

In this connection the attention of the student needs to 
be called to a point which has been alluded to before (see 
§ 8), but which is not always clearly understood. Although 
two points P, Q may be situated physically in different 
media, they may be regarded as optically in the same me- 
dium. Thus, any point which is on the prolongation, in 
either direction, of the line-segment which represents the 
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actual path of a ray of light through a certain medium, may, 
and in fact generally must, be regarded as a point belonging 
to the medium in question, no matter what may be its ac- 
tual physical environment. No better illustration of this 
notion can be given than is afforded by considering the 
focal points on the axis of a spherical refracting surface. 
The points F and F' lie always on opposite sides of the ver- 
tex A, but no matter whether the first focal point F is 
on one side of A or on the other, it is to be considered 
always as a point in the first medium; and, similarly, 
the second focal point F' is to be considered always as 
a point in the second medium, so that the reduced dis- 
tance between F and F' is FA/ra-fAF'/n' both for a conver- 
gent and for a divergent system. The reduced focal lengths 

f f' 

of a spherical refracting surface are ^ and so that the 

/ f 

reduced distance of F' from F is equal to - - — , • 

The boundary between two optical media is a “twilight 
zone,” so to speak, which cannot be said properly to be- 
long to either medium; and hence linear magnitudes which 
refer specifically to the interface or surface of separation 
cannot be definitely assigned to one medium or the other. 
This applies, for example, to the radius of curvature of a 
mirror or of a refracting surface. Whether a surface which 
separates air from glass is convex or concave, we have no 
right to say that the radius of curvature lies in the air or 
in the glass; and thus we never speak of the “reduced ra- 
dius” of a reflecting or refracting surface. 

106. The Refracting Power. — ^In the u-form of the ab- 
scissarequation which gives the relation between a pair of con- 
jugate points on the axis, we are concerned not so much with 
the linear magnitudes themselves, that is, with the abscissae, 
as with the reciprocals of these magnitudes, which, as we 
have seen, represent the curvatures of the surfaces of which 
these abscissae are the radii. It is partly for this reason 
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that many teachers of geometrical optics regard the so- 
called curvature method” of studying these problems as 
both more natural and more direct than the ^^ray method.” 
There is certainly much to be said in its favor, but the truth 
is, both methods have their advantages, and neither is to 
be preferred to the other. The student who desires to have 
more than a mere elementary knowledge of optics will find 
it necessary to be acquainted with both points of view; and 
when he has attained this position, he will realize that the 
two methods are perfectly equivalent and that the distinc- 
tion between them is more or less artificial. 

But whether we have the so-called curvature method” 
in mind or not, it will evidently be a step in the direction of 
simplifying the abscissse-formula if we introduce symbols 
for the reciprocals of the abscissae, and thereby get rid of 
the fractional forms. Thus, instead of employing the re- 
duced focal length, it will be better to introduce a term for 
the reciprocal of this magnitude. Accordingly, the refract- 
ing power of an optical system, is defined to be the reciprocal 
of the reduced primary focal length. These reciprocal mag- 
nitudes will be denoted by capital italic letters. For ex- 
ample, the refracting power of an optical system will be de- 
noted by F; that is, according to the above definition: 


^ f 

The refracting power of a spherical refracting surface (see 
§ 79) is: 

where denotes the curvature of the surface. If the 
r 


first medium is air (n= 1), then The refracting power 

of a spherical refracting surface is directly proportional to 
the curvature of the surface. 
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The reflecting power of a spherical mirror (n'=— 'n, /'==/) 
is defined in the same way, viz., 

F=V:=-2n.R, 

where n denotes the index of refraction of the medium in 
front of the mirror. Thus, although the position of the 
focal point (F) and the magnitude of the focal length (/) of 
a curved mirror will not be altered by changing the medium 
in front of the mirror, its reflecting power will be affected; 
and this will be the case whether the mirror is concave or 
convex. If the focal length of a mirror is 8, its reflecting 
power will be one-eighth when the mirror is in contact with 
air (n = l), but it will be raised to one-sixth if the medium 
in front of the mirror is water (^=4-). 

The refracting power of a Uns surrounded by the same 
medium {n) on both sides is 


If the curvatures of the two faces of an inflnitely thin lens 
are denoted by Ri and i? 2 , that is, if 

jRi = — , R2— — , 

ri 7-2 

then 

F=(n'—n) {Ri-^Ri), 

where n' denotes the index of refraction of the lens-substance 
and n denotes the index of refraction of the surrounding 
medium. If either one of these media is changed, other 
things remaining the same, the refracting power of the lens 
will be altered. 

If Fi, ¥% denote the refracting powers of the two surfaces 
of a lens, then 

Fi = 7i)Ei, F2^{n—n')R2, 

and in place of the preceding equation we may write: 
F=F^+F2; 

and thus it appears that the refracting power of an infinitely 
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thin lens is equal to the algebraic sum of the refracting 'powers 
of the lens-surfaces. 

The refracting power of a lens depends, therefore, on 
the curvatures of both faces, but evidently a lens of given 
material and of prescribed refracting power may have very 
different forms. One of the minor problems of optical 
consti’uction is to ^‘bend^^ a lens, as the technical phrase 
is, that is, being given the curvature of one face of the lens, 
to find the curvature of the other face so that the refracting 
power of the lens may have a given value. If, for example 
the magnitudes denoted by n, n'j and F are assigned, 
the curvature of the first face must be: 

F 

n'—n 

If the media are different on the two sides of the lens, and if 
the indices of refraction of the three media in the order in 
which they are traversed by the light are denoted by ni, 
n 2 and nz, we find easily the following formula for the re- 
fracting power of an infinitely thin lens: 

F= y = - j, =={n2~ni)Ri+(n,-n2)R2=Fi+F2, 

where the symbols have precisely the same meanings as 
before. 

It will be seen from these examples that one effect of in- 
troducing the term refracting power is a simplification in 
consequence of the fact that the two magnitudes denoted 
by / and f are now expressed in terms of a single magni- 
tude F. 

106. Reduced Abscissa and Reduced “ Vergence — ^The 
reduced abscissae of a pair of conjugate axial points M, M' 
are defined in exactly the same way as the reduced focal 
lengths. The point designated by M is to be regarded al- 
ways as lying in the first medium of the system, and, sim- 
ilarly, the point designated by M' is to be regarded as lying 
in the last medium, ‘^(^ntirely irrespective of the question as 
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to whether either of these points is “reah^ or ^^virtual/^ 
as explained in § 104^^ 

By way of illustration, suppose that the optical system 
consists of a single spherical refracting surface separating 
two media of indices n and n'. If the origin of abscissse 
is taken at the vertex A, so that w==AM, u' = AM', then 


U Uu 

the reduced abscissae will be . The reciprocals of these 

magnitudes, denoted by C7, 77'“are called the reduced ^'ver- 
genceSj^ with respect to the point A; thus, 


? 7 =-, 

u 


U 


These functions t/, V' are the measures of the convergence 
or divergence of the bundles of object-rays and image-rays; 
and in this illustration these magnitudes are evidently pro- 
portional to the curvatures of the incident and refracted 
wave-fronts at the instant when the disturbance arrives 


at the surface of separation of the two media. 

Since (§ 79) the abscissa-formula for a spherical refracting 
surface may be written in the form: ' 

, n / 

! 

this relation may now be expressed irj/ the elegant and con- 
venient form: 

U'^U+F, 

This same formula holds in the case oi f^b^hericol mirror , 
in which case where n denotes the index of re- 

fraction of the medium in front of the mirror. 

Moreover, the same formula TJf~TJ-\-F is found to be 
applicable to the case of an infinmly thin lens. If the lens 
is surrounded by the same medium (n) on both sides, then 
we must put U=nluj XJ^=nlu' and F=njf, where n' de- 
notes the index of refraction of the lens-substance. Or in 
case the last medium {nf) is different from the first medium 
(ni), then I7=ni/w, V'—nzIu^, and F=nilf, In both cases 
the formula will be found to be identical in form with that 
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given above. In fact, as we shall see in Chapter X, the 
formula U'=U+F is perfectly general and applicable to 
any optical instrument which is symmetrical about an axis. 
The advantage of a single formula which has such wide ap- 
plicability is obvious. It is easy to remember that the re- 
duced vergence {XJ') on the image-side of the instrument is 
equal to the algebraic sum of the reduced vergence (U) on the 
object-side and the refracting power (F). 

If the abscissae are measured from the focal points F, F', 
that is, if we put x = FM, x' — F'M', the magnitudes 

X x' 

are called the reduced focal point vergences; and the relation 
between X, X' is expressed by the equation: 

107. The Dioptry as Unit of Curvature. — Obviously, the 
magnitudes which have been denoted above by capital 
italic letters, since they are all equal or proportional to 
the reciprocals of certain linear magnitudes, are essentially 
measures of curvature, and hence they must be described or 
expressed in terms of some unit of curvature, which will itself 
be dependent on the unit of length. Opticians guided by 
purely practical considerations were the first to recognize 
the need of a suitable optical unit for this purpose. The 
unit of curvature which is now almost universally used in 
spectacle optics and which is coming to be employed more 
and more in all other branches of optics is the(^rvature 
of an arc whose radius of curvature is one meter^To this 
unit the name dioptry^ has been given. Originally, the 

* The name “dioptrie^^ was first suggested by Monoyer of France 
in 1872 (see Annates d'ocvUstique, LXVIII, 111), being derived from 
the Greek m StoTrrptKa, whence came also the term ‘dioptrics 
which w^as formerly much used by scientific writers as applying to the 
phenomena of refraction, especially through lenses. The word is 
generally written dioptre in French and Dioptrie in German. Etymo- 
logically, the correct English form would appear to be dioptry, and 
this spelling has been adopted by the American translators of both 
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dioptry was defined as the refracting power of a lens in air 
of focal length one meter. Consequently, a lens whose focal 
length was 50 cm. or half a meter would have a refracting 
power of 2 dptr., whereas another lens of focal length 2 meters 
would have a refracting power of ^ dptr. In general, if 
the focal length of a lens surrounded by air is / centimeters, 
its refracting power will be 100// dptr. But according to 
the definition which we have given, (fee dioptry is a unit 
not of refracting power only but of any similar magnitude 
of the nature of a curvature.'^ Thus, for example, if the 
radius of a mirror or of a spherical refracting surface is half 
a meter, its curvature is 2 dptr. If the distances denoted 
by /, r, Uj Xj etc., are expressed in meters, the magnitudes 
denoted by the corresponding capital letters F, R, U, X, 
etc., will be in dioptries. Dr. Drysdale has suggested 
that we introduce also the convenient terms milUdioptry 
( — 0.001 dptr.), Hectodioptry ( = 100 dptr.) and Kilodioptnj 
( = 1000 dptr.) corresponding, respectively, to the Kilo- 
meter, centimeter and millimeter as units of length. Thus, 
the refracting power of a lens of focal length 10 cm. might 
be variously described as equal to 100 millidioptries, to 
10 dioptries, to 0.1 Hectodioptry or to 0.01 Kilodioptry. 
But these terms have not come into general use. 

If the focal length of a lens in water (n = 1.3) is 13 cm., 
its refracting power will be the same as that of a lens in 
air (7i = l) of focal length 10 cm., viz., 10 dptr. If the pri- 
mary focal point of a spherical refracting surface is situated 

Landolt^s and Tscherning's books on physiological optics; notwith- 
standing the fact that the word is usually spelled and pronounced 
dioptre in England and diopter in America. Dr. Crew in his well known 
text-book of physics writes dioptric. The author has concluded that 
on the whole it is best to adopt the spelling used in the text. 

The usual abbreviation of dioptry is a capital D.; but as this letter 
is liable to be confused with the symbols of magnitude employed in the 
formulae, it seems preferable to follow the usage of Von Rohr and 
other modern writers on optics who have adopted the abbreviation 
dptr.j although doubtless many will object to this long form. 
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(optically) in air (n==l) at a distance of 1 meter from the 
vertex, the refracting power of the surface will be 1 dptr. 
and the radius of the surface will be equal to {n' — 1) meters, 
where n' denotes the index of refraction of the second me- 
dium. If the radius of curvature of a mirror is 50 cm., its 
reflecting power will be 4 dptr. if the reflecting surface is 
in contact with air (n = l), but it will be 5J dptr. if the 
surface is in contact with water (n=4). These examples 
are given merely to illustrate how the term dioptry is used. 

108. Lens-Gauge — The dial of the opticians^ lens-gauge 
described in § 99 is usually graduated so as to give in di- 
optrics the refracting power of the surface which is measured. 
The refracting power of a spherical refracting surface is 
proportional to its curvature, as we have seen (§ 105), but 
it is dependent also on the indices of refraction of the two 
media. If the first medium is air and if the index of re- 
fraction of the second medium is denoted by n, then P = 
(n— 1 )jB. The gauge actually measures the curvature 1?, and 
the readings on the dial correspond to the values of R mul- 
tiplied by the factor (n— 1). Direct readings of the refract- 
ing power (F) imply, therefore, that the maker has assumed 
a certain value of the index of refraction n; and if the actual 
value of n is different from this assumed value, the readings 
will be erroneous. The value of n assumed by the maker is a 
constant of the instrument, which should be marked on it, 
although it may easily be determined empirically by com- 
paring the readings with the determination of the curvature 
as obtained with an ordinary spherometer. 

Suppose that this constant is denoted by c, and that we 
wish to use the gauge to measure the refracting power (F) 
of a lens of negligible thickness made of glass of index n. 
If the refracting powers of the two surfaces of the lens are 
denoted by Fi and F 2 and the curvatures by Ri and R^j 
then F=Fi+F 2 where Fi={n—l)Ri, F 2 = “-(n '— 1 ) 122 , the 
minus sign in front of the last expression being necessary 
because the refraction in this case takes place from glass 
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to air. But if the constant c has a value different from n, 
the readings of the instrument for the two faces of the lens 
will not give the correct values Fi, F 2 of the refracting powers. 
Suppose the readings are denoted by Fi, F 2 , so that 
Fi= (c— l)Bi, ^ 2 '= ~(c— l)iJ 2 . Then evidently 


Fi=^^F:' 


c-1 


1 7 


^2 = 


C —1 ‘ 


and hence 


The gauge-readings must be multiplied therefore by the 
factor 


n— 1 
c — 1 

in order to obtain the correct values of the refracting powers. 
Suppose, for example, that the graduations on the dial cor- 
respond to a value c=1.54 and that the index of the lens 
to be measured is n=1.52. Then the value of the factor 
is 0.963; so that if the lens-gauge gives for the refracting 
power F the value 6.25 dptr., the correct value is obtained 
by multiplying this value by 0.963, that is, the correct 
value will be 6.02 dptr. 

109. Refraction of Paraxial Rays through a Thin Lens- 
System. — ^Let Ml designate the position of a point conju- 
gate to an axial object-point with respect to an infinitely 
thin lens of refracting power Fi, and let the point where 
the axis crosses the lens be designated by Ai. If the lens 
is surrounded by air, and if we put t^i' = AiMi', 

Ui^l/uu Ui'^l/ui', 
then 


Ui^=Ui+Fi. 

If now at a point A 2 on the axis of the lens beyond Ai (such 
that the distance d=AiA 2 is measured in the direction in 
which the light is going) another infinitely thin lens is set 
up with its axis in the same straight line with that of the 
first lens, then Mi' may be regarded as an axial object-point 
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M2 with respect to the second lens; and if M2' designates 
the position of the point conjugate to M2 (or Mi') with re- 
spect to this lens, then also (supposing that the second lens 
is surrounded by air and that its refracting power is denoted 
by P2), 

?72'=C/2+P2, 

where C/'2 = l/t^2, W — iM', U2 = A2M2== A2M1', 'i^'2=A2M2'. 
Obviously, the point M2' is the image-point conjugate to 
the axial object-point Mi with respect to the two lenses; 
so that regarding the system as a whole, we may write M, M' 
in place of Mi, M2' and {7, U' in place of ?7i, U2j respectively. 

Now let us impose the condition that the two thin lenses 
are in contact with each other or that they are as close together 
as possible; in other words, that the axial distance d between 
the lenses is negligible. If this is the case, the points Ai, A2 
are to be regarded as a pair of coincident points, and hence 

C/i'=J 72; 

and, therefore, we may write now: 

XJ^'^U+Fx, C7'=C7 i'+P 2. 

Eliminating Ui', we obtain: 

U'^U+{Fx+F2)] 

and if we put 

P = Pl+P2, 

we have finally: 

U'^U+F, 

Since this formula is seen to be identical in both form and 
meaning with the formula for a single thin lens, it appears 
therefore that a combination of two thin coaxial lenses in 
contact is equivalent to a single lens of refracting power F equal 
to the algebraic sum of the refracting powers Fi and F2 of the 
component lenses. 

Theoretically, this rule can be applied to a centered system 
of any number of thin lenses in contact. Thus, the total re- 
fracting power of a thin lens-system will be 

F^Fi+F2+ . . . +F^, 
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where the total number of lenses is denoted by m. This 
formula may be written: 

i=m 

F= S Pi, 

i — 1 

where Pi denotes the refracting power of the ith. lens. 

In the case of actual lenses placed together in this fashion 
it will always be a question, How far are we justified in 
neglecting the total thickness of the system? Two adjacent 
lenses may be placed in actual contact, but a third lens can- 
not be in contact with the first. Moreover, even when 
there are only two lenses, their outward forms may be such 
that it will not be possible to place them in tangential con- 
tact at their vertices, although they can always be made 
to touch at two points symmetrically situated with respect 
to their common axis. Attention is directed to this ques- 
tion chiefly in connection with the method of neutraUza-- 
tion of lenses which is practiced extensively in the fitting 
of spectacle glasses. Two infinitely thin lenses of equal and 
opposite refracting powers are said to “neutralize” each 
other, because when they are placed in contact their total 
refracting power (F1+F2) is equal to zero. Strictly speak- 
ing, the neutralization of a negative glass by a positive glass 
implies not only that the focal lengths are equal in magni- 
tude but also that the primary focal point of one lens shall 
coincide with the secondary focal point of the other. Both 
of these conditions are realized in a combination of a plano- 
concave with a plano-convex lens fitted together so as to form 
a slab with plane parallel sides. But even with the relatively 
thin lenses employed in spectacles sensible errors may be 
introduced by assuming, as is usually done, that the con- 
dition F1+F2—O is the sole or even the main consideration 
for neutralization. 

no. Prismatic Power of a Thin Lens. — Only such rays 
as go through the optical center (§ 88 ) emerge from a lens 
without being deviated from their original directions. The 
prismatic power of a thin lens, which, like the power of a 
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Fig. 141, a and 6. — ^Prismatic power of infinitely thin lens, (g) Convex, 
(6) Concave lens. 

thin prism (§ 70), is measured by the deviation of a ray in 
passing through it, depends not only on the refracting power 
of the lens but also on the place where the ray enters the 
lens. In the accompanying diagram (Fig. 141, a and h) 
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tlie point A designates the axial point of a thin lens of re- 
fracting power F. A ray RB incident on the lens at B passes 
out in the direction BS. If M, designate the points 
where the incident and emergent rays cross the axis, then 
ZM'BM= € is the angle of deviation; and if 0 = ZAMB de- 
notes the slope of the incident ray and 0' = Z AM'B denotes 
the slope of the emergent ray, evidently we have the rela- 
tion: 

€= d- &. 

The distance A=AB of the incidence-point B from the axis 
of the lens or the incidence-height of the ray is called by 
the spectacle-makers the decentration of the lens. Since 
the decentration of an ophthalmic lens is always compara- 
tively small, the ray RB may be regarded as a paraxial 
ray, and hence we can put 6 and 6' in place of tan0 and 
tan0' and write: 


e=--=-h.U, 6'- — !L = -h.V’, 

U U 

where t^=AM, u' = AM.\ C7=l/w, U' = llu', since the lens 
is supposed to be surrounded by air (n=l). Accordingly, 
e=hiU'-U), 

the deviation-angle e being expressed in radians if A, u and 
u' are all expressed in terms of the same linear unit. But 

U'-U^F; 


and hence 


e=h,F radians. 

In this formula the decentration h must be expressed in 
meters if the refracting power F is given in dioptrics. The 
above relation mav be derived immediately also from 
Fig. 142, where the incident ray RB is drawn parallel to 
the axis of the lens, so that in this case0' + € =0; and 


since tan 0'= 0'=—^=^, = -Jt=^fi,F, we obtain, as above, 
F'A f f 

e — h.F, If a screen is placed perpendicular to the incident 
iight coming in the direction RB, a spot of light will be pro- 
duced on the screen at the point N where the straight line 
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RB meets the screen; and if now a lens is interposed at a 
certain known distance from the screen, the deviation e can 
easily be determined by measuring the distance NL through 
which the spot of light is deflected. 

However, both the radian and the meter are inconven- 
iently large units for expressing the values of the small mag- 



Fig. 142. — ^Prismatic power of infinitely thin lens; incident ray parallel 

to axis. 


nitudes denoted by e and h. Opticians measure the devia- 
tion in terms of the centrad or in terms of the prism-dioptry, 
which in the case of small angles, as we have seen (§ 70), 
Is practically the same unit as the centrad. If the angle 
of deviation expressed in centrads or prism-dioptries is de- 
noted by p, while e denotes the value of this angle in ra- 
dians, then 

p = 100 €. 

Moreover, if the decentration h is given in centimeters in- 
stead of in meters, we obtain the following formula: 

p=h.F; 

that is, the deviation (p) in prism-dioptries {or centrads) pro- 
duced by a thin lens in any zone is equal to the product of the 
refracting power {F) of the lens in dioptrics by the radius {h) 
of the zone in centimeters; or as the opticians usually express 
it, the prismatic power of a thin lens in prism-dioptries is 
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equal to the product of the refracting power of the lens in 
dioptrics by the decentration in centimeters. For example, 
a spectacle glass of refracting power 5 dptr. must be de- 
centered about 0.4 cm. or 4 mm. in order to have a pris- 
matic power of 2 prism-dptr. 

If in Fig. 142 the distance AP of the screen from the lens 
is 1 meter, the deflection LN in centimeters of the spot of 
light will be equal to the prismatic power of a lens of focal 
length / = AF' decentered by the amount h = AB. 

PROBLEMS 

1. How is the curvature of a wave affected by reflection 
at a plane mirror? How is the curvature of a plane wave 
affected by reflection at a spherical mirror? 

2. The distance between a luminous point and the eye 
of an observer is 50 cm. A plate of glass (n = 1.5), 10 cm. 
thick, is interposed midway between the point and the eye 
with its two parallel faces perpendicular to the line of vision. 
Spherical waves spreading out from the luminous point 
are refracted through the plate and into the eye. Find the 
curvature of the wave-front: (a) just before it enters the 
glass, (b) immediately after entering the glass, (c) im- 
mediately after leaving the glass, and (d) when it reaches 
the eye. 

Ans. (a) — 5 dptr.; (6)— dptr.; (c)— 3|- dptr.; (d) 
— 2y dptr. 

3. What is the refracting power of a spherical refracting 
surface of radius 20 cm. separating air (n=l) from glass 
(n' = 1.5)? 

Ans. +2.5 dptr. or —2.5 dptr., according as the surface 
is convex or concave, respectively. 

4. If the cornea of the eye is regarded as a single spheri- 

cal refracting surface of radius 7.7 mm. separating air (n=^l) 
from the aqueous humor (n'== 1.336), what is its refracting 
power? Ans. 43.6 dptr. 
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5. Using the data of the preceding problem, find the re- 

fracting power of the cornea when the eye is under water 
(n=1.33). Ans. Nearly 0.78 dptr. 

6. What is the reflecting power of a concave mirror of 
radius 20 cm. when the reflectiag surface is in contact with 
(a) air (w = l) and (6) water (w=|)? 

Ans. (a) 10 dptr.; (6) 13.33 dptr. 

7. A convex spherical surface of radius 25 cm. separates 
air (n=l) from glass (n'=1.5). Find the refracting power 
and the reflecting power of the surface. 

Ans. Refracting power is +2 dptr.; reflecting power is 
- 8 dptr. 

8. The reflecting power of a spherical mirror in contact 
with air is -|-2 dptr. Determine the form of the mirror. 

Ana - A concave mirror of radius 1 meter. 

9. A spherical mirror is in contact with a liquid of re- 
fractive index n. If the reflecting power of the mirror is 
-t-2 dptr., show that the mirror is a concave mirror of radius 
n meters. 

10. The index of refraction of carbon bisulphide is 1.629. 
What is the reflecting power of a concave mirror of radius 
25 cm. in contact with this liquid? Ans. -f- 13.032 dptr. 

11. What is the refracting power of a thin symmetric 

convex lens made of glass of index 1.5, if the radius of cur- 
vature of each surface is 5 cm.? Ans. -|-20 dptr. 

12. The refracting power of a thin plano-convex lens 

made of glass of index 1.5 is 20 dptr. Find the radius of 
the curved surface. Ans. 2.5 cm. or nearly 1 inch. 

13. A thin convex meniscus lens is made of glass of in- 
dex 1.5. The radius of the first surface is 10 and that of the 
second surface is 25 cm. Assuming that the lens is sur- 
rounded by air (n= 1), find its refracting power. 

Ans. 4-3 dptr. 

14. If the lens in the preceding example were made of 
water of index I, what will be its refracting power? 

Ans. -1-2 dptr. 
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15. If the first surface of the lens in No. 13 were in con- 
tact with water (^ 2-1 = 1) and the second surface in contact 
with air (n 3 = 1), what will be the refracting power? 

Ans. — dptr. 

16. If the first surface of the lens in No. 13 were in con- 
tact with air {ni = 1) and the second surface in contact with 
water (^3 = |), what will be the refracting power? 

Ans. +4^ dptr. 

17. In examples 13, 14, 15 and 16 suppose the lens were 
reversed so that the opposite face was turned to the inci- 
dent light. What would be the answers to these problems 
then? 

Ans. The same answers would be obtained for Nos. 13 
and 14; but the answers for Nos. 15 and 16 would be inter- 
changed. 

18. Show that the lateral magnification in a spherical 
mirror, a spherical refracting surface or an infinitely thin lens 
is equal to the ratio of the reduced '' vergences U and TJ\ 

19. Describe the spherometer and the lens-gauge and 
explain their principles. 

20. Show how a plane wave is refracted through a thin 
lens, and derive from a diagram for this case the formula 
for the refracting power. 

21. Show how a plane wave is refracted through a thin 
prism, and derive the formula for the deviation in terms of 
the refracting angle of the prism and the relative index of 
refraction. 

22. The refracting power of a thin lens is +6 dptr. It 

is made of glass of index 1.5 and surrounded by air (n=l). 
If the radius of the first surface is -1-10 cm., what is the 
radius of the second surface? Ans. = ”50 cm. 

23. A convex lens produces on a screen 14.4 cm. from 
the lens an image which is three times as large as the object. 
Find the refracting power of the lens. Ans. 27.78 dptr. 

24. A lens-gauge graduated in dioptries for glass of in- 
dex 1.5 is used to measure a thin double convex lens made 
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of glass of index 1.6. The readings on the dial give +4 for 
both surfaces. Find the refracting power of the lens, assum- 
ing that its thickness is negligible. Ans. +9.6 dptr. 

25. Modern spectacle glasses are meniscus lenses with 
the concave surface worn next the eye. If the glass is to 
give the proper correction, it is very important for it to be 
adjusted at a certain measured distance from the eye. In 
determining this distance it is necessary to ascertain the 
^+ertex depth of the concave surface, that is, the perpen- 
dicular distance {t) of the vertex from the plane of the edge 
or contour of the surface. If the diameter of this contour 
expressed in millimeters is denoted by 2h, and if the refract- 
ing power of the surface next the eye, expressed in dioptrics, 
is denoted by and, finally, if the index of refraction of 
the glass is denoted by n, show that the vertex depth of the 
surface is approximately: 

t = — 0.0005 — L millimeters. 
n—1 

26. What is the refracting power of a leni which is equiva- 

lent to two thin convex lenses of focal lengths 15 and 30 cm., 
placed in contact? Ans. 10 dptr. 

27. A concave lens of focal length 12 cm. is placed in 
contact with a convex lens of focal length 7.5 cm. Find 
the refracting power of the combination. Ans. 5 dptr. 

28. The refracting power of a thin concave lens is 5 times 
that of a thin convex lens in contact with it. If the focal 
length of the combination is 8 cm., find the refracting power 
of each of the components. Ans. — 15 1 and +3 1- dptr. 

29. Two thin lenses, made of glass of indices 1.5 and 1.6, 

are fitted together with the second surface of the first lens 
coincident with the first surface of the second lens (r 3 =r 2 )< 
The radii of the surfaces are all positive and equal to 4, 11 
and 6 cm. taken in the order named. Find the refracting 
power of the combination. Ans. 3.41 dptr. 

30. What is the prismatic effect of a lens of power +4 dptr. 

decentered 0.75 cm.? Ans. 3 prism-dioptries. 
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31. Two thin convex lenses have each a focal length of 
1 inch. Find the position of the second focal point of the 
combination of these two lenses when they are placed with 
their axes in the same straight line; (a) when they are in 
contact, (b) when they are separated by 1.5 inches, and 
(c) when they are separated by 3 inches. Draw a diagram 
for each case showing the path of a beam of light coming 
from a distant axial object-point. 

Ans. (a) Half an inch beyond the combination; (6) be- 
tween the lenses and 1 inch from second lens; (c) 2 inches 
beyond second lens. 

32. A convex lens of focal length 20 cm. and a concave 
lens of focal length 5 cm. are placed 16 cm. apart. Find the 
positions of the focal points of the combination. 

Ans. One of the focal points is 420 cm. from the convex 
lens and 436 cm. from the concave lens; and the other focal 
point is 36 cm. from the convex lens and 20 cm. from the 
concave lens. 

33. How much must a lens of 5 dptr. be decentered in 

order to produce a deviation of 3° 30'? Ans. 1.22 cm. 

34. The radius of a spherical surface is measured by a 

spherometer and found to be 14.857 cm. Measured by a 
lens-gauge the reading is 3.5 dptr. What is the index of re- 
fraction of the glass for which the readings on the dial of the 
gauge have been calculated? Ans. 1.52. 

35. The radius of each surface of a thin symmetric double 
convex glass lens is 6 inches. The lens is supported with 
its lower face in contact with the horizontal surface of still 
water. Assuming that the sun is in the zenith vertically 
above the lens, and that its apparent diameter is 30', find 
the position and size of the sun’s image. (Take the indices 
of refraction of air, glass and water equal to 1, f and I-, 
respectively.) 

Ans A real image 12 inches below the surface of the water, 
.^.0785 inch in diameter. 
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ASTIGMATIC LENSES 

111. Curvature and Refracting Power of a Normal Sec- 
tion of a Curved Refracting Surface. — The refracting power 
(F) of a spherical surface is proportional to the curvature 
(R) of the surface, that is, F=^{n'—n)Ry where n and n' 
denote the indices of refraction of the media on opposite 
sides of the surface (§ 105). A spherical surface has the 
same curvature in every meridian, and hence also its re- 
fracting power is uniform, so that the refracted rays in 
one meridian plane are brought to the same focus as those 
in another meridian plane. But the surfaces of a lens are 
not always spherical (§ 87), and therefore, in order to ascer- 
tain what happens when a narrow bundle of rays is inci- 
dent perpendicularly on a curved reflecting or refracting 
surface of any form, we must investigate the reflecting or 
refracting power in different sections of the surface; and 
this means that we must investigate the curvature of these 
sections. In general, this is a problem of some difficulty 
and involves a more or less extensive knowledge of the 
theory of curved surfaces and the methods of infinitesimal 
geometry. No attempt can be made to explain this theory 
here, but for the student who is not already familiar with 
it, certain general definitions and propositions of geometry 
which have a direct bearing on the optical problems to be 
treated in this chapter will be stated as succinctly as pos- 
sible. 

The normal to a curved surface at any point is a straight 
line drawn perpendicular to the tangent plane at that point. 
The curved line which is traced on the surface by a plane 
containing the normal at a point A of the surface is called 
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a normal section through this point. The normal sections 
of a sphere, like the meridians of longitude of the earth (as- 
sumed to be a perfect sphere), are all great circles of the 
sphere, and their curvatures are equal. But, generally. 



Fig. 143. — Normal sections of curved surface: xAy and xAz planes of 
principal sections; xAP plane of oblique normal section. 


the curvatures of the normal sections through a point on 
a curved surface will vary from one section to the next; so 
that if we imagine a plane containing the normal to be turned 
around this line as axis, we shall find that for one special 
azimuth of this revolving plane the curved line which it 
carves out on the surface will have the greatest curvature, 
and that then as the plane continues to revolve the curva- 
ture of the section decreases and reaches its least value for 
an azimuth which is exactly 90° from that for which the 
curvature was greatest. Thus, for example, in a cylindri- 
cal surface the curvature at any point is least and equal to 
zero in a normal section whose plane is parallel to the axis 
of the cylinder, and it is greatest in a normal section made 
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by a plane perpendicular to the axis. At each point A of a 
curved surface the normal sections of greatest and least curva-> 
tures lie always in two perpendicular planes^ which are called 
the planes of the principal sections of the surface at A. The 
lines of intersection of these planes with each other and 
with the tangent plane at A may be chosen as the axes 
of reference of a system of rectangular coordinates x, y, z 
whose rr-axis is the normal Ax (Fig. 143). The centers of 
curvature of the principal sections made by the o^y-plane 
and the x^-plane will be designated by Cy and Cz, respec- 
tively; and the curvatures of the principal sections will be 
denoted by Ry and R^, so that if ry =ACy and rz= AC^ 
denote the principal radii of curvature of the surface at 
the point A, we must have here (§99) Ry — ljry and R^ 

= iM- 

Now there is a remarkable geometrical relation between 
the curvature of any normal section at A and the curvatures 
of the principal sections of the surface at this point which 
will be stated also without giving the proof. Let a plane 
containing the normal Ax intersect the tangent plane (or 
2 / 0 -plane) in the straight line AP (Fig. 143) and put ZyAP 
= d. The center of curvature of the normal section made 
by this plane lies also on the normal Ax at a point which 
may be designated as C^, so that the radius of curvature 
is ACe^rdj and the curvature itself is R^^l/r^. The con- 
nection between Re and the principal curvatures Ry and 
i2z is expressed by the following formula: 

where d denotes the angle which the normal section makes 
with the a: 2 /-plane. 

In a normal section at right angles to the first we should 
have, therefore, 

jffi^+90° = -By.cos^( 0+90^) +i?z*sin^( 0+90°), 
or, since cos( 0+90°) == -sin 0, sin( 0+90°) =cos 0, 
Re+go°=RySm^ 0+i2^cos^ 0. 
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Adding the curvatures Re and Re^^o^j we obtain the rela- 
tion : 

i?0 +90° = i2y + -Bz/ 

that is, the algebraic sum of the curvatures of any two normal 
sections intersecting each other at right angles at a point on 
a curved surface has a constant valuer which is equal to the 
algebraic sum of the principal curvatures at this point. 

These theorems concerning the curvatures of the normal 
sections at a point of a curved surface are due to the great 
mathematician Euler (1707-1783), who made notable con- 
tributions also to the theory of optics. 

Since, therefore, the curvature of a surface at the point A 
varies from one azimuth to another as has just been ex- 
plained, the power of a refracting surface will vary in 
exactly the same way. Accordingly, the principal sections 
for which the curvature of a refracting surface has its great- 
est and least values (i?y, Rf) are also the sections at this 
place of greatest and least refracting powers {Fy,Ff), because 
Fy = {n'—n)Ryj F^ == (n'— n)i?^. 

The refracting power at this place in an oblique normal 
section which is inclined to the a;y-plane at an angle 6 will be: 
Fd~{n' —Yi)Re; 

and the relation between Fe and Fy^ F^ is given by the 
formula: 

F0=Fy.cos^ 6+F^.sm^ 6; 

and moreover: 

Fd-\-Fe-\-^^ = jPy+Fz/ 

that is, the algebraic sum of the refracting powers in any two 
perpendicular normal sections through a point on a curved re- 
fracting surface is constant and equal to the algebraic sum of the 
principal refracting powers. 

For example, in Fig. 144, let A designate a point of a 
curved refracting surface, and let the normal at this point 
be represented by the straight line Ax, which in accordance 
with the preceding discussion is to be taken as the x-axis 
of a system of rectangular coordinates with its origin at A. 
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The y-sods is represented by a straight line drawn in the 
plane of the paper perpendicular to Ax. The plane of the 
paper represents the plane of one of the principal sections, 
whereas the xz-plane at right angles to this plane represents 



Fig. 144. — Chief ray of narrow bundle of rays normal to curved re- 
fracting surface: Principal sections xAy, xAz; tangent plane yAz. 


the plane of the other principal section. The tangent-plane 
at A is represented by the yz-plme perpendicular to the 
normal. Consider now a narrow bundle of rays which pro- 
ceeding from a point M on the normal are incident on the 
curved refracting surface at points which are all very close 
to A. This point M may be designated also by My or by 
Mz according as it is regarded as lying in the one or the other 
of the two principal sections; or it may be designated also 
by Me if it is to be considered as l 3 dng in an oblique normal 
section which is inclined to the a; 2 /-plane at an angle 6, The 
chief ray of the bundle is the ray which coincides with the 
normal to the surface at A and which proceeds therefore 
into the second medium without being deviated. A plane 
containing this chief ray will cut out from the bundle a pen- 
cil of rays which will be refracted at points of the surface 
which lie in a normal section. The pencil of rays proceed- 
ing from My in the rcy-plane will be refracted to a point My', 
while the pencil of rays proceeding from M,. will be refracted 
to a point M/; and, in general, these points My' and M^' will 
be two different points on the normal Ax, Now if ?7y, U/ 
denote the reduced ^'vergences" (§ 106) of the pair of conju- 
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gate points My, My' in one principal section; and, similarly, 
if {/z, f/z' denote the reduced vergences’' of the pair of con- 
jugate points Mz, Mz' in the other principal section, evi- 
dently we shall have the following relations: 

Similarly, also, a pencil of rays proceeding from M^ and 
meeting the refracting surface at points in an oblique nor- 
mal section will be refracted to a point M0' which will lie 
on kx between My' and Mz', so that 

Ve+Fe, 

If the bundle of incident rays is homocentric, that is, if 
the points designated by My, Mz and M(? are all coincident, 
then Uy=Uz=Ue=U, The peculiarity of the imagery 
consists in the fact that instead of obtaining a single image- 
point M' corresponding to an object-point M, as in the case 
of a spherical refracting surface, we iBuid here a whole se- 
ries of such points lying on the segment My'Mz' of the nor- 
mal Ax. This will be explained more fully in § 113. 

112. Surfaces of Revolution. Cylindrical and Toric 
Surfaces. — The curved reflecting and refracting surfaces 
of optical mirrors and lenses are almost without exception 
surfaces of revolution, that is, surfaces generated by the revo- 
lution of the arc of a plane curve around an axis in its plane. 
Accordingly, it is desirable to call attention to some of the 
special properties of these surfaces. The curve traced on 
a surface of revolution by a plane containing the axis of 
revolution is called a meridian section. The normals to the 
generating curve are also normals to the surface; and since 
the normal at any point of the surface lies in the meridian 
section which passes through that point, it follows that the 
normals to a surface of revolution aU intersect the axis of 
revolution. 

The two principal sections at any point of a surface of 
revolution are the meridian section which passes through 
that point and the normal section which is perpendicular 
to the meridian section. The center of curvature of the 
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latter principal section lies on the axis of revolution at the 
point where the normal crosses it. 

Not only are the surfaces of mirrors and lenses generally 
surfaces of revolution, but usually they are very simple types 

of such surfaces. A spher- 
ical surface may be consid- 
ered as generated by the 
revolution of a circle 
around one of its diame- 
ters. The other chief 
forms of reflecting and re- 
P fracting surfaces are cyl- 
indrical and toric surfaces, 
which are also compara- 
tively easy to grind. 

^ A cylindrical surface of 
revolution is generated by 
the revolution of a straight 
line about a parallel straight 
line as axis, called the axis 
of the cylinder. A meridian 
section of a cylinder at a 
point A on the surface 
(Fig. 145) will be a straight 
line of zero curvature, 
whereas the other principal 
section at right angles to 
°LSt «>e of tlf. cylinder will 
made by planes Ay and Az; obliq-ue be the arc of a circle 
section AP. whose curvature is = 1/r, 

where r denotes the radius of the cylinder. If the y-axis 
is drawn parallel to the cylinder-axis, then jKy=0, 
and hence according to Euler's formula given in § 111, 
the curvature in an oblique normal section AP inclined to 
the axis of the cylinder at an angle 0 will be 
Re—R.wi? 6. 
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This result may be obtained also independently by observ- 
ing that although the arcs Az and AP in Fig. 145 have the 
same sagitta (§ 99), their chords denoted by 2h and 2hd are 
unequal in length, because /i=/ia.sin 6. Now the curva- 
tures of two arcs having the same sagitta are inversely pro- 
portional to the squares of their chords; consequently, 

R ' 

and hence 


Re=Rjs\x)? d, 

exactly as above. Moreover, in a normal section perpen- 



dicular to the section AP, we find, by writing (0+90°) in 
place of 0, 

i?^_j.9O°=jB.cos^0; 

and therefore 


Re~\-R6-\-9Q'^~R‘ 

Accordingly, in the case of a cylindrical refracting sur- 
face, if the maximum refracting power is denoted by F, 
the refracting power in an oblique section inclined to the 
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axis at an angle d will be P.sin^ 6j and in a section at right 
angles to this P.cos^ 6, The refracting power F of a cylin- 
drical refracting surface may, therefore, be considered as 
in a certain sense capable of resolution into a refracting 
power jP.sin^ 6 in one oblique section and a refracting power 



Fig. 147, a and b . — Toric surfaces (reproduced from Prentice’s Ophthalmic Lenset 
and Prisms by permission of the author). 


jP.cos^ 0 in a section at right angles to the first; and since 
Fe+FdJrW=Fj 

we can say that the algebraic sum of the refracting 'powers in 
any two mutually perpendicular sections of a cylindrical re- 
fracting surface is constant a'nd equal to the maximum refract- 
ing power, 

A toric or toroidal surface (so-called from the architect- 
ural ferm torus applied to the molding at the base of an 
Ionic column) is a surface shaped like an anchor-ring which 
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is generated by the revolution of a conic section around an 
axis which lies in the plane of the generating curve but does 
not pass through its center. The surface of an automobile 
tyre is a toric surface, being generated by the revolution 
of the circular cross-section of the tyre around an axis per- 




Fig. 148, a and h . — Principal sections of toric lenses (reproduced from 
Prentice’s Ophthalmic Lenses and Prisms by permission of the author). 


pendicular to the plane of the wheel at its center. Toric 
refracting surfaces are generated always by the revolution 
of the arc of a circle (Fig. 146). The arcs of the two prin- 
cipal sections of a toric surface of a lens bisect each other 
at the vertex A of the surface, so that the normal Ax is an 
axis of symmetry. If the axis of revolution is parallel to 
the ^-axis of the system of rectangular coordinates, the 
center of the meridian section through A is at the center 
Cy of the generating circle, whereas the center of the other 
principal section at A is at the point of intersection of 
the normal Ax with the axis of revolution. 

The diagrams. Fig. 147, a and b (which are copied from 
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the beautiful drawings of Mr. Prentice in his valuable 
and original essay on '^Ophthalmic Lenses and Prisms^' in 
the American Encyclopcedia of Opthhalmology) show the two 
principal forms of toric surfaces. The principal sections of 
some types of toric lenses are indicated in Fig. 148, a and 6. 

A cylindrical surface of revolution may be considered as 
a special form of toric surface by regarding the segment of 
the generating straight line as the arc of a circle with an 
infinite radius. 

113. Refraction of a Narrow Bundle of Rays incident 
Normally on a Cylindrical Refracting Surface. Sturm’s 
Conoid. — In order to obtain a clear idea of the character 
of a bundle of rays refracted at a cylindrical surface or 
through a thin cylindrical lens, suppose, by way of illustra- 



Eig. 149. — Chief ray of narrow bundle meets cylindrical refracting surface 
normally; astigmatic bundle of refracted rays. Principal sections xAy 
and xAz. 


tion, that we consider a special case of the problem which we 
had in § 111 in connection with Fig. 144, namely, the case in 
which a narrow homocentric bundle of incident rays, origi- 
nally converging towards a point M, is intercepted before it 
reaches this point by being received on a cylindrical refract- 
ing surface which is placed so that the chief ray of the bundle 
meets the surface normally at a point A and proceeds, there- 
fore, along the normal Ax (Fig. 149) without being deflecte:.^ 
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For convenience of delineation, the cylindrical surface is 
represented in the figure as the first surface of an infinitely 
thin piano-cylindrical lens, but the explanation is not es- 
sentially affected by the fact that it applies to a bundle of 
rays which have undergone also a second refraction at the 
plane face of the lens. The bundle of incident rays is not 
represented in the figure. The point where the chief ray 
meets the lens is designated by A. In the drawing this point 
A is marked on the second or plane face of the lens, but since 
the lens is supposed to be infinitely thin, this point may be 
regarded also as lying on the first face. The plane of the 
paper represents the meridian section of the cylindrical sur- 
face through the vertex A, and hence the axis of the cylinder 
is in this plane and parallel to the straight line Ay perpendic- 
ular to Ax in the meridian or a^^z-plane. This meridian plane 
is one of the principal sections at the vertex A of the cylin- 
drical surface; whereas the other principal section is the 
rrsi-plane at right angles to the plane of the paper. The 
bundle of rays is cut by these principal sections in a pencil 
of meridian rays lying in the meridian xy-plme and a pencil 
of sagittal rays (named by analogy with the so-called sagittal 
suture in anatomy) lying in the xz-pleLXie; the chief ray of 
the bundle being common to both of these pencils, since it 
is the line of intersection of the two principal sections of the 
bundle. Now the meridian rays traversing the infinitely 
thin cylindrical lens in a section containing the axis of the 
cylinder will be entirely unaffected in transit and will pro- 
ceed therefore to the point M just as though the thin piece 
of glass had not been interposed in the way; so that this 
point regarded now as the point of rendezvous, so to speak, 
of the meridian rays after they have passed through the 
lens may also be designated by My', as in fact it is marked 
in the diagram. On the other hand, the rays of the sagittal 
pencil meet the surface in points lying on the arc of the sec- 
tion made by the rrsj-plane, and the rays in this plane are 
refracted just as they would be through a piano-spherical 
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lens of the same curvature as that of the cylinder; and ac- 
cordingly after passing through the lens they will be brought 
to a focus at a point on the chief ray Ax, which in the 
case here supposed will be between the lens and the point 
My', as represented in the figure. 

The bundle of rays after refraction is no longer homocentric, 
so that an object-point is not reproduced in a cylindrical 
lens by a single image-point or even by a pair of image-points, 
since only the meridian and sagittal image-rays intersect 
in the so-called image-points My' and M^', respectively. 
Under such circumstances, the bundle of image-rays is said 
to be astigmatic (or without focus), which, in fact, is the 
general character of a bundle of optical rays, as will be 
further explained in Chapter XV. 

Rays which are incident on the cylindrical surface in an 
oblique section made by a plane containing the normal Ax 
will be brought to a focus at a point lying between My' and 
Mz', as explained in § 111. But the two points My' and M^' 
have a superior right to be regarded as the image-points of 
the astigmatic bundle of rays, not only because they are 
the image-points of the two principal pencils of the bundle, 
but also because the so-called image-lines of the astigmatic 
bundle of rays are located at these places, as we shall pro- 
ceed to show. 

Imagine a straight line drawn on the surface of the cylin- 
der parallel to the ^/-axis and at a short distance from the 
xg-phne, and consider the pencil of rays which meet the 
surface in points lying along this line; these rays after pass- 
ing through the lens will meet in a point in the X 2 ;-plane a 
little to one side of the image-point My'; and the assemblage 
of these image-points will form a very short image-line per- 
pendicular to the meridian section of the bundle of rays at 
the point My'; just as though the pencil of meridian rays 
had been rotated through a very small angle around an 
axis parallel to the ^/-axis and passing through M^/ And, 
similarly, if the pencil of sagittal rays is rotated slightly 
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on both sides of the oj^-plane around an axis parallel to the 
z-a>xis and passing through the image-point My', the image- 
point M/ will trace out a little image-line perpendicular to 
the sagittal section of the astigmatic bundle of rays. Thus, 
instead of a point-like image of a point-like object or point- 
to-point correspondence between object and image, that is, 
instead of the so-called 'punctual imagery which we have 
when paraxial rays are reflected or refracted at a spherical 
surface, we obtain here something essentially different; for 
in this case each point of the object is reproduced by two 





tiny image-lines, each perpendicular to the chief ray of the 
bundle, one in one principal section and the other in the other 
principal section; so that if one of the image-lines is vertical, 
the other will be horizontal. The image-line which passes 
through the image-point of the meridian rays lies in the 
plane of the sagittal section, and vice-versa. 

The case in which an object-point is reproduced by two 
short image-lines is the simplest form of astigmatism, and 
it is only under exceptionally favorable circumstances that 
it can be actually realized as described above. The astig- 
matic bundle of rays represented in Fig. 150, which is com- 
pletely symmetrical in the two principal sections is known 
as Sturm's conoid after the celebrated mathematician who 
appears to have been the first to make a systematic investi- 
gation (1838) of the characteristics of a narrow bundle of 
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optical rays. If the lens-opening is determined by a small 
circular stop in a plane at right angles to the optical axis 
(or x-axis) and with its center on this axis, the transverse 
sections of the astigmatic bundle of refracted rays made by 
planes perpendicular to the chief ray (that is, parallel to 
the 2 /^-plane) will be ellipses with their major axes parallel 
to the y-axis in one part of the bundle and parallel to the 
;^-axis in the other part. These elliptical sections become 
narrower and narrower as they approach either of the image- 
lines, at both of which places the elliptical section collapses 
into the major-axis of the ellipse. At some intermediate 
point between the two image-lines the section of the bundle 
will be a circle (the so-called circle of least confusion”). 

114. Thin Cylindrical and Toric Lenses. — Optical lenses 
may now be classified in two principal groups, namely, 
anastigmatic (or simply stigmatic) lenses and astigmatic lenses^ 
according as the imagery produced by the refraction of par- 




Z), Convex. 

Fig. 151, a and h. — ^Plano-cylindrical lenses, 
axial rays through the lens is punctual imagery or not (§ 113). 
Anastigmatic lenses are single focus lenses, whereas astig- 
matic lenses may be said to be double focus lenses. The 
essential requirement is that the optical axis of the lens. 
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which is generally an axis of symmetry, shall meet both 
faces normally (§ 87) ; and another condition that must 
always be fulfilled in an actual lens is that the planes of the 
principal sections at the vertex of the first surface shall also 
be the planes of the principal sections at the vertex of the 
second surface. Astigmatic lenses are generally cylindrical 
or toric. 

Cylindrical lenses are made in three forms, namely, piano- 
cylindrical (one surface cylindrical and the other plane, 



Fig. 152. — Sphero-cylindrical lens. 



Fig. 151, a and h), cross-cylindrical (both surfaces cylindrical, 
the axes of the cylinders being at right angles), and sph^o- 
cylindrical (one surface cylindrical and the other spherical, 
Figs. 152 and 153). All of these forms are quite common in 
modern spectacle glasses, but prior to 1860 cylindrical lenses 
were hardly employed at all. The first scientific use of a 
cylindrical lens seems to have been made by Fresnel 
(1788-1827) in 1819 for the purpose of obtaining a luminous 
line. In 1825 Sir George Airy (1801-1892), afterwards the 
distinguished astronomer-royal at Greenwich, employed a con- 
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cave sphero-cylindrical glass to correct the myopic astigma- 
tism of one of his eyes. But it was not until Donders 
(1818-1889) published his treatise on astigmatism and cyl- 
indrical glasses in 1862 that their importance began to be 
recognized by ophthalmologists all over the world. 

In a toric lens usually only one of the surfaces is toric 
(§ 112), while the other is plane or spherical. The diagrams, 
Fig. 147, a and 6, and Fig. 148 show the principal types of 
toric lenses. 

Let Fy,i, Fy ,2 and ^ 2 , 2 , denote the refracting powers 
of the two surfaces of an astigmatic lens in the rry-plane and 
rr^J-plane, respectively, which are the planes of the principal 
sections of the thin lens with respect to its optical center A. 
Now the total refracting power (F) of a thin lens was found 
(§ 105) to be equal to the algebraic sum (F 1 +F 2 ) of the 
powers of the two surfaces of the lens; so that applying this 
formula to an astigmatic lens, we obtain for the refracting 
power in the two principal sections: 

“ Py,l+Py,2? Fz = Pz,l+Pz,2- 

In each of the following special cases the lens is supposed 
to be surrounded by the same medium (n) on both sides, 
while the index of refraction of the lens itself is denoted by n'. 

(1) Consider, first, the case of a piano-cylindrical lensy 
which in a principal section containing the axis of the cylin- 
der acts, as was remarked (§ 113), like a slab of the same 
material with plane parallel faces; whereas in the other prin- 
cipal section the effect is the same as that of a piano-spherical 
lens of the same radius (r) as that of the cylinder. If the 
axis of the cylinder is parallel to the ^-axis, and if the plane 
surface is supposed to be the second surface, we shall have 
in this case: 

^y;l"=^y .2 =='^2,2 = 0, 

and, consequently: 

Fy = 0, F 2 = F^,! = F = {n'-n)Ry 

where F denotes the maximum refracting "power of the cylin- 
drical surface, and i2 = l/r denotes its curvature. 
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If M designates the position of an object-point lying on 
the optical axis (:c-axis) of a thin piano-cylindrical lens, and 
if designates the position of the corresponding image- 
point produced by the refraction through the lens of the 
rays which lie in the plane of a normal section inclined at 
an angle d to the axis of the cylinder; and if we put 

AM = w, AMe' = u^j U — nlu, Ue'=nlu0, 

then 

U-\-Pq^ where 6; 

and for the two principal sections: 

(2) In a cross-cylindrical lens the axes of y and z are par- 
allel to the axes of the cylinders. Assuming that the cylin- 
drical axis of the first surface of the lens is parallel to the 
2 /-axis, we have for a thin lens of this form; 

Fy,l = F,,2 = 0, 

Fy=Fy, 2 =— (n' “ n) i = (?^' - n) Ri, 

F^= (n'-n)(i2i.sin20-F2.cos-0); 
where Ri, R^ denote the maximum curvatures of the cylin- 
ders and Fd denotes the refracting power in a section in- 
clined at an angle 6 to the axis of the first surface. 

(3) In a thin sphero-cylindrical lens, if we suppose, for 
example, that the axis of the cylindrical surface is parallel 
to the y-axis and that this surface is also the first surface 
of the lens, then 

Fy,l = 0, Fy,2=F^,2=-F2j 

Fy=Fy,2-=-~(n'-n)R2, 

Pz = F 2 , 1 +Fy — (n/ — n) {Ri — R 2 ) , 

Fd = in' — n) (i?i.sin^ 6 — i? 2 ) ; 

where Ri, R 2 denote the maximum curvatures of the cylin- 
drical and spherical faces, respectively, and Fe denotes the 
refracting power of the combination in a plane inclined at 
an angle d to the axis of the cylinder. 

(4) Consider, finally, a thin toric lens, whose second face 
may be supposed- to be spherical, so that if r 2 denotes 
the radius of this surface^ its refracting power will be 



318 Mirrors, Prisms and Lenses [§ 115 

^ 2 = —(n'—n)R 2 , where i22=l/r2- Then if Ry,i, R^^i denote 
the principal curvatures of the toric surface, the refracting 
powers of the lens will be 

Fe = (n^—n) (jBy,i.cos^ 0+i2z,i-sin^ d—R^). 

115. Transposing of Cylindrical Lenses. — The orientation 
of a cylindrical refracting surface is described by assigning 
the value of the angle <p which the axis of the cylinder makes 
with a fixed line of reference. In a cylindrical spectacle 
glass this line of reference is a horizontal line usually imag- 
ined as drawn from a point opposite the center of the pa- 
tient ^s eye either towards his temple or towards his nose; 




Fig. 154. — Mode of reckoning axis of cylindrical eye-glass. 

and the angle through which this line has to be rotated in 
a vertical plane in order for it to be parallel to the axis of 
the cylinder is the angle denoted by (p. In England and 
America it is customary to imagine the horizontal line of 
reference as drawn from the center of the glass towards that 
temple of the patient which is on the right-hand side of an ob- 
server supposed to be adjusting the glass on the patient ^s 
eye; so that for a glass in front of either eye the radius vector 
is supposed to rotate in a counter-clockwise sense from 0® 
to 180°, as represented in Fig. 154. A different plan was 
recommended by the international ophthalmological con- 
gress which met in Naples in 1909, whereby the angle <p was 
to be reckoned from an initial position of the radius vector 
drawn horizontally from a point opposite the center of the 
eye towards the nose. According to this plan, the sense of 
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rotation will be clockwise for one eye and counter-clockwise 
for the other eye, as represented in Fig. 155. 

A sphero-cylindrical glass is described in an ophthalmo- 
logical prescription by giving the refracting power P of 
the cylindrical component and the refracting power Q of 
the spherical component, together with the slope ip of the 
axis of the cylinder, in a formula which is usually written 
as follows: 

Q sph. O P cyh, ax.^, 
where the S 3 nnbol O means ''combined with.’’ 

Opticians speak of transposing a lens when they substi- 
tute a glass of one form for an equivalent glass of another 



Fig. 155. — Mode of reckoning axis of cylindrical eye-glass. 


form. All that is necessary for this purpose is to see that 
the powers of the lens in the two principal sections remain 
the same as before. The following rules for transposing 
cylindrical lenses may be useful: 

( 1 ) To transpose a sphero-cylindrical lens into another 
sphero-cylindrical lens or into a cross-cylindrical lens: 

A lens given by the formula Q sph. O P cyL, ax. 9 ? is 
equivalent to either of the following combinations: 

a. Sphere-cylinder: (P+Q) sph. O — P cyh, ax. =*=90°) 

b. Cross-cylinder : (P+ Q) cyl. , ax. <pC^Q cyl. , ax. ( ^ =*= 90°) . 
The power of the spherical component in the original com- 
bination is Q dptr. in both principal sections, and the power 
of the cylindrical component is P dptr. in the section which is 
inclined to the line of reference at an angle =*=90°) ; so that 
the combined power in this latter section is (P+Q) dptr. 
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Accordingly, a spherical surface of power (P+Q) dpti, 
must be combined with a cylindrical surface of power 
—P dptr. and of axis-slope (^=^=90°). With respect to the 
double sign in the expression ^^=±=90°), the rule is to select 
always that one of the two signs which will make the slope 
of the cylinder-axis positive ard less than 180°. Thus, for 
example, +8 dptr. sph. 0+2 dptr. cyl., ax. 20° is equiva- 
lent to +10 dptr. sph. O “2 dptr. cyl., ax. 110° or to 
+ 10 dptr. cyl., ax. 20° O +8 dptr. cyL, ax. 110°. 

(2) To transpose a cross-cylindrical lens into a sphero- 
cylindrical lens: 

The combination P cyl., ax. ^ O P cyl., ax. (<ii?=t= 90 °) 
is equivalent to either of the following: 

a. Sphero-cylinder: P sph. O (P— P) cyl., ax. =±=90°), or 

b. Sphero-cylinder: R sph. O (P~P) cyl., ax. <p. 

Thus, +2 cyl., ax. 80° O +3 cyl., ax. 170° may be replaced 
by either +2 sph. 0+1 cyl., ax. 170° or +3 sph. O 
— 1 cyl, ax. 80°. 

(3) To transpose a spherical lens into a cross-cylinder: 

Q sph, is equivalent to Q cyl., ax. ^ O Q cyl., ax. (<p =±= 90°), 
where the angle <p may have any value between 0° and 180°. 
For example, +5 sph. is equivalent to +5 cyl., ax. 10° O 
+5 cyl., ax. 100°. 

(4) The refracting powers of a toric surface in the prin- 
cipal sections are Fy = (n^—n)lry and F^ — {n^~-n)lr^. Let 
us suppose that the axis of revolution is parallel to the 
2 /-axis. The toric refracting surface may be replaced by a 
sphero-cylindrical lens in either of two ways, as follows: 

a. Fj. sph, O (Py—Pz) cyl., axis parallel to y-axis. 

b. Fy sph. O (Pz—Py) cyl., axis parallel to 2 :-axis. 

116. Obliquely Crossed Cylinders. — Oculists and optom- 
etrists sometimes prescribe a bi-cylindrical spectacle-glass 
with the axes of the cylinders crossed, not at right angles 
(as in the so-called cross-cylinder), but at an acute or obtuse 
angle 7 ; and as it is not easy to grind a lens of this form, 
the optician prefers to make an equivalent sphero-cylinder 
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or a cross-cylinder, which will have precisely the same op- 
tical effect as the prescribed combination of obliquely crossed 
cylinders. His problem may be stated thus: 

Being given the refracting powers Fi, F 2 of the two sur- 
faces of the bi-cylindrical lens, and the angle y between 
the directions of the axes of the cylinders, it is required to 
calculate the refracting powers P and Q of the cylindrical 
and spherical components, respectively, of the equivalent 
sphero-cylindrical combination, together with the direction 
of the axis of the cylinder; that is, it is required to transpose 
Fi cyL, ax.<^ sO F 2 cyL, ax. (^+ 7 ) 

into 

Q sph. O P cyL, ax. {(p+ a). 

Simple working formulse for converting one of these lenses 
into the other were developed 
first by Mr. Charles F. 

Prentice. The following 
method is based on an ar- 
ticle On obliquely crossed 
cylinders’^ by Professor S. P. 

Thompson published in the 
Philosophical Magazine (se- 
ries 5, xlix., 1900, pp. 316- 
324). 

In Fig. 156 the straight 
lines OA and OB are drawn 
parallel to the cylindrical 
axes of the bi-cylindrical lens, 
sothat ZA0B = 7 . Through 
0 draw another straight line 
OC, and let ZAOC be de- 
noted by 0. In the sec- Fig. 156.-~Axes of obliquely crossed 
tion of the lens at right cylinders, 

angles to OC the total refracting power will be (see 

§ 112 ): 

Fi.cos^ 0+F2 .cos^(7— 6 ) ; 
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and in the section containing OC: 

Fi.sin^ 0+P2.sin^(7- 6 ), 

The sum of these two expressions is equal to (P 1 +P 2 ) ; and 
according to the theory of curved surfaces (§ 111 ), this sum 
must also be equal to the sum of the maximum and mini- 
mum refracting powers of the equivalent sphero-cylindrical 
lens. Now, obviously, (P+Q) will be the maximum (or 
minimum) refracting power in a section of the latter lens 
at right angles to the axis of the cylinder, whereas Q will be 
the minimum (or maximum) refracting power in the sec- 
tion containing the axis of the cylinder; accordingly, first 
of all, we find that we must have: 

2Q+P=Pi+P2. 

Now there is a certain value of the angle 0, say, 6= a, 
for which the first of the two expressions above will be a 
maximum (or minimum) and the second a minimum (or 
maximum) ; and if we can determine this angle a, the prob- 
lem will practically be solved, because then we shall have: 

P+Q = Pi.cos^a+P2.cos^(7-- a), 
Q=Pi.sin^a+P2.sin^(7— a); 

where (on the assumption that Q is the minimum refracting 
power in the section containing the axis of the cylinder) a 
denotes the angle between the cylindrical axis of the sphero- 
cylinder and the cylindrical axis of the cylinder whose refract- 
ing power is denoted by Pi. Now in order to ascertain this 
angle a, all we have to do (as will be obvious to any one 
who is familiar with the elements of the differential calculus) 
is, first, to differentiate the expression 

Pi.cos^ 0 +P 2 .cos 2 ( 7 - 0) 

with respect to 0, and then, after writing a in place of 0, 
to put the resultant expression equal to zero. Thus we ob- 
tain the following equation for finding the angle a in terms 
of the known magnitudes Pi, P 2 and 7 : 

— 2Pi.sina .cosa+ 2 P 2 .sin( 7 — a).cos( 7 — a)=0; 
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which may also be put in the following form: 

Fi Fj 

sin2(7— a) sin2a" 

Moreover, since P = (P+Q) — Q, we find: 

P=Fi{cos^a—siTpa)+F2 {cos^(7— a)— sin^(7— a)} 
= Fi.cos2a+F2.cos2(7— a); 

and if in this formula we substitute the value 


we shall find: 


sin2a 
sin2(7— a) 


Fi, 


p_ sin27 p 
sin2(7— a) 


C 



Fig. 157. — Graphical mode of finding cylindrical component (F) of 
sphero-cylinder equivalent to two obliquely crossed cylinders of powers 
Fi and Fs. 

Hence, 

P_. 

sin2(7-o) sin2a sin27’ 
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which at once suggests an elegant and simple graphical 
solution of the problem. For, evidently, according to the 
above relations, the magnitudes denoted by Fi, and P 
may be represented in a diagram (Fig. 157) by the sides of 
a triangle whose opposite angles are 2(7— a), 2 a and 
( 180 °— 27 ), respectively. Hence the rule is as follows: 

On any straight line lay off a segment AB to represent, ac- 
cording to a certain scale, the magnitude of the refracting 
power Fi] and let X designate the position of a point on AB 
produced beyond B. Construct the ZXBC equal to twice 
the angle between the axes of the two given cylindrical com- 
ponents (ZXBC = 2 7 ); and along the side BC of this angle 
lay off the length BC to represent the magnitude of the re- 
fracting power Fa. Then the straight line AC will repre- 
sent on the same scale the magnitude of the refracting power 
P of the cylindrical member of the equivalent sphero- 
cylindrical lens, and the ZBAC = 2a will be equal to twice 
the angle between the cylindrical axes of the surfaces whose 
powers are denoted by Fi and P. For calculating the values 
of P, Q and a, we have by trigonometry the following sys- 
tem of formulae: 

P =+'\/Ff+Fi+ 2 Fi.F 2 .cos 27 , 

^_Fi+F2~P 


tan 2 a = : 


F2.sin27 


F1-I-F2.COS27' 

which will be found to be applicable in all cases, whether 
the signs of Fi, F 2 are like or unlike. 

There is, to be sure, another solution also, in which the 
cylindrical axis of the sphero-cylindrical lens is inclined to 
the cylindrical axis of the cylinder of power F» at the angle 
(OO'^+ct). For if the refracting power Q of the spherical 
member is assumed to be the maximum (instead of the 
minimum) refracting power of the sphero-cylindrical com- 
bination, then (P+Q) will be the minimum power in a sec- 
tion at right angles to the axis of the cylinder; and in this 
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case the refracting power of the cylindrical component will 
be represented by the dotted line AC' in Fig. 157 which is 
equal to AC in length but opposite to it in direction. In 
fact, in this case the fo rmulae for P and Q will be as follows . 

P= — VFf+FH-2Fi.F2.cos27, 

/^_^’i+F2+P 
^ 2 

This result could have been obtained from the first result by 
transposing; for, according to § 115, Q sph. O P cyh, ax. cj) 
is equivalent to (P+Q) sph. O ~P cyl- where 

the symbols P and Q denote here the powers of the first 
combination. 

Moreover, since Q sph. O P cyl., ax.<^ is equivalent also 
to (P+Q) cyl., ax .0 C Q cyl., ax. (<^±90°), two obliquely 
crossed cylinders may be replaced by a cross-cylinder of 
powers (P+Q) and Q. In fact, since 

iP+Q)+Q=Fi+F2, 

(P+e) -Q = VP!+Pi+ 2 Pi.P 2 .cos 27 , 

it follows that: 

(,P+Q)Q^Fi.F2.s]iP'Y; 

so that this formula will give us the product of the powers 
of the equivalent cross-cylinder, and since their sum P-\-2Q 
= P 1 +P 2 , the values of (P-fQ) and Q may be obtained in- 
dependently, without first finding the value of P. 

The following numerical example will serve to illustrate 
the use of the formula;: 

Given a combination of obliquely crossed cylinders as 
follows: 

■+4 cyl., ax. 20° O -2.75 cyl., ax. 65°; 
let it be required to find the equivalent sphero-cylinder 
and also the equivalent cross-cylinder. 

We must put Pi =-1-4, because Pi denotes the power of 
the cylinder whose axis-slope is the smaller of the two. Then 
P 2 = -2.75 and 7 =(65°— 20°)=45°. Substituting these 
values, we find : 

P=+4.85 Q = -1.8, a=-17°16'. 
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Accordingly, the given combination is equivalent to one of 
the three following: 

+4.85 cyL, ax. 2° 44' O — 1.8 sph. ; 

-4.85 cyL, ax. 92^ 44' O +3.05 sph. ; 

+3.05 cyL, ax. 2° 44' O — 1.8 cyL, ax. 92"^ 44'. 

If y=: 90°, then P=Fi— P 2 , 0 = ^2 and a-O®, or 

P=F 2 — Fi, Q=Fi and a = 0°; so that we can write: 

Pi cyL, ax. (j>C^F 2 cyL, ax. 90°) 
is equivalent to 

Fi sph. O (F 2 —F 1 ) cyL, ax. (^=*=90°) 
or 

F 2 sph. O (Pi~-P 2 ) cyL, ax. 
exactly as found in § 115. 

PROBLEMS 

1. The radius of a convex cylindrical refracting surface 

separating air from glass (n = 1.5) is 8^ cm. What is its 
refracting power in a normal section inclined to the axis of 
die cylinder at an angle of 60°? Ans. +4.5 dptr. 

2. A curved refracting surface separates air and glass 

(n': 71=3: 2), and the radii of greatest and least curvature 
at a point A on the surface are ry =+10 cm. and rz = 
+5 cm. Find the interval between the two principal image- 
points corresponding to an object-point lying on the normal 
to the surface at A in front of the surface and at a distance 
of 30 cm. from it. Ans. 67.5 cm. 

3. The principal refracting powers of a thin astigmatic 
lens surrounded by air are denoted by Fy and F^. The prin-^ 
cipal image-points corresponding to an axial object-point 
M are designated by My and M^. If the optical center of 
the lens is designated by A, and if we put U — lIu^ where 
76= AM, then 

(Fy+U) (fI+U) • 
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4. The refracting powers of a thin astigmatic lens in the 
two principal sections are +3 and +5 dptr. The lens is 
made of glass of index 1.5. Find the radii of the two sur- 
faces for each of the following forms: (a) Cross-cylinder; 
(b) Sphero-cylinder; c) Plano-toric. 

Ans. (a) Double convex cross-cylinder, radii 10 and 
16 I cm.; (6) Double convex sphero-cylinder, radius of 
sphere 16 | cm., radius of cylinder 25 cm.; or convex me- 
niscus sphero-cylinder, radius of sphere 10 cm., radius of 
cylinder 25 cm.; (c) Radii of toric surface 10 and 16 f cm. 

5 The principal refracting powers of a thin lens are +4 
and —5 dptr. If the refracting power in an oblique normal 
section is +2 dptr., what will be its refracting power in a 
normal section at right angles to the first? and what is the 
angle of inclination of the 2 section to the +4 section? 

Ans. - 3 dptr.; 28° r 32". 

6. Two cylinders each of power +1.18 dptr. are com- 
bined with their axes inclined to each other at an angle of 
32° 3' 50". Show that the combination is equivalent to 
+0.18 sph. O +2 cyl., axis midway between the axes of 
the two given cylinders. 

7. Show that 

+2 cyl., ax. 0° O —3 cyL, ax. 53° 26' 14" 
is equivalent to 

-2.53 sph. O +4.06 cyl., ax. —22° 30'. 

8. Transpose 

-1.25 cyl., ax. 20° C +3.25 cyl., ax. 53° 41' 24.25" 
into the equivalent sphero-cylinder. 

Ans. —0.5 sph. 0+3 cyl., ax. 65°, 
or + 2.5 sph. O ~3 cyl., ax. 155°. 

9. Transpose 

+9.5 cyl., ax. 0° O +10 cyl., ax. 57° 40' 45" 
into the equivalent sphero-cylinder. 

Ans. +4.53 sph. O +10.43 cyl, ax. 30°, 
or +14.96 sph. O — 10.43 cyl., ax. 120°c 
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10. Find the sphero-cylindrical equivalent of 

4-2 cyl., ax. 20° O +3 cyl., ax. 70°. 

Ans. +0.85 sph. O + 3.3 cyl., ax. 51° 42 ', 
or + 4.15 sph. O —3.3 cyl., ax. 141° 42'. 

11. Transpose 

-1.75 cyl., ax. 120° C +1-25 cyl., ax. 135° 
into the equivalent cross-cylinder. 

Ans. +0.207 cyl., ax. 98° 30' Q -0.707 cyl., ax. 8° 30'. 

12. Transpose +4 cyl., ax. 80° 0-2 cyl., ax. 120° into 
the equivalent cross-cylinder. 

Ans. +3.075 cyl., ax, 65° 50' O -1.075 cyl., ax. 155° 50' 

13. Find the equivalent combinations of the following: 

+2.25 cyl., ax. 40° O —4.00 cyl., ax. 115°. 

Ans. (1) +6.05 cyl., ax. 30° 21' 20"O -3.90 sph. 

(2) -6.05 cyl., ax. 120° 21' 20" O -b2.15 sph, 

(3) +2.15 cyl., ax. 30° 21' 20" O -3.90 cyl., 
ax. 120° 21' 20". 



CHAPTER X 


GEOMETRICAL THEORY OP THE SYMMETRICAL OPTICAL 
INSTRUMENT 

117. Graphical Method of tracing the Path of a Paraxial 
Ray through a Centered System of Spherical Refracting 
Surfaces. — Nearly all optical instruments consist of a com- 
bination of transparent, isotropic media, each separated 
from the next by a spherical (or plane) surface; the centers 
of these surfaces lying all on one and the same straight line 
called the optical axis of the centered system of spherical 
surfaces, which is an axis of symmetry. In a symmetrical 
optical instrument of this kind it is sufficient to investigate 
the procedure of paraxial rays in any meridian plane con- 
taining the axis. 

The indices of refraction of the media will be denoted by 
7^l, ^ 2 , etc., named in the order in which they are traversed 
by the light; so that if m denotes the number of refracting 
surfaces, the index of refraction of the last medium into 
which the rays emerge after refraction at the mth surface 
will be Tim+i. The indices of refraction of the two media 
which are separated by the kth surface (where k denotes 
any integer between 1 and m, inclusive) will be and 
The vertex and center of the Ath surface will be designated 
by Ak and Ck, respectively; and the radius of this surface 
will be denoted by rk=AkCk. Moreover, if Mk, Mk+i 
designate the positions of the points where a paraxial ray 
crosses the axis before and after refraction, respectively, at 
the Mh surface, these points will be a pair of conjugate axial 
points with respect to this surface; and the points Mi, M„a-ui 
will^ therefore, be a pair of conjugate axial points with respect 
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to the entire centered system of m spherical refracting sur- 
faces. 

The accompanying diagram (Fig. 158 ) represents a merid- 
ian section of an optical system of this kind. The straight 
line MiBi represents the path of a paraxial ray in the first 
medium which crossing the axis at IVIi meets the first 
surface (yi) in the point marked Bi. Similarly, the path 



Fig. 158. — Path of paraxial ray through centered system of spherical re- 
fraoting surfaces. 


of the ray from the first surface to the second surface is 
shown by the straight line B1B2 which crosses the axis at M2. 
Thus, the entire course of the ray is shown by the broken 
line M1B1B2B3M4 which is bent in succession at each of the 
incidence-points Bi, B2, B* (supposing that m= 3 , as repre- 
sented in the diagram) . 

The figure shows also the path of another paraxial ray, 
emanat ing from an object-point Qi near the optical axis but 
not on it and represented here as l3dng perpendicularly 
above Mi. This ray is the ray which leaves Qi along a straight 
line which passes through the center Ci of the first refracting 
surface and also through the point Q2 which is conjugate to 
Qi with respect to this surface. This point Q2 can be lo- 
cated by determining the point of intersection of the straight 
line QiCi with the straight line M2Q2 drawn perpendicu- 
lar to the axis at M2. Similarly, the point Qa conjugate to 
Q2 with respect to the second refracting surface will be at 



Fig. 159.— Graphical method of tracing path of paraxial ray through cen- 
tered system of spherical refracting surfaces. 

in § 76 , as follows: If the straight line MiBi (Fig. 159 ) rep- 
resenting the path of the ray in the first medium meets the 
perpendicular erected to the optical axis at the center Ci in 
the point Xi, and if on this perpendicular a second point Xi' 
is taken such that CiXi : C{Ki'=ni : wi, then the straight 
line BiXi' will determine the path BiBa of the ray in the 
second medium. Draw C2Y2 parallel to CiXi, and let Y2 
designate the point of intersection of the straight lines 
B1B2 and C2Y2; and on C2Y2 take a point Y2' such that 
C2Y2: C2Y2'=n3: rh, and draw the straight line Y2'B2 meeting 
the third refracting surface in B3 and intersecting in Z3 the 
straight line drawn through Cs parallel to C2Y2. If on CsZs 
a point Z3' is taken such that CsZ3 : C3Z3' =^.4 : nz, then the 
strai^t line B3Z3' will determine the path of the ray after 
refraction at the third surface. This process is to be re- 
peated until the ray has been traced into the last medium. 
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118. Calculation of the Path of a Paraxial Ray through 
a Centered System of Spherical Refracting Surfaces.— Ob- 
viously, just as in the case of a single spherical refracting 
surface (§ 80), any figure lying in a plane in the object-space 
perpendicular to the optical axis of a centered system of 
spherical refracting surfaces will be reproduced by means 
of paraxial rays by a similar figure in the image-space also 
lying in a plane perpendicular to the optical axis. 

Moreover, if we put 

AkMk=Uk, AkMk+i=Mfc', 

the abscissa-formula (§ 78) for the kth surface may be writ- 
ten: 

%+! ^ % I %+l— Wk 

Uk Uk Tk 

If also we employ the symbol 

dk “ AkAk+1 

to denote the distance of the vertex of the (^:-l-l)th surface 
from that of the fcth surface or the so-called axial thickness 
of the (fc-t-l)th medium, then, evidently: 

Mk 4*1 “ dk ) 

which enables us to pass from one surface to the next. 

If in these so-called recurrent formula we give k in suc- 
cession the values A = l, 2, . . . , (m— 1), and if also in the 
first formula we put finally k=m, we shall obtain (2 ot— 1) 
equations; and if the constants of the system are all known, 
that is, if the values of all the magnitudes denoted by n, r 
and d are given, together with the initial value U\, which 
denotes the abscissa of the axial object-point, these (2m— 1) 
equations will enable us to determine the value of each of 
the u’s in succession. The position of the image point M^+i 
conjugate to the axial object-point Mi will have been ascer- 
tained when we have foimd the value of the abscissa 

The secondary focal poini of the system is the point F' 
where a paraxial ray which is parallel to the axis in the first 
medium crosses the axis in the last medium; and if we put 
Ui= (X) , then Wm'=AmF' will be the abscissa of the second- 
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ary focal point with respect to the vertex of the last surface. 
Similarly, the primary focal point is the point F where a par- 
axial ray must cross the axis in the first medium if it is to 
emerge in the last medium in a direction parallel to the axis. 
In this case, therefore, we must put — oo and solve for 
wi = AiF in order to obtain the abscissa of the focal point F 
with respect to the vertex of the first surface of the system. 

The focal planes are the planes at right angles to the axis 
at the focal points F, F'. 

Moreover, if we put ^k = MkQk, then according to the 
formula for the lateral magnification in a spherical refracting 
surface (§ 82), we can write for the A^th surface: 

yk+l _ ^k ffk . 

Vk ^k+1 Uk ' 

and if we give k all integral values from ^ = 1 to k—m, we 
shall obtain m equations, one for each surface, wherein the 
denominator of the ratio on the left-hand side of each of 
these proportions will be the same as the numerator of the 
corresponding ratio in the preceding one of the series. Hence, 
if we multiply together all of these equations, and if, finally, 
we put 

y=yi, 2/' = 2/m+i, n=ni, n'=ri^+i, 
we shall obtain: 

y' n U 1 .U 2 . . . uj 
y n' ui.u-i . . . u^’ 
which may be written also; 

k — m 

TT^k' 

y n'-L ’ 

k-1 

where the symbol 11 placed in front of an expression in this 
way means merely that the continued product of all terms 
of that type is to be taken. Thus having found the values 
of all the w^s, both primed and unprimed, we can calculate 
by this formula the lateral magnification produced by the 
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entire centered system of spherical refracting surfaces for 

any given position of the object-point. 

Moreover, for the kth. surface the so-called Smith- 

Helmholtz formula (§ 86) will have the form: 

'^k-Vk- = ^k+1; 

where 0k==ZAkMkBk; and if here also we give k all values 
in succession from &==1 to /r=m, we shall obtain: 
di = n2.y2. ^2= - • • 

and finally: 

v!.y\ 6'=n.y. d, 

where n, n' and y, y' have the same meanings as above, and 

e=: du 6'^ C+n 

119. The so-called Cardinal Points of an Optical System. 

The methods which have just been explained, although 
perfectly simple in principle, involve a more or less tedious 
process of tracing the path of a paraxial ray from one surface 
to the next throughout the entire system. We have now 
to explain the celebrated theory of Gauss (1777-1855) which 
was developed (1841) in order to avoid as much of this labor 
as possible, by keeping steadily in view the fxmdamental re- 
lations between the object-space and the image-space. It is 
easy to show that the imagery produced by a symmetrical op- 
tical instrument in the vicinity of the a^xis is completely de- 
termined so soon as we know the positions of the focal points 
and one pair of conjugate points on the axis, together with 
the ratio of the indices of refraction of the first and last media 
of the system. However, for this purpose certain pairs of 
conjugate axial points are distinguished above others on 
account of their simple geometrical relations; and of these 
the most important are the principal points and the nodal 
points. These two pairs of conjugate points, together with 
the focal points, are sometimes called the cardinal points of 
the optical system?^ We shall explain now how these points 
are defined. ^ 

(1) The Focal Planes and the Focal Points.-— In every 
centered system of spherical refracting surfaces there are 
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two (and )nly two) transversal planes at right angles to the 
axis which are characterized by the following properties: 

A bundle of paraxial object-rays which all meet in a point 
in one of these planes {called the primary focal plane) will 
emerge from the system as a cylindrical bundle of parallel 
image-rays; and, similarly, a cylindrical bundle of parallel 
object-rays will emerge from the system as a bundle of image- 
rays which all meet in a point in the other one of these planes 
{called the secondary focal plane). The points in which these 
focal planes are pierced by the axis are the primary and sec-- 
ondary focal points F and F', respectively. 

(2) The Principal Pla7ies and the Principal Points. — ^Again, 
in every symmetrical optical system there is one (and only 
one) pair of conjugate transversal planes characterized by 
the property, that in these planes object and image are con- 
gruent; and, therefore, any straight line drawn parallel to the 
axis will intersect these planes in a pair of conjugate points. 
These are the so-called principal planes, one belonging to 
the object-space {the primary principal plane) and the other 
belonging to the image-space {the secondary principal plane). 
The points H, H' where the optical axis crosses the prin- 
cipal planes are the principal points of the system. Atten- 
tion was first directed to these points by Moebius in 1829, 
but it was Gauss who recognized their significance for the 
development of simple and convenient general formulae in 
the theory of optical imagery. 

In the principal planes the lateral magnification is unity, 
that is, y'=y. (And hence the principal planes and principal 
points are called also, especially by English writers, the unit 
planes and the unit points.) Consider, for example, the case of 
a single spherical refracting surface, for which we found (§ 85) 

y' _ f 

y f+y^ f 

If we put y'=y, we find u' =u=0; which means that the 
principal points of a spherical refracting surface coincide with 
each Qfher at the vertex of the surface (§ 81). We saw likewise 
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that these points coincided with each other at the optical 
center of an infinitely thin lens (§ 94). 

A useful rule is as follows: 

To any ray in one region (object-space or image-space) 
which goes through the focal point belonging to that region, 




Fig* 160, a and 6. — Focal points (F,F0 and principal points (H, H') of 
(a) convergent and (6) divergent optical system. 

there will correspond a ray in the other region which is par- 
allel to the axis, and the rectilinear portions of the path of 
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the ray in these two regions will intersect in a point lying in 
the principal plane of that region to which the focal point in 
question belongs; as is illustrated in the accompanying dia- 
grams at W and at V' (Fig. 160, a and b). 

(3) The Nodal Planes and the Nodal Points. — Finally, in 
every centered system of spherical refracting surfaces there 
is also a pair of conjugate transversal planes characterized 
by the property, that the angle between any pair of object- 



Fig, 161 . — Principal points (H, H') and nodal points 
(N, NO. 


rays which intersect in a point lying in the so-called primary 
nodal plane will be exactly equal to the angle between the cor- 
responding pair of image-rays which meet in the conjugate 
point of the secondary nodal plane. The nodal points N, N' 
where the axis meets these planes were remarked first by 
Moser in 1844, but they were brought into prominence 
through the work of Listing (1845) with whose name there- 
fore they are generally associated. The distinguishing fea- 
ture of this pair of conjugate axial points is that object-ray 
and image-ray cross the axis at the nodal points at exactly the 
same slope. For example, if the straight line NU (Fig. 161) 
represents the path of an object-ray which crosses the axis 
at the primary nodal point and meets the primary principal 
plane in the point marked U, the path of the corresponding 
image-ray will be represented by a straight line N'U' which 
is drawn parallel to NU and which meets the secondary prin- 
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cipal plane in the point marked U', so that if Z HNU = d, 
ZH'N'U'= d\ then 0'- 6, 

Obviously, the quadrilateral NUU'N' is a parallelogram, 
and hence H'N' = HN; that is, the step from one of the prin- 
cipal points to the corresponding nodal point is identical with 
the step from the other principal point to its corresponding nodal 
point The nodal points, therefore, lie always on the same 
side of the corresponding principal points and at equal dis- 
tances from them. If the primary nodal point and principal 
point coincide, the same will be true of the secondary nodal 
point and principal point. Moreover, since NN' = UU' = 
HH', the interval between the nodal planes is precisely the 
same as the interval between the principal planes. 

If in the Smith-Helmholtz formula (§ 118) we put 0' = 
d, we find for the lateral magnification in the nodal planes 
of a centered system of spherical refracting surfaces 

yL=VL 

y 

where n and n' denote the indices of refraction of the first 
and last media, respectively. Applying this result to the 
case of a single spherical refracting surface, we obtain for 
the nodal points N, N' the conditions u' ^u = r, that is, 
AN' = AN = AC. Consequently, the nodal points of a spher- 
ical refracting surface coincide with each other at the center 
C of the surface; as might have been inferred at once from 
the fact that a central ray is not deviated by refraction at a 
spherical surface. 

(4) Various writers on optics have distinguished other 
pairs of conjugate axial points besides the principal points 
and nodal points, but none of these can be said to have 
achieved a permanent place in the literature of the subject. 
We may mention the so-called negative principal points, in- 
troduced by Toepler in 1871, which are characterized by 
the fact that for this pair of points the lateral magnification is 
equal to —1; that is, y' = —y, so that the image is inverted 
and of same size as object. Professor S. P. Thompson, hav- 
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ing this property in view, has re-named them much more 
happily the symmetric points of the optical system. 

120. Construction of the Image-Point Q' conjugate to an 
Extra-axial Object-Point Q. — If the principal planes and 
focal planes have been determined, it will not be necessary 
to trace the path of a ray in the interior of the system. Sup- 



Fig. 162. — Construction of image-point Q' conjugate to object-point Q 
in an optical system. 


pose, for example, that Q (Fig. 162) designates the position 
of an object-point not on the axis; the position of the point 
Q' conjugate to Q may be constructed as follows: 

Through Q draw a straight line QV parallel to the axis 
meeting the secondary principal plane in the point marked 
V' and also another straight line QF meeting the primary 
principal plane in the point marked W. The required point 
Q' will be found at the point of intersection of the straight 
line V'F' with the straight line WQ' drawn parallel to the 
axis. The feet of the perpendiculars let fall from Q, Q' on 
to the axis will locate also a pair of conjugate axial points 
M, M'. The construction is seen to be entirely similar to 
that given in §§ 71, 81 and 92. The case represented in the 
figure is that of a convergent optical system, in which parallel 
object rays are converged to a real focus at a point in the 
secondary focal plane. The student should draw for him- 
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self the corresponding diagram for the case of a divergent 
optical system, 

121. Construction of the Nodal Points N, N'.^ -Having de- 
termined the position of the point Q' conjugate to Q, we can 
easily locate the positions of the nodal points N, N'. For 
example, on the straight line WQ' (Fig. 162) take a point Z 
such that ZQ' = HH', and draw the straight line QZ meeting 
the primary principal plane in the point U. Draw UU' par- 
allel to the axis meeting the secondary principal plane in 
the point U'. Evidently, the straight lines QU and Q'U' will 



jFig. 163. — Construction of nodal points (N, N'), and proof of 
relation I' F'=FR. 


be parallel, and the points where they cross the axis will be 
the nodal points N, N' (§ 119). 

A simpler way of constructing the nodal points N, N' is 
as follows: 

Through the primary focal point F draw a straight line 
FW meeting the primary principal plane in the point marked 
W, and through W draw a straight line parallel to the axis 
meeting the secondary focal plane in a point marked I' in 
Fig. 163. This point V is the image-point of the infinitely 
distant point I of the straight line FW. The straight line 
drawn through I' parallel to FW will meet the axis in the 
secondary nodal point N'; and the position of the other nodal 
point N can be found immediately. 

The diagram shows also that 

FH=N'F'; 
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whence it follows (§ 119) that 

F'H'=NF. 

Accordingly, the step from one nodal point tc the correspond- 
ing focal point is identical with the step from the other focal 
point to its corresponding principal point. In fact, the three 
segments of the axis FF', HN' and H'N all have a common 
half-way point. 

Incidentally, another useful relation may be seen at a 
glance in Fig. 163. Let R designate the point where the ray 
IH which passes through the primary principal point crosses 



Fig. 164. — Construction of image-point Q' conjugate to object-point Q in 
an optical system. 


the primary focal plane; the corresponding image-ray will 
pass through the secondary principal point H' and cross the 
secondary focal plane at I'; and, obviously, since FRHW 
and HWI'F' are both parallelograms, 

rF'=FR; 

Consequently, a pair of conjugate rays passing through the 
principal points H, H' will cross the focal planes at equal dis- 
tances from the axiSj but on opposite sides thereof. 

This result may be utilized in the construction of the 
point Q' (Fig. 164) conjugate to the object-point Q. Let 
X designate the point where the straight line QH crosses 
the primary focal plane; and take a point Y' in the secondary 
focal plane such that F'Y ' = XF. Then the required point Q' 
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will be at the point of intersection of the straight line H'Y' 
with either of the straight lines W'Q' or V'F' shown ba the 
figure. 

122. The Focal Lengths f, f'. — ^Let us employ the symbols 
0 ), 0 )' to denote the slopes of a pair of conjugate rays which 
pass through the principal points H, H'; thus, in Fig. 164 
Z FHX= CO, Z F'H'Y'= co'; and since in the case of paraxial 
rays we may write co andco' in place of tan co and tanco' 
(see § 63), we have: 

FX F'Y'_ 

FH F'H' " ■ 

Accordingly, dividing one of these equations by the other, 

and taking account of the fact that F'Y'==XF (§ 121), we 
obtain: 

FH ^_cy 
F'H' CO ' 

Since the lateral magnification in the principal planes is 

equal to +1, that is, since y'—y (§ 119), the Smith-Helm- 
HOLTZ formula (§ 118) for the pair of conjugate points 
H,H' takes the form: 

n'. co'=7i.co, 

where n and n' denote the indices of refraction of the first 
and last media of the optical system. 

If, therefore, the focal lengths of the optical system are de- 
fined as the dbscissoe of the principal points with respect to their 
corresponding focal points, that is, if we put/=FH, /' = F'H', 
where/ and/' denote the primary and secondary focal lengths, 
respectively, then combining the relations found above so 
as to eliminate the angles co and co', we find: 

L=:-^VL- 

r n" 

which may be put in words as follows: The focal lengths of 
a centered system of spherical refracting surfaces are propro- 
tional to the indices of refraction of the first and last media, 
and are opposite in sign; except in the single case when the 
optical system includes an odd number of reflecting surfaces. 
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in which case the focal lengths will have the same sign (that is, 
in this exceptional case, ///'— +n/nO. 

It appears, therefore, that the formula, 
n\f-\-n.f=^0, 

which was found (§§ 79 and 96) to hold for a single spherical 
refracting surface and for an infinitely thin lens, expresses, 
in fact, a perfectly general relation which is true of any 
centered system of spherical refracting surfaces. Consider, 
for example, the optical system of the human eye in which 
the first medium is air (n=l) and the last medium is the 



Fig. 165. — Focal lengths (/»/') of an optical system. 

so-called vitreous humor whose index of refraction is 7i' = 
1.336. In Gullstrand^s schematic eye (see § 130) the 
primary focal length is found to be /= + 17.055 mm., 
whence, according to the above formula, the secondary 
focal length is /'= —22.785 mm. 

In particular, when the media of object-space and image- 
space are identical (n' = ?i), the focal lengths are equal in mag- 
nitude ^ but opposite in sign (/'= “-/). This is the case with 
most optical systems, since they are usually surrounded by 
air. According to the definitions of the focal lengths given 
above, it follows from § 121 that 

FH=N'F'=/, F'H' = NF=f; 
and hence we see that the nodal points (N, N') of an optical 
system surrounded by the same medium on both sides coincide 
with the principal points (H, H') ; for when n' =ny then 
FH =/ = -/' = FN, FH' ==/' = -/= F'N'. 
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The focal lengths of a centered system of spherical re- 
fracting surfaces may be defined also exactly as in §§ 83 
and 95. If in Fig. 165 we put ZHFW= 0,ZH'F'V'= 6', 
we can write : 


/=FH = 


HW 
tan 6 ’ 


/ = FH' = 


WY' 
tan 6' 


^ tan ‘ tan ' 

and since HW=FT, H'V'=FJ, tanl9= 6, tan(9'= 6', 
have: 


we 


, F'F ,, FJ 

/ ^ . / Q,- 

Accordingly, we may also define the focal lengths as follows: 
The focal length of the object-space (/) is equal to the ratio of 
the linear magnitude of an image formed in the focal plane 
of the image-space to the apparent (or angular) magnitude of 
the correspondingly infinitely distant object; and, similarly, the 
focal length of the image-space (/') is equal to the ratio of the 
linear magnitude of an object lying in the focal plane of the 
object-space to the apparent (or angular) magnitude of its in- 
finitely distant image. 

The focal lengths may be said, therefore, to measme the 
magnifying power of the optical instrument, for if the appara- 
tus is adapted to an emmetropic eye (§ 153), the image will 
be formed at infinity, and the magnifying power will be deter- 
mined by the ratio of the apparent size of the image to the 
actual size of the object (see Chapter XIII). 

123. The Image-Equations in the case of a S 3 ntnmetrical 
Optical System. — ^The image-equations are a system of re- 
lations which enable us to find the position of an image- 
point Q' (Fig. 162) conjugate tc a given object-point Q. 
The position of the point Q will be given by its two co- 
ordinates referred to a system of rectangular axes in the 
object-space in the meridian plane in which the point Q lies. 
Naturally, the optical axis will be selected as the axis of 
abscissae and either the primary focal point F or the primary 
principal point H as the origin. Thus, if we put 

HM-u, MQ=2/, 
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the object-point Q will be the point (x, y) or the point (m, y), 
according as we take the origin at F or H, respectively. 
Similarly, in the image-space, if we put 

F'M'=a:', WW=u', M'Q'=2/', 
the coordinates of Q' will be denoted by (x', y') or (u', y') 
according as the origin of this system of axes is at F' or H', 
respectively. 

a. The image-equcdioTis referred to the focal points F, F'. — 
The following proportions are obtained from the two pairs 
of similar triangles FHW, FMQ and F'H'V', F'M'Q': 
HW_FH M'Q'_F'M'. 

MQ FM’ H'V' F'H"' 

and since 

HW=M'Q'=2/', H'V'=MQ=j/, FH=/, F'H'=/', 

we find immediately: 

yl=.L=t . 

y X f’ 

whence the coordinates x', y' can be found in terms of the 
given coordinates x, y and the focal lengths/, f. 

These formulae, which were obtained formerly for cer- 
tain simple special cases (§§ 69, 85 and 93) are seen, there- 
fore, to be entirely general and applicable always to any 
symmetrical optical system. The so-called Newtonian 
form of the abscissa-relation, viz., 

x.x'=f.f, 

shows that the product of the focal-point abscissae is constant. 

h. The image-equations referred to the principal points 
H,H'. — ^Again, the following proportions are derived from 
the two pairs of similar triangles FHW, QVW and F'H'V', 
Q'W'V': 

Wy_VQ_HM V'W'_W'Q'_H'M' . 

HW FH FH ’ H'V' F'H' F'H' ’ 
and since WV=WH-t-HV=Q'M'-|-MQ= -(y'-y) and 
V'W' = V'H'-f-H'W' = QM-I-M'Q' = (y' - y) , we find : 
y'— y _ u y'-y _u' 

~ y' / ’ V f 
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These relations give the following expressions for the lateral 
magnification: 

y ^ f fy' ' 

Clearing fractions, we obtain: 

/.u'+/'.u+u.u' = 0, 

and dividing through by u,u\ we have the well-known 
abscissa-relation : 

i-+^'+l=0; 

u u 

which may also be obtained directly by substituting a; =/+u, 
in the equation x.x'—j.f. 

By means of these formulae, the coordinates z^', may 
be found in terms of the given coordinates u, y and the 
focal lengths/,/'. 

Since n\f+n.f = 0 (§ 122), we have also another expres- 
sion for the lateral magnification, viz., 

y^ _n,u' ^ 


which has likewise been obtained already in the special case 
of a single spherical refracting surface (§ 82). 

A simple and convenient method of locating the positions 
of pairs of conjugate axial points is suggested by the ab- 
scissa-relation 

1 + 4+1 = 0 ; 

u u 

which may be put in the following form: 

u 

Suppose, therefore, that the axial line segment H'F' is shoved 
along the optical axis until the secondary principal point H' 
is brought into coincidence with the primary principal point 
H, and that then the optical axis in the image-space (x') is 
turned about H until it makes a finite angle with the op- 
tical axis in the object-space {x)^ as represented, for example, 
in Fig. 166. Through the focal points F and F' draw the 
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straight lines FS and F'S parallel to H'F' and HF, resp)ec- 
fiively, and let S designate their point of intersection. Then 
any straight line drawn through S will intersect x and x' in 
a pair of conjugate axial points M, M'; for if we put m=HM 
and = in the equation above, the equation will 



Fig. 166. — Construction of point M' conjugate to 
axial object-point M in an optical system. 


evidently be satisfied. The vertex S of the parallelogram 
HF'SF is the center of perspective of the two point-ranges 
X and x'. 

c. The image-equations referred to any pair of conjugate 
axial points 0, O'. 

If the origins of the two systems of rectangular axes are 
a pair of conjugate axial points 0, 0' whose distances from 
the focal points F, F' are denoted by a, a', respectively, so 
that FO =a, F'O' = a'; and if we put 
OM=z, 

then 


x^a+Zj x'=a'+z\- 

and if these values of x and x' are substituted in the equa- 
tions 


y X 
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we obtain : 

y' _ f _ a'+z' 
y a+z f 

Since a.a'' =/./', the relation between z and z' may be put in 
the form: 

^+^'+ 1 = 0 , 

where the constants are now a and a' instead of / and/'. 

Suppose, for example, that the pair of conjugate axial 
points 0, 0' is identical with the pair of nodal points N, N'; 
then 

a = FO = FN = a' = F'O' = F'N' = 

so that the image-eqvxitions referred to the nodal 'points 
will have the following forms; 

z'^z' y z-f r ’ 

where z = NM, z' - N'M'. 

d. The image-eqmtions in terms of the refracting power 
and the reduced vergences (see §§ 105 and 106). 

The refracting power of the optical system is defined 
(§ 105) by the relations: 

_n' 

^ f r 

where n, n' denote the indices of refraction of the first and 
last media. Similarly, the reduced vergences (§ 106) with 
respect to the principal points are: 


If, therefore, in the image-equations referred to the prin- 
cipal points we eliminate /, /' and w, u' by means of thes6 
two pairs of formulae, we obtain the image-equations in the 
following exceedingly useful and convenient form: 

U'^U+F, 1 : 4 . 

If the linear magnitudes are measured in terms of the meter 
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as unit of length, the magnitudes denoted here by t/, U' 
and F will all be expressed in dioptrics (§ 107). 

124. The Magnification-Ratios and their Mutual Re- 
lations. — (a) The lateral magnification y. This has al- 
ready been defined as the ratio of conjugate line-segments 
lying in planes at right angles to the optical axis. The fol- 
lowing expressions were obtained for this ratio in § 123: 

y X f' f-\-u f f.u n'.u U'" 
whence we see that the lateral magnification is a function 
of the abscissa of the object-point, and that in any optical 
system it may have any value from— oo to + oo depending 
on the position of the object. 

Q)) The axial magnification or depth-ratio x. If x, x' de- 
note the abscissae with respect to the focal points of a pair 
of conjugate axial points, and if a;+c, a;'+c' denote the ab- 
scissae of another pair of such points immediately adjacent 
to the former, then, since 

x.x'=^f .f = {x+c) (x'+cO, 

and since moreover the product c.c' is a small magnitude of 
the second order as compared with either of the small factors 
c or c', and is therefore negligible, we find: 

c.x' + c\x = 0. 

The ratio c' : c of small conjugate segments of the axis 
is called the axial or depth-magnification. If this ratio is 
denoted by the symbol x, then, according to the equation 
above: 

X “ , 

C X x^ 

so that, whereas the lateral magnification is inversely pro- 
portional to the abscissa x, the depth-magnijication is inversely 
proportional to the square of x. In fact, the relation between 
the axial magnification and the lateral nmgniScation may 
be expressed as follows: 

f n ' 
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The axial magnification or '^depth-elongation^’ of a small 
object is proportional to the square of its lateral magnification. 
If, therefore, we take a series of ordinates, 1, 2, 3, 4, etc. 
(Fig. 167), all of equal height and at equal intervals apart 



Fig. 167. — Relation between axial or depth-magnification and lateral 

magnification. 

(like a row of telegraph poles), their images will be of un- 
equal heights and at unequal distances apart; but the in- 
tervals between the successive images will increase or di- 
minish far more rapidly than the corresponding changes in 
their heights. Accordingly, the image of a solid object can- 
not, in general, be similar to the object, but will be distorted, 
since the dimension parallel to the axis of the optical system 
is altered very much more than the dimensions at right angles 
to the axis. This uneven distribution of the images of ob- 



Fig. 168. — ^Angular magnification or convergence-ratio. 


jects at different distances explains "the curious effect no- 
ticeable in modern binocular field-glasses of high power, 
but seen also in opera-glasses and telescopes, in which the 
successive planes of landscapes seem exaggerated, and flat- 
tened almost like the flat scenery of the theater. Thin trees 
and hedges, for example, seem to occupy definite planes; and 
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the more distant objects appear to be compressed up toward 
those in front of them ’’ (Professor S. P. Thompson). 

(c) The angular magnification or so-called convergence- 
ratio z. If the slopes of conjugate rays are denoted by 0, 6% 
that is, if we put (9 = ZFMJ, 0' = ZF'MT (Fig. 16S), 
where M, M' designate the points where the ray crosses the 
axis in the object-space and image-space, respectively, and 
J and I' designate the points where it crosses the primary 
and secondary focal planes, then evidently: 


tan 6 = 


FJ 

MF’ 


tan 6' = 


FT' 

M'F'‘ 


But the focal lengths are defined by the equations (§ 122): 
. F'F FJ 

^ tan 6^ ^ tan d' ^ 

and therefore: 

^ . F'l' , FJ 

tan0==-^, 

Eliminating the intercepts FJ and F'l', we obtain: 

_ tan 6' _ / 

tan 6 /' x' ^ 

where the ratio J 2 r=tan 0 ' :tan0 (or 6' : 6) is called the 
angular magnification or the convergence-ratio. It is directly 
proportional to the abscissa x of the object-point M. 

The three magnification-ratios x, y and z are connected 
by the following relation: 


PROBLEMS 

1. Taking the index of refraction of water =|, show 
that the sun's rays passing through a globe of water, 6 inches 
in diameter, will be converged to a focus 6 inches from the 
center of the sphere. 

2. A small object is placed at a distance u from the nearer 
side of a solid refracting sphere of radius r and of refractive 
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index n. Show that the distance of the image from the other- 
side of the sphere is 

f _ 2r{u—r) — n.us 
^ 2{n—l)u-{n—2)r^ 

and find the lateral magnification. 

3. A luminous point is situated at the first focal point of 
an infinitely thin symmetric double convex lens made of 
glass (of index 1.5) and surrounded by air. The radius of 
each surface is 15 cm. Show that the image formed by rays 
which have been twice reflected in the interior of the lens 
before emerging again into the air will be on the other side 
of the lens at a distance of 2.5 cm. from it. 

4. An optical system is composed of two equal double 
convex lenses. The index of refraction of the glass is n= 
1.6202, and the radii, thicknesses, etc., are as follows: 

^r4=47.92243; rg- - r2= 9.39617, • 
di = ds = 0.2 ; ^2 = 2.4287. 

If an incident paraxial ray crosses the axis at a distance 
—7.31101 from the vertex of the first surface, show 
that the emergent ray will cross the axis at a distance uU— 
33.65725 from the vertex of the last surface. 

5. A. Gleichen in his Lehrbuch der geometrischen Optik 
gives the following data of P. Goerz's double anastigmat^^ 
photographic objective, composed of three cemented lenses, 
the first being a positive meniscus of crown glass, the second 
a double concave flint glass lens, and the third a double con- 
vex crown glass lens: 

Indices of refraction: 

7 ii=-yi 5 = l; n 2 = 1.5117; ^3 — 1.5478; ^4 = 1.6125 
Radii: 

ri= -0.128965; r2= -0.049597; r3= +0.196423; 

r4= -0.1266629 
Thicknesses: 

di= +0.01277; ^2 = +0.00664; ds- +0.02114. 

Show that the second focal point of this system is at a dis- 
tance of +1.111095 from the, vertex of the last surface. (See 
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scheme for calculation of paraxial ray through a centered 
system of spherical refracting surfaces, § 181). 

6. Define the nodal points N, N' and show that FN = —/'j 
F'N' = —fj where F, F' designate the positions of the focal 
points and f, f denote the focal lengths of the optical system. 
Under what circumstances are the nodal points identical 
with the principal points? 

7. Derive the image-equations referred to the principal 
points. 

8. Given the positions on the optical axis of the principal 
points and of the focal points; construct the nodal points. 
Also, construct the point Q' conjugate to a given object- 
point Q. Draw diagrams for convergent and divergent 
systems. 

9. Prove that 

n'./4-n./'=0, 

where / and/' denote the focal lengths of the optical system, 
and n and n' denote the indices of refraction of the first and 
last media. 

10. A small cube is placed on the axis of a symmetrical 
optical instrument with one pair of its faces perpendicular 
to the axis. Find the two places where the image of the cube 
will also be a cube. (Assume that the instrument is sur- 
rounded by the same medium on both sides.) 

Ans. At the points for which the lateral magnification is 
“b 1 or — 1 . 

11. An object is placed 3 inches in front of the primary 
focal plane of a convergent optical system. Show that the 
image will be one-and-a-half times as large as it was at first 
if a plate of glass ( 71 = 1.5) of thickness 3 inches is interposed 
between the object and the instrument. 

12. Show that the axial magnification at the nodal points 
has the same value as the lateral magnification in the nodal 
planes. 

13. A symmetrical optical instrument is surrounded by 
the same medium on both sides. If the images of two small. 
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objects A and B on the axis are formed at A' and B', show 
that the ratio of A'B' to AB is equal to the product of the 
lateral magnifications for the pairs of conjugate points A, A' 
and B, B'. 

14. Show that in a symmetrical optical instrument there 
are two pairs of conjugate points on the axis for which an 
infinitely small axial displacement of the object will cor- 
respond to an equal displacement of the image; and that the 
focal points are midway between these points. 

15. Show that in a symmetrical optical instrument sur- 
rounded by the same medium on both sides there are two 
points on the axis where object and image will be in the same 
plane; and that if a denotes the distance between the prin- 
cipal planes, the distance between these two points will be 

\/ a(a+4/). 

16. In a centered system of m spherical refracting surfaces 
the vertex of the fcth surface is designated by Ak- A par- 
axial ray crosses the axis before refraction at the first surface 
at a point Mi which coincides with the primary focal point F 
of the optical system. Before and after refraction at the 
A;th surface this ray crosses the axis at Mk and Mk+ 1 , re- 
spectively. If we put zik=AkMk, ?^k'=AkMk+i, show that 

.FAi, 

^l*^2* • * — 1 

where / denotes the primary focal length of the optical 
system. 

17. If the symbols z^k? employed in the same sense as 
in the preceding problem, refer to a paraxial ray which is 
incident on the first surface of the system in a direction 
parallel to the optical axis, show that 

Wi.K’2* • • „ ^1*^2* • • 

Vf U2.U3, . . Wm ^ U2M3. . . Urn ^ 

where /, f denote the focal lengths of the system and n, n* 
denote the indices of refraction of the first and last media. 

18. Employing the formulae of No. 17, determine the focal 
lengths of a hemispherical lens of glass of refractive index 
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1.5; and find the positions of the principal planes and the 
focal planes. 

Ans. If r denotes the radius of the curved surface, and if 
distances are measured from the vertex of this surface, the 
distances of the focal points are —2r and +7?-/3, and the 
distances of the principal points are 0 and i-r/S. The focal 
length is twice the length of the radius. 

19. If a paraxial ray, proceeding originally in a direction 
parallel to the axis of a centered system of spherical refract- 
ing surfaces (as in No. 17), crosses the axis in the medium of 
index % at a point Mk whose distance from the vertex of 
the fcth surface is Wk=-A-kMk {U\=nju^, show that 

where F-^ denotes the refracting power of the Adih surface, 
Pi,k denotes the refracting power of the system of surfaces 
bounded by the 1st and kth inclusive (Pi,i=Pi and Pi,o=0), 
and dk.i = Ak.i Ak denotes the axial thickness between the 
surfaces bounding the medium of index n^. 

20. In any optical system surrounded by the same medium 
on both sides, the product of the lateral magnification and 
the angular magnification (§ 124) for a given position of the 
object is equal to unity. 

21. The principal points of an optical system are desig- 
nated by H, H', and M, M' designate another pair of conju- 
gate points. Moreover, the first focal point and the first 
nodal point are designated by F and N, respectively. Show 
that 

MF MN 

How is this formula modified for the case of a single spherical 
refracting surface? and for the case of an infinitely thin lens? 
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COMPOUND SYSTEMS. THICK LENSES AND COMBINATIONS 
OF LENSES AND MIRRORS 

125. Formulae for Combinatioix of Two Optical Systems 
in terms of the Focal Lengths. — Suppose that the optical 
system consists of two parts I and II, each composed of 
a centered system of spherical refracting surfaces with their 
optical axes in the same straight line. On a straight line 
parallel to this common optical axis take two points P, P' 
(Fig. 169), which we shall assume to be a pair of conjugate 
points with respect to the compound system (I+II); and 



Fig. 169. — Combination of two optical systems. Letters with subscripts 
refer to component systems; letters without subscripts refer to com- 
pound or resultant system. 

since these points are on the same side of the optical axis 
and at equal distances from it, evidently, they must lie in 
the principal planes of the compound system (§ 119). Ac- 
cordingly, the feet of the perpendiculars drawn from P, P' 
to the optical axis will be the pair of principal points H, H' 
of the compound system. 

On the optical axis select a point Fi for the position of 

356 
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the primary focal point of system I; and select also the posi- 
tions of the principal points Hi, Hi' and H2, H2' of systems 
I and II, respectively. Through Fi draw the straight line 
PWi meeting the primary principal plane of system I in the 
point Wi; take H/Wi' = HiWi, and draw the straight line 
Wi'G 2 parallel to the axis meeting the primary principal 
plane of system II in the point G2; take H2'G2' = H2G2, and 
draw the straight line G2'P', which must necessarily cross 
the optical axis at the secondary focal point F2' of system II. 

Let the straight line drawn through P parallel to the op- 
tical axis meet the primary and secondary principal planes 
of system I in the points designated by Vi and Vi', respec- 
tively; and select a point on the optical axis for the position 
of the secondary focal point Fi' of system I. Through Fi' 
draw the straight line Vi'Fi' meeting the primary principal 
plane of system II in L2; take H2'L2' = H2L2, and draw the 
straight line L2T', which will cross the optical axis in the 
secondary focal point F' of the compound system. 

Let the straight line drawn through P' parallel to the op- 
tical axis meet the primary and secondary principal planes 
of system II in the points K2 and K2', respectively; and let 
0 designate the point of intersection of the pair of straight 
lines Wi'G 2 and Vi'L2. The point where the straight line K2O 
crosses the optical axis will be the position of the primary 
focal point F2 of system II. Let the straight line K2F2 meet 
the secondary principal plane of system I in the point Ti', 
and take HiTi=Hi'Ti'; then the straight line PTi will cross 
the optical axis at the primary focal point F of the com- 
pound system. 

The diagram constructed according to the above direc- 
tions represents a perfectly general case. The focal lengths 
of the component systems are: /i = FiHi, /i' = Fi'Hi' and 
/2=F2H2, /2'=F2'H2'; and the focal lengths of the compound 
system are :/ =FH,/' =F'H'. The step from the secondary focal 
point of the first system to the primary focal point of the sec- 
ond system will be denoted by the symbol A ; thus, A = Fi'F2. 
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Now if we know the positions on the optical axis of the 
focal points Fi, F/and F 2 , F 2 ' of the two component systems, 
together with the values of the focal lengths /i, fi and/ 2 , 
it is easy to calculate the positions of the focal points F, F' 
and the values of the focal lengths f, f of the compound 
system; as will now be shown. 

The position of the primary focal point F of the compound 
system may be found from the fact that F and F 2 are a pair 
of conjugate axial points with respect to system I, and hence 
(§ 123, a): 

FiF. Fi'F 2 =/i./i'. 

And, similarly, the position of the secondary focal point F' 
may be found from the fact that Fi' and F' are a pair of con- 
jugate points with respect to system II, so that 

T? T? T? ' -T -P ^ 

^2 1 :' -^2^1 -h'h • 

Accordingly, the positions of the focal points F, F' with re- 
spect to the known points Fi, F2', respectively, are given by 
the following formulae: 

FiF F2T' = 

In order to find the focal lengths /, /', we may proceed 
as follows: 

In the similar triangles FHP, FHiTi we have: 

FH HP 
FHrHiTi’ 

and since 

HP=H2K2, 

the proportion above may be written: 

FH H2K2 
FHi Hi'Ti'' 

Now from the similar triangles F2H2K2, F2Hi'Ti' we have 
also: 

H2K2 F2H2 

Hi'Ti' F2H1'’ 
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and hence; 

FH=^,FHi. 

Now FHi=FFi+FiHi= 

A A 

and F 2 Hi'=F 2 Fi'+Fi'Hi'=//-A. 

Accordingly, putting FH=/, F 2 H 2 =/ 2 , we obtain: 

f /i -/z 

^ A ’ 

whereby the primary focal length of the compound system 
may bo calculated. 

Similarly, from the figure we obtain the relations: 

F'H' HT' Hx'Vi' Fi'Hi' . 
F'H 2 '“H 2 'L 2 '“ H 2 L 2 “ Fi'H 2 ’ 
and since F'H' =/', Fi'E/ =/i', 

FW =F'F2'+F2'H2' ='^+/2' ='^'(/2+A), 

F/H2=FiT2 + F2H2=/2+A, 

we obtain an analogous expression for the secondary focal 
length of the compound system, as follows: 

.. //•// 

^ A ’ 

By varying the interval A, which is the common denom- 
inator of all these expressions, it is obvious that it is possible 
with two given component systems to obtain combinations 
of widely different optical effects. In particular, when 
Fi' coincides with F 2 , so that the interval A vanishes, the 
focal points F, F' will be situated both at infinity, so that 
the focal lengths /, f will be infinite also. This is the case, 
for example, with the optical instrument known as the tele- 
scope; and, accordingly, any optical system which trans- 
forms a cylindrical bundle of parallel ray^ into another 
cylindrical bundle of parallel rays is called a telescopic Cor 
afocal) system. The simplest illustration of such a system 
is afforded by a single plane refracting surface or by a plane 
mirinr. 
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126. Formulae for Combination of Two Optical Systems 
in terms of the Refracting Powers. — Although the formulae 
derived in the preceding section are very simple and con- 
venient, Gullstrand’s system of formulae in terms of the 
refracting powers possesses certain advantages and is even 
more useful. The latter formulae may be derived immedi- 
ately from the former, as will now be shown. 

In Gullstrand’s system the interval between the two 
component optical systems is expressed, not by A, but by 
the reduced distance (§ 104) c of the primary principal point 
H 2 of system II from the secondary principal point Hi' of 
system I. Thus, if ni, n 2 and n%j Uz denote the indices of 
refraction of the first and last media of systems I and II, 
respectively, then 

. Hi'H2 
n2 

The connection between the two magnitudes c and A is 
easily obtained; for since 

Fi'Fa -Fi'Hi'+Hi'H2+H2F2, 
we find immediately: 

A=/i'+n2.c-/2. 

Now let us introduce the following symbols: 


rp n2 nz 


rp ni nz 

f-y— 


jp ni n2 

A //’ 

where Fi, F 2 denote, therefore, the refracting powers of the 
component systems and F denotes the refracting power of 
the compound system (§§ 105 and 123, d). Hence, since 


- , n2 ^ ^2 

we may write: 

Now if this value of A is substituted in either of the formulae 

X h-h xr fl-fi 
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and if the focal lengths are expressed in terms of the refract- 
ing powers, we find : 

F = c.Fi.F^ 

which is Gullstrand’s formula for the refracting power 
of the compound system in terms of the refracting powers 
of the two component systems and of the interval c between 
them. 

Likewise, if in the formulae 

jr jr ^ jr ^ ^ 

A ' ^ A 

F 

we eliminate /i, // and and put A= — n 2 -^r^ ? we ob- 

r vr 2 

tain for the reduced steps FiF and F 2 'F' the following ex- 
pressions: 

Tp TTi T? TTp Tp 

riJt? r2 J22Jt* r \ 

~ni ^F,Fi ns F.F 2 

The positions of the focal points F, F^ of the compound sys- 
tem with respect to Hi, H 2 ', respectively are obtained as 
follows: 

HiF = HiFi+FiF - FiF - ni/Fi, 

H2'F - H2'F2'+F2'F' =F2'F+n3/F2; 
and if herein the values of FiF and F 2 'F' are substituted, 
and if also we note that 

F - Fi =F2(1 - c.Fi), F - F 2 =Fi(l ~ C.F 2 ) , 

we obtain finally: 

HiF I-C.F 2 H 2 T^ 1-c.Fi 

m F ^ ns F ‘ 

Moreover, since 

HiH - HiF+FH = HiF+m/F, 

H2'H' = Ha'F'+F'H' - H2'F' ~ 7islF, 
the Gullstrand system of formulae for the combination of 
two optical systems may be written as follows: 

HiH F 2 H2^H^ __ Fi 
m F m F 

F =Fi-bF2 “ C.F 1 .F 2 . 

Accordingly, if the positions of the principal points Hi, Hi' 
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and H 2 , H 2 ' of the two component systems, the refracting 
powers Fi, F 2 and the indices of refraction ni, and Uz are 
known, we can calculate the reduced interval c and find the 
refracting power F of the compound system and the posi- 
tions of the principal points H, H'. We shall see numerous 
applications of these formulae in the succeeding sections of 
this chapter. 

127. Thick Lenses Bounded by Spherical Surfaces. — 

When a centered system of spherical refracting surfaces con- 
sists of two surfaces, it constitutes a spherical lens involving 
three media, viz., the medium of the incident rays (ni), the 
medium comprised between the two spherical surfaces, 
sometimes called the lens-medium (n^), and the medium of 
the emergent rays (^ 3 ), which is generally but not necessarily 
the same as that of the incident rays. Usually, a lens is de- 
scribed by assigning the values of the three indices of re- 
fraction and the positions of the centers Ci, C 2 and the ver- 
tices Ai, A 2 on the optical axis; the usual data being the 
radii ri=AiCi, r 2 =A 2 C 2 and the thickness d=AiA 2 . The 
lens may be regarded, therefore, as a combination of two 
spherical refracting surfaces whose refracting powers Fi, F 2 
are given by the formulae (§ 105) 


712- ni 

ri 


F2 = 


nz- 712 

n 


Since the principal points of a spherical refracting surface 
coincide with each other at the vertex of the surface (§§ 81 

and 119), the interval and therefore 

712 712 

712 ‘ 


Accordingly, if, by way of abbreviation, we introduce the 
special symbol 

A 7 = 712 { { 7 I 2 - 71^)72 - (^2 •“ n 3 )ri} 4- { 7 I 2 - Tlz) (^2 - 7h-^d 
to denote a constant of the lens, we obtain, by substituting 
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the values of Fi, Fi and c in the formula F =Fi+Fi—c.Fi.Fi, 
the following expression for the refracting -power F of a lens: 

n 2 .ri.r 2 

where the value of F will be given in dioptries in case the 
distances ri, rz and d are all measured in meters (§ 107). 

The 'positions of the principal points (H, H') of a lens are 
determined in the same way by the formulae: 

AiH nz — nz , A 2 H' n^ — ni , 

— = “ -T— 


and the positions of the focal points (F, F') may likewise be 

calculated from the following expressions: 

AiF rij . A2r rsl , ,,1 

= - ^ n 2 .r 2 + (n 2 -nz)d\, = ^ 2 .ri ~ (^2 ~ ni) d . 

ni A [ j m A [ J 

When, as is usually the case, the lens is surrounded by the 

same medium on both sides j we may put 

ni=n3 = n, 712 =n'; 

and then the above formulae become: 

A = (n' — n) ( n'(r2 - ri) H- (n'— n)d} ; 

f-JL. : 

n .ri.r2 


AiH 

n 


n'—n 


n.d, 


n 


n' —n 

'~ir 


nd; 


n',r% + (n' — n) d j , = ^ | n'.r 1 — (n' — n) d| . 

The 7iodal points (N, N') of a lens surrounded by the same 
medium on both sides coincide with the principal points 
(§ 122 ). 

The positions of the focal points and principal points 
may be exhibited in the case of a thick convergent lens in 
the following manner, as described in Grimsehl^s Handbuch 
der Physik: 

Two thin piano-lenses, each 4 cm. in diameter, are ce- 
mented with Canada balsam to the opposite faces of a glass 


AiF__ri I 
n A[ 




Fig. 170, a, 6, c, and d . — Double convex lens: (a) Location of second focal 
point (FO and principal point (H'); (6) Location of first focal point (F) 
and principal point (H) ; (c) Location of focal points (F, FO and principal 
points (H, HO* (d) Meniscus convex lens: location of principal points 
and focal points, showing their ansymmetrical positions with respect to 
the surfaces of the lens. 
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cube of edge 4 cm. and made of the same glass, so as to form 
a thick symmetric double convex lens, as represented in 
Fig. 170, a, b and c. A diaphragm with three parallel horizon- 
tal slits is placed in the path of a cylindrical beam of parallel 
rays so as to separate it into three smaller beams, and the 
lens is adjusted so that the middle beam proceeds along 
the axis of the lens. The paths of the rays in air can be 
rendered visible by tobacco-smoke and may be photo- 
graphed. In this way figures will be obtained similar to 
those shown in the diagrams. The position of the second- 
ary focal point F' is shown by the point of convergence of 
the rays on emergence (Fig. 170, a). A point in the second 
principal plane of the lens may be located by finding the 
point of intersection of an incident ray parallel to the axis 
with the corresponding emergent ray (§ 119), as indicated 
by the dotted lines in the figure; and the second principal 
point H' will be at the foot of the perpendicular dropped 
from this point on to the axis. If the rays are sent through 
the lens from the opposite side (that is, from right to left in 
the drawing, Fig. 170, 6), they will intersect on emergence 
in the primary focal point F; and the position of the primary 
principal point H may be found in exactly the same way 
as above. The two diagrams Figs. 170, a and &, are com- 
bined in one in Fig. 170, c. In Fig. 170, d, the lens is con- 
cave towards the incident light and convex when viewed 
from the other side; and this figure shows very clearly how 
the focal points F, F' and the principal points H, H' may be 
both unsymmetrically placed with respect to the lens, al- 
though here also we have, as before, FH=H'F'. 

128. So-called “ Vertex Refraction of a Thick Lens. — 
The step from the second vertex (A 2 ) of a lens to the second 
focal point (F'), which may be denoted by Vj is sometimes 
called the ^'back focus'' of the lens; that is, z;=A 2 F'. If 
the lens is surrounded by the same medium (n) on both 
sides, then ?;/n = (l~c.Fi)/F, where F denotes the refract- 
ing power of the lens, Fi denotes the refracting power of 
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the first surface, and cedin' denotes the reduced thickness. 
The reciprocal of this magnitude v/n is called the vertex re- 
fraction of the lens ( ^ ~ relation to the re- 

fracting power is given by the formula: 

F F 

1 = 1 . 

1-c.Pi ^ n^—nd 
n n 

If F is given in dioptries, the values of d and ri must be ex- 
pressed in meters; and then the expression above will give 
the value of V in dioptries. The importance of this function 
V in the theory of modern spectacle lenses has been pointed 
out by Von Rohr; it is measured from the second face of the 
lens because that is the side next the eye. When a lens 
(with spherical surfaces) is reversed by turning it through 
180'^ around any line perpendicular to its axis, the refracting 
power F remains the same, whereas the vertex refraction V 
will be different unless the lens is a symmetric lens or in- 
finitely thin, in which latter case ^==0 and V-F, Thus, 
whereas the refracting power of a lens is the same whether 
the light traverses it from one side or the other, the vertex 
refraction depends essentially on which side of the lens is 
presented to the incident rays. 

129. Combination of Two Lenses. — ^Let us take the sim- 
plest case, and suppose that the system is composed of two 
infinitely thin co-axial lenses^ each surroxmded by air. Let 
Ai and A 2 designate the points where the optical axis meets 
the two lenses, and let the interval between them be denoted 
by c; that is, put c=AiA 2 . (Since the principal points of 
an infinitely thin lens coincide with each other at the 
point A where the axis crosses the lens, and since the inter- 
vening medium is assumed to be air of index unity, this 
distance c has here the same meaning as the reduced in- 
terval c=Hi'H 2 /n 2 in the general formulae of § 126^ Ac- 
cordingly, we may write immediately the following system 
of formulae for a combination of two thin lenses of refracting 
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powers Fij F^, surrounded on both sides by air and sepa- 
rated by the distance c: 

F =jFi+i^2 — c.Fi.F^j 


AiH=^% A2H'=-^ 


— J - —p , 

A,F=-'^-^, A2F'=i=|:^\ 

These formulse may also be expressed in terms of the focal 
lengths /i and/2, as follows: 

/■= /i-/^ 

^ fi+h-c’ 

AiH = ^.c, A2H'=-f .c, , A2F'=-^^:=^. 

j2 ji ji 

The positions of the focal points F, F"” and the princi- 


A J L 



Fig- 171, a . — Combination of two thin lenses. Graphical method 
of determining the positions of the first focal point (F) and 
principal point (H) : Case when both lenses are convex. 


pal points H, H' of a combination of two infinitely thin 
lenses surrounded by air may be constructed geometrically 
as follows: 
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Draw a stx’aight line to represent the common axis of the 
pair of thin lenses, and mark the points Ai and A 2 (Fig. 171, 
a, 6, and c) where the axis crosses the lenses, and also the 
positions of the primary focal points Fi and F 2 . Through 
F 2 draw a straight line perpendicular to the axis, and take 
on it a point K such that F 2 K-F 2 A 2 -/ 2 ; this point K lying 


P 



Fig. 171, h . — Combination of two thin lenses. Graphical method 
of determining the positions of the first focal point (F) and 
principal point (H) : Case when first lens is concave and second 
lens convex. 

above or below the axis according as the second lens is con- 
vex or concave, respectively. Through K draw a straight 
hne parallel to the axis and through Ai a straight line per- 
pendicular to the axis; and let L designate the point where 
these two lines intersect. Moreover, let P designate the 
point of intersection of the pair of straight lines LFi and KAi. 
The foot of the perpendicular let fall from P on to the axis 
will be the primary focal point F of the compound system; 
and the ordinate FP will be equal to the primary focal length 
f of the compound system; and hence if the quadrant of a 
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circle is described around F as center with radius FP, it will 
cut the axis at the primary principal point H, which lies to 
the right or left of F according as the point P falls above or 
below the axis. 

According to this construction, the points P and K are 
a pair of conjugate extra-axial points with respect to the 



Fig. 171, c. — Combination of two thin lenses. Graphical method of de- 
termining the positions of the first focal point (F) and principal point 
(H) : Case when first lens is convex and second lens concave. 


first lens; so that the construction really consists in locating 
the object-point P which is imaged by the first lens in the 
point K. This will help the student to remember the con- 
struction. 

In order to show that the construction is correct, let J 
designate the point of intersection of the pair of straight 
lines FP and LK. Then since JP and FP are corresponding 
altitudes of the similar triangles PLK and PFiAi, we have; 
JP L K A 1 F 2 AiAj-l-AaFj c — ft 
FP FiAi FiAi FiAi fi 
Now JP=JF-t-FP=KF 2 -f-FP=FP-/ 2 , and therefore: 

FP -/2 C-ft 


FP fi ’ 

and if this equation is solved for FP, we find: 

fi-h 


FP = 


fi+h-c 


=/, 
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in agreement with the formula found above. Moreover, in 
the similar triangles AiFP and A 1 F 2 K, 

AiFAiFg 

FP "fS"' 

and since A 1 F 2 = c F 2 K =/ 2 , FP =/, we find : 


AiF = 


fih-c) 

h 


which is likewise in agreement with the formula found above. 

Similarly, mark the positions of the secondary focal points 
F/ and F 2 ', and through F/ draw a straight line perpendic- 
ular to the optical axis, and take on it a point 0 such that 
Fi'0 = Fi'Ai=/i'. Through 0 draw the straight line OR par- 
allel to the axis, and through A 2 a straight line perpendicular 
to the axis; and let R designate the point where these two 
lines intersect. Then if Q designates the point of intersec- 
tion of the straight lines F 2 'R and A 2 O, that is, if Q is the 
image of 0 in the second lens, the secondary focal point F' of 
the combination will be at the foot of the perpendicular 
drawn from Q to the optical axis, and the secondary prin- 
cipal point H' will lie on the axis at a distance F'H'=F'Q. 
This construction may be proved in a manner entirely an- 
alogous to the proof given above. 

130. Optical Constants of Gullstrand’s Schematic Eye. — 
As a further illustration of the use of the formulae for the 


CORNEA 



LENS 



Fig. 172. — ^Schematic eye. 

combination of two optical systems, let us apply them to 
the calculations of the refracting power (F) of the human 
eye, together with the positions of the principal points (HjH') 
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and the focal points (F, F'). For this purpose we shall use 
^he data of Gullstrand’s schematic eye (in its passive 
state, accommodation entirely relaxed) which are given 
in the third edition of Helmholtz’s Handbuch der physiolo- 
gischen Optik, Bd. I (Hamburg u. Leipzig, 1909), pages 300 
and 301, as follows (see Fig. 172) ; 

Indices of refraction: 

Cornea ^2 = 1.376 

Aqueous and vitreous humors 713=^7 = 1.336 

Lens n 4 === ^6 = 1 .386 

Lens-core ns = 1.406 

Position of surfaces: 


Posterior surface of cornea: 

AiA2=0.5 

mm. 

Anterior surface of lens: 

AiA3=3.6 

a 

(( 

a 

lens-core: 

A 1 A 4 =4.146 

u 

Posterior 

it 

lens-core: 

AiA5= 6.565 

it 

(C 

iC 

lens: 

AiAs=7.2 

C( 

Radii of surfaces: 




Anterior surface of cornea: 

+ 

II 

mm. 

Posterior 

a 

il IC 

r 2 = -l- 6.8 

i( 

Anterior 

(C 

“ lens: 

r 3 = -t- 10.0 

(( 

it 

u 

“ lens-core: 

U = + 7.911 

iC 

Posterior 

it 

it a cc 

r5 = - 5.76 

it 


it 

“ lens: 

r 6 =- 6.0 

il 


Consider, first, the cornea-system composed of the an- 
terior and posterior surfaces of the cornea. The refracting 
power of the anterior surface is: 

^ = 4-48.831 dptr.; 

n 

and that of the posterior surface is: 

5.882 dptr. 

r2 

The reduced interval between the two surfaces is: 

A 1 A 2 0.0005 
m "1376 ■ 
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Hence, if Fn denotes the refracting power of the cornea- 
system, where 

F 12 = Fi +^2 — ci.Fi.F 2 , 

we find: 


+43.053 dptr. 


The positions of the principal points of the cornea-system 
are given by the formulse: 

AiHi2 C 1 .F 2 A2Hi2^ Ci.Fi ^ 

m Fn ' ns Fn 

whence we find: 

A 1 H 12 = — 0.0496 mm., A 1 H 12 ' = — 0.0506 mm. 

The lens-system is composed of four refracting surfaces. 
The first two surfaces form the so-called anterior cortex and 
the last two surfaces the posterior cortex. The refracting 
power of the anterior surface of the lens is: 


= -j -5 dptr. ; 
rz 

and that of the anterior surface of the lens-core is: 


+2.528 dptr. 

Ti 

The reduced interval between these two surfaces is 
A 3 A 4 0.000546 
m ~ 1.386 ■ 

Hence, if Fzi denotes the refracting power of the combina- 
tion, that is, if 

F Z4~Fz+F 4 — C3.F3.P4, 

we find: F 34 = +7.523 dptr. 

If the principal points of the anterior cortex are designated 
by H 34 , H 34 ', then 

A3H34^C3.F4 A4H34^^ C3.F3 

nz Fz 4 ' m ~ ^Fu ’ 
whence we obtain: 

A 1 H 34 == +3.777 mm., A 1 H 34 ' = +3.778 mm. 
so that the principal points of the anterior cortex are coin- 
cident with each other. 
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Proceeding in the same way with the posterior cortex, we 
have: 

= +3.472 dptr., +8.333 dptr., 

n re 

AeAe 0.000635 . 

ne 1.386 ’ 

and hence if 

Fse = Fs+F 6 — Cs^Fs.F e, 
we find : F56 = 4- 1 1 ‘792 dptr. 

Moreover, since 

A5H56_C5.i^6 AeHse^ Cff.Fs 

^5 Fbe ^ U7 F 56 ^ 

we have finally for the positions of the principal points of 
the posterior cortex: 

A1H56 = +7.0202 mm., AiHse' = +7.0198 mm. ; 

so that H56 and Hse' may also be regarded as coincident. 

If the refracting power of the lens-system as a whole is 
denoted by L, then 

L ==-^34+^56 S.FzA-FsBj 

where 

Ha/Hse 0.0032422 . 

® m ~ 1.406 

and if P, P' designate the principal points of the lens-system, 
then 

Hs/P^ S.F34 
m L ^ ni L * 

Accordingly, we find: 

L = +19.110 dptr.; 

AiP= +6.6780 mm., AiP' = +5.8070 mm. 

Lastly, combining the cornea-system and the lens-system, 
we obtain for the refracting power of the entire optical sys- 
tem of the eye: 

F = Fi% -\-L — c.jPi2.L, 

Hi 2'P 0.0057285 
m 1.336 ’ 


where 
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Amo, 

H 12 H C.L FH^ cJn 

m F n? F ^ 

where H, H' designate the positions of the principal points of 
the eye. Thus, we find : 

F = +58.64 dptr.; 

AiH = +1.348 mm., AiH' = +1.602 mm. 

If the focal lengths of the eye are denoted by / and /', then, 
since and/'= ~ n 7 lF, we obtain: 

/ = +17.055 mm., /' = — 22.785 mm. 

The focal points F, F' are located as follows: 

AiF= -- 15.707 mm., AiF' = +24.387 mm. 

In Gullstrand^s schematic eye the length of the eyeball 
is taken as 24 mm., and therefore the second focal point F' 
is not on the retina but 0.387 mm. beyond it; so that the 
schematic eye is not emmetropic but hypermetropic (see 
§ 153) to the extent of 1 dptr. 

131. Combination of Three Optical Systems. — ^It is fre- 
quently the case, especially in problems connected with 
physiological optics, that we desire to find the resultant of 
three co-axial optical systems of known refracting powers 
Fi, F 2 and Fz separated by given intervals Ci, C 2 , where 

Hi'Ha Hs'Hs 

(^2 , 

712 nz 

the principal points of the component systems being desig- 
nated by Hi, Hi'; H 2 , H 2 '; and H 3 , H 3 '. The indices of re- 
fraction of the first and last media of system I are denoted 
by ni, of system II by nz; and of system III by Uz, 114,. 

Here let us employ the symbol D to denote the refracting 
power of the compound system (I +11), and the letters G, G' 
to designate the positions of the principal points of this par- 
tial combination. Evidently, according to the formulae 
derived in § 126, we may write: 

D =Fi+F 2 — C1.F1.F2 ; 

HiG^Cj^ 2 H2'G'_ Ci.Fi 
fii D ^ nz D 
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Now let F denote the refracting power of the combination 
of systems I, II and III, and let H, H' designate the posi- 
tions of the principal points of this compound system. Then 
if the reduced interval between (I +11) and III is denoted 
by fc, that is, if 

G'Ha 


then also: 


Since 


we find: 


k = ' 


nz 


F^D+Fz-LD.Fz, 
ni F ’ 


nz 


nz 


Ua 


I 2 ' Ha'H, 
~+- 


nz 




ChF i+C2*D 

D 


If now these equations are combined so as to eliminate D 
and kj the following system of formulae for the combination of 
three optical systems will be obtained finally: 

F -FiiX'-^c^.F^+F 2(1— ci.Fi) {l-—cJF^+F 3 (l-~ci.-F 1); 

HiH Cl C2.Fz-ci.Fi^ 
ni 1 -ci.Fi ^ 

H/H^ C2 C 2.Fz — ci.Fi 

714 I — C 2 .JF 3 F{l^C‘i.Fi) 

In the special case when the compound system is symmet- 
rical with respect to system II, that is, when nz^ri^ and 774=771 
and C 2 ==ci = c and Fz=Fij the formulae above will be simpli- 
fied as follows: 


F=^{l^c,Fi) (2F1+F2-C.F1.F2), 

HiH H^H/ c 

771 771 1 “ C.Fl ’ 

Thus, if an optical system is symmetrical with respect to 
a middle component part of the system, the principal 
points (H, H') will be symmetrically placed, and their posi- 
tions will be independent of the refracting power F 2 of the 
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middle system. These latter formulae should be compared 
with the formulae for a thick mirror to be developed in 
the following section. 

132. “ Thick Mirror/’ — ^The general formulae which have 
been derived in this chapter are applicable also when 
the centered system of spherical surfaces includes one or 
more reflecting surfaces, provided that reflection is treated 
as a special case of refraction, according to the method ex- 
plained in § 75. Thus, for example, if the rays are reflected 
at the fcth surface of the system, we must put 
and, consequently, if the reflecting power of this surface is 
denoted by Fk? we shall have Fk=W/k=W/kj in accord- 
ance with the characteristic requirement that the focal 
lengths of a spherical mirror are identical, that is, /=/' 
(see §77). 

A special case of much interest and practical importance 
occurs when the last surface of the system acts as a mirror, 
the rays of light arriving there being reflected back through 
the system as so to emerge finally at the first surface into 
the medium of index ni where they originated. For ex- 
ample, this happens always in the case of an ordinary glass 
mirror which is silvered at the back. The rays return into 
the air in front of a mirror of this kind after having twice 
traversed the thickness of the glass, and the failure to take 
account of the refractions from air to glass and from glass 
to air is sometimes responsible for serious errors in the 
measurement of the focal length of a glass mirror silvered 
at the back. The image produced by rays which have been 
partially reflected from the second surface of an ordinary 
lens is often very disturbing, although the intensity of the 
reflected light is usually comparatively feeble unless the 
second surface of the lens has been silvered. 

The name ^Hhich mirror^' has been applied by Dr. Seairle* 
to any combination of centered spherical refracting surfaces 

* G. F. C. Searle: The determination of the focal length of a thick 
mirror. Proc. Cambr. Phil. Soc., xviii, Part iii, 1915, 115-126. 
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wherein the rays are supposed to be reflected at the last sur- 
face and to return through the system in the opposite sense. 
It may easily be shown that a “thick mirror” as thus de- 
fined acts exactly like a single spherical reflecting surface 
(or “thin mirror/’ as we may call it, having in mind a cer- 
tain analogy which exists here between lenses and mirrors), 
whose vertex and center have perfectly definite and calcu- 
lable positions depending on the constants of the “thick 
mirror.” This is proved by Dr. Searle in a simple manner 
as follows : 

In Fig. 173 the system is represented as consisting of 
three spherical surfaces, the first two forming a thick lens 



Fig. 173 .— Diagram of “thick mirror” system. 

and the last surface being a spherical mirror with its vertex 
at a point A on the axis of the lens. Draw the straight line 
QV parallel to the axis of the system to represent the path of 
an incident ray; which after traversing the lens and being 
reflected at the mirror will again emerge from the lens and 
cross the axis at the secondary focal point (FO of the system. 
The point V designates the point of intersection of the in- 
cident ray QV and the corresponding emergent ray VF’, 
and hence this point must lie in the secondary principal 
plane of the system (§ 119). Consequently, the foot of the 
perpendicular let fall from V on to the axis will be the sec- 
ondary principal point H'. But by the principle of the re- 
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versibility of the light-path (§ 29), if the straight line F'V is 
regarded as an incident ray, then VQ will be the path of the 
corresponding emergent ray, and since in this case the emer- 
gent ray is parallel to the axis, the corresponding incident 
ray F'V must cross the axis at the primary focal point F, 
so that the two focal points F and F' will be coincident. 
Moreover, the point V must lie in the primary principal 
plane, and hence the two principal planes are coincident. 
But these are the characteristics of a spherical mirror, and 
it is evident that the ^Hhick mirror’’ is equivalent to a “thin 
mirror” with its vertex at H (or H') and its center at a point 
K such that HK=2HF. 

The four images of Pxjrkinje are the catoptric images 
formed in the eye by reflection at the anterior and posterior 
surfaces of the cornea and the crystalline lens; which are of 
fundamental importance in determining the curvatures and 
positions of the refracting surfaces in the optical system of 
the eye. The first image is produced by direct reflection at 
the anterior surface of the cornea, but the optical systems 
which give rise to the three other images are more or less 
complicated. However, according to the above explanation, 
each of these systems may be reduced to a single reflecting 
surface of appropriate radius with its center at a certain 
definite place to be ascertained by the conditions of the 
problem. One of these cases will be investigated presently, 
as soon as the formulae for a thick mirror have been devel- 
oped. 

The radius and positions of the vertex and center of the 
equivalent “thin mirror” may easily be calculated by means 
of the general formulae which were obtained in the preced- 
ing section for a combination of three optical systems. Here 
the first system (I) of refracting power Fi may be regarded 
as composed of the entire lens-system lying in front of the 
reflecting surface; while the mirror itself of reflecting power 

may be regarded as the second system (II), In this case 
the third system (III) will be the lens-system reversed, and 
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its refracting power will be the same as that of system I, 
that is, ^3 = ^1; but the principal points H3 and H3' of system 
III will coincide Vv^ith the principal points H/ and Hi, re- 
spectively, of system 1 . Above all we must impose here 
the conditions that 

ni = -”?22= 724=’— ni= — n, 

where n denotes the index of refraction of the medium of 
the object-space and n' denotes the index of refraction of 
the medium in contact with the reflecting surface. These 
conditions take account of the fundamental fact that the 
sense of propagation of the light is reversed by the mirror. 
The principal points H2, H2' of the mirror coincide with each 
other at its vertex which will be designated here by the 
letter A!. If therefore Ci, 02, denote the reduced intervals 
between the first system and the mirror and between the 
mirror and the third system, we have: 

Hi' A' A'Hs Hi'A' 

'f ? ^ — 7 j 

n nz n 

and hence 


Ci=c2=c, say. 

Moreover, if the radius of the reflecting surface is denoted 

by r', then ft = — y. Introducing these relations in the 

general formulae for the combination of three optical sys- 
tems (§ 131 ), we obtain the following expressions for finding 
the reflecting 'power (Fn) and the positions of the principal 
points Hi3, H13' of a ^Hhich mirror^^: 

Fiz = (1 (2ft-hF2-c.ft.ft) 

= (l-c.Ti){2Ti-^(l-c.F0}; 

H1H13 HiHi/ c_ 

n n l—c-Fi* 

Accordingly, we see not only that the principal points of 
a 'Hhick mirror^' are coincident with each other, but that 
the position of the vertex H13 of the equivalent 'Hhin mirror” 
is entirely independent of the power F2 or the curvature of 
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the actual mirror. The position of Hw does depend on the 
position of the vertex A' of the actual mirror; but for any 
mirror placed at A' the vertex of the equivalent “ thin mir- 
ror” will be at the same point H 13 . It may be noted that 
the formula for the reflecting power of a “thick mirror” is 
identical in form with the expression for the refracting power 
of a compound system which is symmetric with respect to 
a middle member (see end of § 131). 

If the center of the equivalent “thin mirror” is designated 
by K, then its radius will be 


Hi3K = 


2n 


and hence 


HiK _ c.Fi -2 
n 2F1+F2-C.F1.F2' 

If the surface of the mirror (II) is plane, then F 2 = 0 , and 
in this case the formulae for the equivalent “thin mirror” 
become: 


r. or... HxHu HiHi/ c HiK 1 

Pi3=2/'i( 1 — c./'i), = =- = — vr- 

n n 1-c.Fi n Fi 

The distinguishing characteristic of the imagery in a 
spherical mirror is that a pair of conjugate axial points M, M' 
is harmonically separated by the vertex H and the center K 
of the mirror, that is, (KHMM0 = — 1 (§ 68 ). An interest- 
ing special case occurs when one of ihe points K or H is at 
infinity; for in that case the reflecting power of the mirror 
vanishes (F=0). When the center of the mirror is at an 
mfinite distance from it, the mirror lies midway between 
object and image (MH=HM0 and the lateral magnifica- 
tion is equal to -f -1 iy'=y); which is the case of an ordinary 
plane mirror. But, on the other hand, if the mirror itself 
is at an infinite distance, while the center K remains in the 
region of finite space, it is the center of the mirror in this 
case that is always midway between object and image, that 
is, MK=KM', and now the lateral magnification will be 
equal to — 1 , that is, the image will be of the same size as 
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the object but inverted Both of these special 

cases may be realized by a ‘Hhick mirror for the condi- 
tion that the reflecting power of the equivalent 'Hhin mirror’’ 
shall vanish (Fi 3 = 0 ) requires that either 
2jPi +Jp2 — = 0, 

or 

1-c.Fi-O. 

In the former case the center of the mirror (K) is at infinity, 
and in the latter case the vertex of the mirror (H 13 ) is at 
infinity. If therefore the distance between the anterior lens- 
system and the final reflecting surface of a “thick mirror” 
is c = the system will produce an inverted image of the 
same size as the object, no matter where the object is placed. 

As an illustration of the use of the formulae for a “thick 
mirror,” consider the optical system in the eye which pro- 
duces the third of the so-called Purkinje images, to which 
allusion was made earlier in this section. The third image is 
formed by rays which coming from an external source enter 
the eye, and after having traversed the cornea system and 
the aqueous humor are reflected at the anterior surface of the 
crystalline lens; whence returning through the same media 
in the reverse order they issue again into the air. In order 
to find the “thin mirror” which is equivalent to this system, 
we shall employ the constants of Gullstrand’s schematic 
eye as given in § 130. The vertex of the anterior surface of 
the cornea will be designated by Ai and the principal points 
of the cornea-system by Hi and H/. We found that AiHi = 
—0.0496 mm. and AiHi'= —0.0506 mm.; also, Fi= +43.05 
dptr., where Fi denotes the refracting power of the cornea- 
system. The reflecting power of the anterior surface of the 
lens is given by the formula: 



where ns = 1.336 and r 3 = +0.010 m.; accordingly, we find: 
7 ^ 2 = —267.2 dptr. 
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The reduced distance between the cornea-system and the 
first surface of the lens is: 

. Hx'As 


where A 3 designates the vertex of this surface; AiAs* 
0.0036 m. Thus, we obtain: 

c=0.0027325. 

Substituting these numerical values in the system of for- 
mulae for a 'Hhick mirror, we find for the reflecting power of 
the equivalent ^^thin mirror’’ in this case: 

Fiz = — 132.062 dptr. ; 

and for the positions of its vertex H 13 and its center K: 

H 1 H 13 - +3.0968 mm., HiK= +18.2412 mm. 
Accordingly, the system that produces the third of the 
PuRKiNJE images in Gullstrand’s passive schematic eye 
is equivalent to a convex mirror of radius 15.14 mm. with 
its vertex at a distance of 3.047 mm. from the vertex of the 
anterior surface of the cornea. 

Formulae for calculating the reflecting power Fiz of a 
^Hhick mirror” may also be obtained in terms of different 
data from those employed in the expressions which have 
been deduced above. Suppose, for example, that we are 
given the refracting power (F) of a centered system of 
spherical refracting surfaces, the positions of the principal 
points of the system (H, H'), and the indices of refraction 
of the first and last media ?^') ; together with the radius 
(rO and the position of the vertex (A') of the last surface; 
and that it is required to determine in terms of these data the 
characteristics of the imagery produced by light which pro- 
ceeding from the object-space through the system is partially 
reflected at the last surface and again partially refracted at 
the first surface into the original medium. In order to solve 
this problem in the simplest way, it is convenient to employ 
a mathematical artifice which will be found to be serviceable 
in other optical problems. The refracting power of an in- 
finitely thin concentric lens is equal to zero, and it is easy tq 
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show that such a lens may be inserted anywhere in an opti- 
cal system without affecting at all the resultant imagery 
(see § 90). Let us suppose, therefore, that the given optical 
system is terminated by an infinitely thin layer of material of 
index n\ bounded by two concentric spherical surfaces, the 
first of which coincides with the last surface of the given 
system. Under these circumstances the resultant system may 
be considered as compounded of three component systems, 
namely, ( 1 ) the given system of refracting power Fi=:F, 

( 2 ) a mirror of reflecting power ^2 = — -p- , and (3) the given 

system reversed (F 3 =F). Hence, if 

H'A' 


the following formulse will be obtained in the same way as 
above: 

Fv, = {l-c.F)^2F- ^-^{1-c.F) -, 

HHi 3 HH 13 ' c . 

n n 1 -c.F ’ 

which are similar in form to the previous expressions, but 
c here has a different meaning and F denotes the refracting 
power of the entire lens-system and not merely of that part 
of the system which is in front of the reflecting surface. 

A problem of considerable interest, especially in connec- 
tion with the optical system of the human eye, is the inves- 
tigation of the procedure of the light which after being par- 
tially reflected at the last surface of the system (as in the 
case above) is also partially reflected at the first surface, so 
that it emerges finally into the last medium of index n'. The 
imagery in this case may be determined by adding a second 
infinitely thin concentric lens, which is assumed to be made 
of material of index n and whose second surface coincides 
with that of the first surface of the system. Accordingly, 
now we shall have five systems in all, namely, the first three 
systems whose reflecting power F 13 was obtained above. 
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a fourth system consisting of the first surface of the lens- 

2?^ 

system acting as a niirrorj whose reflecting power is ^4=— , 

where r denotes the radius of this surface^ and a fifth system 
of refracting power F^=F. The entire system, whose refract- 
ing power may be denoted by Fu, and whose principal points 
may be designated by H15, H15', may, therefore, be considered 
as compounded of 3 systems of powers F13, 2 n/r and F, sep- 
arated by the intervals ci and C2, where (if A designates the 
vertex of the first surface of the lens-system) 

AHi3 ah 

Ci = ? C2= . 

n n 

Accordingly, by substituting F13 in place of Fi, 2n/r in place 
of F2, and F in place of F3 in the formulae of § 131 for the 
combination of three optical systems, we obtain here: 

0.yi 

Fi5=Pi3 ( 1 -C.F)+- (I-C1.F13) (1-C2.P)+P (I-C1.P13); 

T 

H13H15 ^ Cl C2.F-C1.F13 . 

n 1 — C1.F13 "i^i 6 (l—ci.Fis) ^ 

H^His^ C2 cz.F—ci.F 13 

n' 1 — C 2 .F'^Fio ( 1 — C 2 .F) ’ 

Being given the magnitudes denoted by n, n', r, r', and F 
and the positions of the points designated by A, A' and H, H', 
and having found by means of the previous formulae the 
magnitude denoted by F13 and the position of the point 
designated by H13 (or H13'), we can introduce these data and 
results in the expressions above and thus determine the re- 
fracting power Fi 5 and the distances AH15, of the prin- 

cipal points Hi5, His' from the vertices A, A' of the fiirst and 
last surfaces, respectively. 

PROBLEMS 

1 . Find the refracting power and the positions of the focal 
points and principal points of each of the following glass 
lenses sui^rounded by air (n=l, n' = 1 . 5 ); and make an ac-- 
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curate sketch of each lens, marking the positions of the 
points mentioned. 

(a) Double convex lens of radii 10 cm. and 15 cm. and of 
thickness 3 cm. 

(b) Double concave lens with same data as above. 

(c) Meniscus lens for which ri=+5cm., r 2 =+ 10 cm., 
and d=+3 cm. 

(d) Meniscus lens for which ri =+6 cm., r 2 = +3 cm., and 
d = +2.52 cm. 

(e) A plano-convex lens with its curved surface, of radius 
5 cm., turned towards the incident light; d = +0.5 cm. 

(/) Symmetric convex lens, the radius of each surface 
being 5 cm.; d=+0.5 cm. 

(g) Symmetric concave lens with same data as above. 

(h) A meniscus lens with radii ri=+5cm,, r 2 = + 8 cm., 
and thickness d=+0.5 cm. 

(i) A meniscus lens with radii ri=+ 8 cm., r 2 =+ 6 cm., 
and thickness +0.5 cm, 

(j) A meniscus lens with radii ri=+ 8 cm., r 2 =+ 7 cm., 
and thickness +3 cm. 

(fc) A plano-convex lens with its curved surface, of radius 
5 cm., turned towards the incident light; d=+5 cm. 

Answers: 


F 

in dptr. 

AiF 
in cm 

A 2 F' 
in cm. 

AiH 
in cm. 

A 2 H' 
in cm. 

{a) + 8.000 

-11.667 

+11.250 

+0,833 

-1.250 

(6) - 8.667 

+ 12.307 

— 12.692 


-1.154 

(c) + 6.000 

- 18.333 

+13.333 

—1.667 

-3.333 

, (d) - 6.000 

+21.333 

-14.333 

+4.667 

+2.333 

(e) +10.000 

- 10.000 

+ 9.667 


-0.333 

if) +19.666 

- 4.915 

+ 4.915 

+0.170 

-0.170 

(g) -20.335 

+ 5.082 

- 5.082 



{h) + 3.959 

-25.789 

+24.421 

-0.526 

-0.842 

(i) - 3.542 

+29.176 

-27.647 

+0.941 

+0.588 

(j) 0.000 

00 

00 

00 

00 

(k) +10.000 

-10.000 

+ 6.667 

0.000 

-3.333 


2. In a symmetric lens (ri=— r 2 ~r) surrounded by the 
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same medium (index n) on both sides, show that we have 
the following system of formulae: 

F=- 

AiH A^Sl' n'-n ^ ^ 

n 71 N ' " 


N={n'- 

JL- 

7i'r^ ’ n 


■n) j (n'—n) d—2n'.r\; 

_ A 2 F _ _r f d—n'.r 


N 


3. If the first face of a lens is plane, and if the radius of 
the curved face is denoted by r, show that 




71 —n 


AiF 

n 


AiH 

_ d . 


A2H'=0; 

n 

A2F' r 


n — n n n n -n 
And if the second face of the lens is plane, 




n —n 


AiH-0; 


d . 

n n 


If either face of a lens is plane, the refracting power of the 
lens is equal to that of the curved surface and is entirely in- 
dependent of the thickness of the lens; and, moreover, one 
of the principal points coincides with the vertex of the curved 
face. 

4. If the radii Ti and r 2 of the two surfaces of a lens are 
both positive, and if r 2 is greater than ri, show that the lens 
is convergent, provided the lens-medium is more highly re- 
fracting than the surrounding medium. 

5. A “lens of zero-curvature is a crescent-shaped menis- 
cus for which r 2 =ri=r. Show that such a lens is always 
convergent unless it is infinitely thin; and that this is the 
case whether the lens-medium is more or less highly refract- 
ing than the surrounding medium. 

6. Show that a meniscus lens for which 


ri>r 2>0 and n'>n 

is divergent provided its thickness is less than 

^^(ri~r2) 

n'— 
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7. Show that in any meniscus lens surrounded by air at 
least one of the principal points must lie outside the lens. 

8 . A so-called concentric lens is one for which the centers 
of curvature of the two faces are coincident {d = Ti — r^, It 
may be double convex or meniscus. Show that the refract- 
ing power of a concentric lens surrounded by the same me- 
dium on both sides is 

1 \ 

n' \n r 2 / ' 

and that the principal points coincide at the common center 
of the two surfaces. 

9. Find the refracting power and the positions of the focal 
points and principal points of each of the following concentric 
glass lenses (n' = 1.5) surrounded by air (n = l); and draw 
accurate sketch of each lens showing the positions of the 
points named: 

(а) Double convex lens with radii ri = +10 cm., r 2 = —2 cm. 

( б ) Meniscus lens with radii ri= +5 cm., r 2 = +2 cm. 

Ans. (a) F=+20 dptr., AiF=+5 cm., A 2 F' = +3 cm., 
AiH = +10 cm., A 2 H' = — 2 cm.; (h) P=— 10 dptr., AiF= 
+15 cm., A 2 F '=“-8 cm., AiH = +5 cm., A 2 H '=+2 cm. 

10. Find the focal length and the positions of the prin- 
cipal points of a concentric glass lens surrounded by air 
(n = l, n' = 1.5), with radii ri =+8 cm., r 2=+5 cm. 

Ans. /=— 40 cm., AiH = +8 cm., A 2 H '=+5 cm. 

11 . What is the refracting power of a concentric glass 

meniscus lens surrounded by air (n=l, n'=1.5), the radii 
being 5 cm. and 3 cm.? Ans. F= — ^4 dptr. 

12 . The radius of the second surface of a concentric glass 
lens surrounded by air ( 7 i=l, 7 i'= 1 . 5 ) is +3 cm., and its re- 
fracting power is —2 dptr. Determine its thickness. 

Ans. 6.59 mm. If it were not too heavy, this would 
be a fairly good form of spectacle glass for a near-sighted 
person. 

13. If the two principal points of a lens surrounded by 
the same medium on both sides coincide with each other at 
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a point midway between the two vertices, what is the form 
of the lens? Ans. A solid sphere. 

14. The refracting power of a symmetric glass lens sur- 
rounded by air (n~l, n' = 1.5) is +10 dptr., and its thick- 
ness is 0.5 cm. Determine the radius of the first surface. 

Ans. -1 9.916 cm. 

15. A solid sphere is a symmetric concentric lens. If the 
radius is denoted by r (r=AiC), show that we have the fol- 
lowing system of formulae for a solid sphere surrounded by 
the same medium (n) on both sides: 




2n(n'“-n) 


AiH=H'A2=r; A2F=FAi= 


(2n—n')r 


n\r ' ~ 2{nf —n) 

16. If the plane surface of a glass hemisphere, of index n' 
and surrounded on both sides by a medium of index n, is 
turned towards the incident light, and if r denotes the radius 
of the curved surface, show that 

AiH = ~-^, A2H'=0, AiF=. 




n —n 


W{n'-n) ’ 


17. An object is placed in front of the plane surface of 
a glass hemisphere, of index 1.5 and radius 3 inches, at a 
distance of 10 inches from this surface. Find the position, 
nature and size of the image. 

Ans. A real, inverted image, of same size as object, will 
be formed at a distance of 25 inches from the object. 

18. What is the refracting power of a glass sphere (n' = 
1.5), 16 1 cm. in diameter, (a) surrounded by air (n=l), 
and (5) surrounded by water (?i=|)? 

Ans. (a) +8dptr.; (5) +3| dptr. 

19. The radius of each surface of a symmetric convex 

glass lens (n'=1.5) is 10 cm., and the thickness of the lens 
is 5 mm. What is its refracting power (a) when the thick- 
ness is neglected, and (6) when the thickness is taken into 
account? Ans. (a) +10 dptr.; (6) +9|4- dptr. 

20. The radii of a convex meniscus glass lens (ti' = 1.5) 
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surrounded by air (n = l) are 2.5 cm. and 5 cm. (a) If the 
lens is infinitely thin, what is its refracting power? (b) It 
the thickness of the lens is 1 cm., what is its refracting power? 

Ans. (a)F=:+10 dptr.; (b) F=+ll^dptr. 

21. Determine the focal length (/) of a glass lens of in- 
dex 1.5 surrounded by air for which ri=+10, 7-2= +9, 
(1) when thickness d = 0, and (2) when thickness d=-|-l* 

Ans. (1) /=-180; (2) f=-270. 

22. A plane object is placed at right angles to the axis of 
a plano-convex lens at a distance of 8.77 cm. in front of its 
curved surface. The lens is made of glass of index 1.52, 
and the thickness of the lens is 0.5 cm. The radius of the 
curved surface is 4.56 cm. Show that the image will be at 
infinity, and that, in order to see distinctly the image of a 
point in the object which is 2 cm. from the axis, an eye be- 
hind the lens must look in a direction inclined to the axis 
of the lens at an angle of nearly 12^^ 51'. 

23. The refracting power of a meniscus spectacle glass is 
-f6 dptr., and ^2 =2ri, (f=6 mm. The index of refraction 
is 1.5. Find the radii n and r2 and the vertex refrac- 
tion F. 

Ans. ri = +4.36 cm., r2 = +8.72 cm., F = -1-6.29 dptr. 

24. The thickness of a spectacle glass is 4.75 mm., and 
the index of refraction is 1.5. The refracting power of the 
first surface is 4-15.4 dptr., and that of the second surface 
is —9.1 dptr. Find the refracting power of the lens and its 
vertex refraction. Ans. F = 4-6.74 dptr.; F = -1-7.09 dptr. 

25. A paraxial ray is incident on the cornea of GuLir- 
strand's schematic eye (§ 130) in a direction parallel to the 
axis. Trace the path of this ray through the eye and de- 
termine the position of the secondary focal point F' (see 
calculation-scheme, § I8I); and calculate the focal lengths 
/, f according to the formulae derived in problem No. 17 
at the end of Chapter X. 

Ans. Distance of F' from the vertex of the cornea is 
24.387 mm.; /= 4-17.055 mm., /'= -22.785 mm. 
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26. The reduced thickness of a symmetric spectacle glass 
is denoted by c. If V denotes its vertex refraction, show 
that 



27. A hollow globe of glass is filled with water. The di- 
ameter of the water sphere is 8.5 inches and the thickness of 
the glass shell is 0.25 inch. Show that a narrow beam of 
parallel rays directed towards the center of the globe will be 
converged to a point 4.68 inches from the outside surface, 
the indices of refraction of glass and water being f and 

respectively. 

28. What is the focal length of a combination of two thin 

convex lenses, each of focal length /, placed at a distance 
apart equal to 2//3? Ans. 3//4. 

29. An optical system is composed of two thin convex 
lenses of refracting powers +10 dptr. and +6| dptr., 
the stronger lens being towards the incident light. Find 
the refracting power of the combination and the positions 
of the principal points and focal points when the dis- 
tance between the lenses is; (a) 5 cm.; (b) 25 cm.; and 
(c) 40 cm. 

Ans. (a) Convergent system: dptr.; AiH = 

+2.5 cm. ; AgH' = ~ 3.75 cm. ; AiF = - 5 cm. ; A^F = +3.75 cm. ; 
(b) Telescopic system: F=0; focal and principal points 
all at infinity; (c) Divergent system: F = — 10 dptr.; AiH = 
-26| cm.; A2H'=+40 cm.; AiF--16| cm.; AsF'^ 
f 30 cm. 

30. An optical system is composed of two thin lenses, 
namely, a front concave lens of power —10 dptr. and a rear 
convex lens of power +6| dptr. Find the refracting power 
of the combination and the positions of the focal points and 
principal points, when the interval between the lenses is: 
(a) 2.5 cm.; (6) 5 cm.; (c) 6.25 cm.; (d) 20 cm. 

Ans. (a) Divergent system : F = — 1| dptr. ; AiH = — 10 cm. ; 
A 2 H'= — 15 cm.; AiF=+50 cm.; A 2 F'=— 75 cm.; (b) Tele- 
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scopic system: F- 0 , focal and principal points all at 
infinity; (c) F= 4 -|- dptr.; AiH = 4-50 cm.; A 2 H '=+75 cm.; 
AiF=— 70 cm.; A2F'=+195 cm.; (d) Convergent system: 
jF=+ 10 dptr.; AiH = "F13^ cm.; A 2 H' = +20 cm.; AiF=* 
+3^ cm.; A 2 F' = +30 cm. 

31. Two thin convex lenses of focal lengths /i and /2 are 
separated by an interval equal to 2 / 2 . If /i = 3 / 2 , what is 
the focal length of the combination? 

Ans. Convergent system of focal length 8 / 2 / 2 . 

32. Two lenses, one convex and the other concave, are 
separated by an interval 2 a. The convex lens is the front 
lens, and its focal length is a, while that of the concave lens 
is —a. Find the focal length of the combination and the 
positions of the principal points and focal points. 

Ans. /=a/2; AiH=A 2 H'- -a; AiF = 3 A 2 F'=: --3a/2. 

33. Where are the principal planes of a system of two thin 
convex lenses of focal lengths 2 inches and 6 inches, separated 
by an interval of 4 inches? 

Ans. The principal planes coincide with the focal planes 
of the stronger lens. 

34. The objective of a compound microscope may be re- 
garded as a thin convex lens of focal length 0.5. inch. The 
'ocular may also be regarded as a thin convex lens of focal 
length 1 inch. The distance between the two lenses is ^ 
inches. Where must an object be placed in order that its 
image may be seen distinctly by a person whose distance of 
distinct vision is 8 inches? 

Ans. 'll inch in front of the objective. 

35. The focal lengths of the objective and ocular of a com- 

pound microscope are 0.5 inch and 1 inch, respectively. If 
the distance of distinct vision is 12 inches, find the distance 
between the objective and ocular when the object viewed ik 
0.75 inch from the objective. Ans. 2.42 inches. 

36. A thin convex lens, of focal length 5 inches, is placed 
midway between two thin convex lenses each of focal length 
10 inches. The distance between the first lens and the second 
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is 5 inches. Find the focal length of the system and the po- 
sitions of the principal points. 

Ans. / « 4-6| inches; the principal points are at the 
vertices of the outside lenses. 

37. In the preceding problem, suppose that the two out- 
side lenses are concave, everything else remaining the same. 

Ans. / = -f-6| inches. The principal points are on op- 
posite sides of the middle lens and If inches from it. 

38. A thin convex lens, of focal length 10 inches, is placed 
in front of a concave mirror of focal length 5 inches, the dis- 
tance between them being 5 inches. The light traverses the 
lens, is reflected at the mirror, and again passes through the 
lens. Find the focal length of this so-called ^Hhick mirror^' 
and the positions of the principal points. 

Ans. / = +61 inches; the principal points coincide with 
each other at a point 5 inches behind the vertex of the mirror. 

39. In the preceding problem, suppose that the lens is 
concave, everything else remaining the same. 

Ans. / = +6f inches; the principal points coincide with 
each other at a point between the lens and the mirror and 
3f inches from the former. 

40. In front of each of the systems described in Nos. 36, 
37, 38, and 39, an object, one inch high, is placed at a distance 
of 5 inches from the first member of the system. Find the 
position, size and nature of the image in each case. 

Ans. In No. 36: A real, inverted image, 2 inches beyond 
the third lens and 0.8 in. high. In No. 37: A real, inverted 
image, 30 inches beyond the third lens and 4 inches high. 
In No. 38: A real, inverted image, 2 inches in front of the 
lens and 0.8 in. high. In No. 39: A real, inverted image, 
30 inches in front of the lens and 4 inches high. 

41. The center of a concave mirror, of radius r, coincides 
with the optical center of a thin lens, of focal length /, and 
the axes of lens and mirror are in the same straight line. The 
light traverses the lens, is reflected at the mirror, and again 
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traverses the lens. Show that the system is equivalent to a 
thin mirror of radius r,fl{r+f), with its center at the same 
place as the center of the given mirror. 

42. A centered system of lenses (I) is placed in front of 
a spherical mirror (II), and the whole constitutes a ^Hhick 
mirror/^ as explained in § 132. Show that the vertex A and 
the center C of the actual mirror are the images of the vertex 
H and the center K, respectively, of the equivalent ^Hhin 
mirror,’’ which are produced by the lens-system I in the 
medium of index n 2 between systems I and II. 

43. A “thick mirror” consists of a thin lens of focal length 
fi and a spherical mirror of focal length /2 placed co-axially 
so that the focal point of the mirror coincides with the opti- 
cal center Ai of the thin lens. Show that the focal length of 
the equivalent “thin mirror” is 

f fi-h . 

and that the positions of the vertex H and the center K are 
given by the following expressions: 

yiT‘j'2 

Does it make any difference whether the lens is convex or 
concave? 

44. At each of the focal points of a thin convex lens of 
focal length /2 is placed a thin lens of focal length /i. Find 
the focal length of the combination of the three lenses and 
the positions of the principal points. Does it make any dif- 
ference whether the two equal outside lenses are convex or 
concave? 

Ans./=M; AiH=H'A3=/i4- 

Ji—ji Ji— Jr2 


45. A thin convex lens of focal length 10 cm. is placed in 
front of a plane mirror at a distance of 8 cm. from it. Find 
the radius of the equivalent “thin mirror” and the position 
of its vertex H. 



a94 


Mirrors, Frisms and Lenses 


[Ch, X] 


Ans. The equivalent ^Hhin mirror’^ is a concave mirror of 
radius 50 cm. with its vertex 32 cm. behind the plane mirror. 

46. The axes of three thin convex lenses are all in the 
same straight line, the interval between the first and second 
lenses being one inch and the interval between the second 
and third lenses being half an inch; The focal lengths of the 
first, second and third lenses are 4- f inch, re- 
spectively. A plane object is placed at right angles to the 
axis of the lens-system; show that an inverted image of the 
same size as the object will be formed in the plane of the 
object. 

47. A plano-concave flint glass lens of index 1.618 is ce- 
mented to a double convex crown glass lens of index 1.523. 
The radii and thicknesses are as follows: ri=oo, ^2 = 
4-50.419 mm., r3 =— 74.320 mm.; 4-2.15 mm., ^2 = 
4-4.65 mm. Find the focal length of the combination and 
the positions of the principal points. 

Ans. / = 4-192.552 mm.; distances of principal points from 
the plane surface, 4-5.466 and +7.908 mm. 

48. A plano-concave flint glass lens of index 1.618 is ce- 
oiented to a double convex crown glass lens of index 1.523. 
The radii and thicknesses are as follows: ri==: +22.00 mm., 
72=— 19.65 mm., 73=00; di = +2.60 mm., c?2 = 'i-2.00 mm. 
Find the focal length of the combination and the positions of 
the principal points. 

Ans. /= +52.26 mm.; distances of principal points from 
plane surface, —5.03 and —3.36 mm. 

49. The radii and thickness of a symmetric double convex 
lens are 10 cm. and 1 cm., respectively. The lens is made of 
glass of index 1.5 and surrounded by air of index unity. 
A portion of the light which enters the lens will be reflected 
at the second surface and partially refracted at the first 
surface from glass back into the air. Find the radius, re- 
flecting power and position of the vertex of the equivalent 
'Hhin mirror.’^ 

Ans. Concave mirror of radius —53.050 mm., reflecting 
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power +37.7 dptr., with its vertex +6.90 mm. from the ver- 
tex of the first face of the lens. 

50. In the case of the lens in the preceding problem, as- 
sume that the light is reflected internally twice in succession 
and issues finally at the second face into the air. Find the 
refracting power and the positions of the principal points 
for the imagery produced by these rays. 

Ans. Refracting power, +58.03 dptr.; distances of prin- 
cipal points from vertex of first suiface of the lens, +10.94 
and — 0.94 mm. 

51. In Gullstra.nd’s schematic eye in its state of maxi- 
mum accommodation the crystalline lens consists of an outer 
symmetric double convex lens of index n4=n6== 1.386 (see 
§ 130), enclosing an inner symmetric double convex ^^core” 
lens of index ^5= 1.406; the inner portion being symmetri- 
cally placed with respect to the surrounding outer part. 
The radii of the surfaces are as follows: 

Outer portion: r3=A3C3 = +5.3333 mm.== ~r6=C6A6; 

Inner portion: r4= A4C4= +2.6550 mm.= — r5=C5A5. 
Moreover, 

A3A4=A3C5=A5A6=C4A6= 0.6725 mm.; 

A4A5 = C5C4 = A4C4 - C5A5 = 2.6550 mm. 

The entire lens is surrounded by a medium of index 72.3== 
717=1.336. Show (1) that the refracting power of the inner 
portion or ^^core^' lens is ^45= +14.959 dptr., and that its 
principal points are 1.9905 mm. from the anterior and pos- 
terior surfaces. Moreover, employing the formulae of § 131, 
show (2) that the refracting power of the entire lens in case 
of maximum accommodation is 7^36 = +33.056 dptr. and that 
A3H36==H36'A6= +1.9449 mm. 

52. Using the data of the preceding problem, find the 
refracting power {F) and the positions of the principal pou-ts 
(H, H') of Gullstrand’s schematic eye in its state of maxi- 
mum accommodation: being given, according to the results 
of § 130, that the refracting power of the cornea system is 
Fi 2 =43.053 dptr. and that AiHi2= -0.0496 mm., AiH'i 2= 
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— 0.0506 mriL, and also that for maximum accommodation 
AiA 3 = +3.2 mm. 

Ans. F= +70.675 dptr.; AiH=+ 1.772 mm.; AiH' = 
+2.086 mm. 

63. Two thin lenses of focal lengths /i and /2 are placed on 
the same axis with the second focal point (Fi') of the first 
lens coincident with the first focal point (F 2 ) of the second 
lens, so as to form an afocal or telescopic system. Show 
that the lateral magnification is constant and equal to 
-/ 2 // 1 , and that the angular magnification is likewise con 
stant and equal to the reciprocal of the lateral magnification. 

54. If (as in Huygens’s ocular) two thin lenses are placed 
on the same axis with their second focal points in coincidence, 
show that the second focal point of the combination is mid- 
way between this common focal point and the second lens, 
and that the deviation produced by the second lens is twice 
that produced by the first (assuming that the angles are 
small). 

55. Show that the optical center (0) of a lens surrounded 
by the same medium on both sides is the image of the first 
principal point of the lens (H) in its first surface; and, sim- 
ilarly, that the second principal point (H') is the image of O 
in the second surface. 

56. Magnifying glasses of high power were formerly made 
in the form of small ^'spherules” of glass, as suggested first 
by Robert Hooke in his ^^Micrographia” (1665). The 
most powerful “spherules” ever made are said to have been 
those sent to the Royal Society by Di TorrIj of Naples, 
one of which was of inch in diameter. Assuming that 
the index of refraction was 1.5, what was its focal length? 

Ans. xra inch. 
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APERTURE AND FIELD OF OPTICAL SYSTEM 

133. Limitation of Ray-Bundles by Diaphragms or StopSo 

The geometrical theory of optical imagery which has been 
developed in Chapter X was based on the assumption of 
punctual correspondence between object-space and image- 
space, whereby each point of the object is reproduced by 
one point, and by one point only, in the image; and on this 
hypothesis simple relations in the form of the so-called 
image-equations (§ 123) were obtained for determining the 
position and size of the image in terms of the focal lengths 
of the optical system. When we attempted to realize the 
imagery expressed by these equations, we were obliged to 
confine ourselves to the so-called paraxial rays comprised 
within the narrow cylindrical region immediately surround- 
ing the axis of symmetry or optical axis of the centered sys- 
tem of spherical refracting or reflecting surfaces. Based on 
the same assumptions, certain rules were given for con- 
structing the image-point Q' corresponding to a given object- 
point Q, For example, a pair of straight lines was drawn 
through Q (Fig. 174), one parallel to the optical axis and 
meeting the second principal plane of the system in a point 
V', and the other going through the primary focal point F 
and meeting the first principal plane in a point W. The 
required point Q' was shown to lie at the point of intersec- 
tion of the straight line V'Q', drawn through the second 
focal point F', with the straight line WQ' drawn parallel to 
the axis. The position of the point Q' having been located, 
the problem was considered as solved, and we were not par- 
ticularly concerned with inquiring whether the straight 
lines usedrin the construction represented the paths of ac- 

397 
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tual rays that formed the image at Q'. As a matter of fact, 
the pair of geometrical lines which is employed here will 
generally not belong to the bundle of optical rays by which 
the imagery is actually produced; and a glance at the dia- 
gram will show how the diameter of the lens and the size of 



Fro. 174. — Effective rays as distinguished from rays used in making geo- 
metrical constructions. 


the object control the selection of the rays that are really 
effective in producing the image. 

In Chapter I attention was called to the fact that every 
optical instrument is provided with some means of cutting 
out such portions of a bundle of rays as for one reason or 
another are not desirable; which is usually accomplished, 
as has been explained, by interposing in the paths of the 
rays at some convenient place a plane opaque screen at 
right angles to the axis containing a circular aperture with 
its center on the axis. There may, indeed, be several such 
diaphragms or stops disposed at various places along the 
axis of the instrument. A perforated screen of this kind is 
called a front stop, a rear stop or an interior stop, according 
as it lies in front of, behind or within the system, respect- 
ively. The rims and fastenings of the lenses act in dhe same 
way as the diaphragms to limit the ray-bundles. (The stops 
have various duties to perform, their chief functions being 
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to cut off the view of indistinct parts of the image (limita- 
tion of the field of view), to cut out such rays as would tend 
to mar the perfection of that part of the image which is to 
be inspected (limitation of the aperture of the system), and, 
finally, to nullify injurious reflections from the sides of the 
tube or other parts of the instrument. 

134. The Aperture-Stop and the Pupils of the System. — 
To an eye looking into the instrument from the side of the 
object, a front stop (which may be the rim of the first lens 
of the system) will be the only one that will be visible di- 
rectly. Any other stop or lens-rim will be seen only by means 
of the real or virtual image of it that is cast by that part of 
the optical system which is between it and the eye. Simi- 
larly, if the eye is directed towards the instrument from the 
image-side, an interior stop or a front stop may be seen by 
means of the image of it that is produced by the part of the 
system that lies between it and the eye. Now these impal- 
pable stop-images, whether visible or not, are just as effect- 
ive in cutting out the rays as if they were actual material 
stops; because, obviously, any ray that goes through an 
actual stop must necessarily pass either really or virtually 
through the corresponding point of the stop-image; whereas 
a ray that is obstructed by a stop will not go through the 
opening in the stop-image. 

I That one of the stops which by virtue of its size and po- 
stoon with respect to the radiating object is most effective 
in cutting out the rays is distinguished as the aperture-stop 
of the system (§11), and in order to determine which of the 
several stops performs this office, it is necessary, first of all, 
to assign the position of the axial object-point M, whhout 
which the aperture of the system can have no meaning J Ac- 
cordingly, we must suppose that the instrument is focused 
on some selected point M on the axis, which is reproduced 
by an image at the conjugate point M'. The transversal 
planes at right angles to the axis at M and M' will be a pair 
of conjugate planes, for it is assumed here that the imagery 
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is ideal and of the same character as that produced by par- 
axial rays. Now this pair of conjugate planes plays a ^^ry 
important role in the theory of an optical instrument, so 
that hereafter we shall refer to the object-plane as ihefoci^s- 
plane (or the plane which is in focus on the screen) and to 
the conjugate plane in the image-space as the screen-plane. 

Now if the eye is supposed to be placed on the . axis at the 
point M and dii’ected towards the instrument, the stop or 
stop-image whose aperture subtends the smallest angle at M 
is called the entrance-pupil of the system.; All the effective 
rays (§ 11) in the object-space must be directed towards 
points which lie within the circi^nference of the circular 
opening of the entrance-pupil. general, the entrance- 
pupil is the image of the aperture-stop as seen by looking into 
the instrument in the direction of the light coming from the 
object; but if the aperture-stop is a front stop, it will also 
be the entrance-pupil. ' 

On the other hand, when the eye is placed on the axis at 
the point M' so as to look into the instrument through the 
other end, the stop or stop-image which subtends the smallest 
angle at M' is called the exit-pupilj)md all the effective rays 
when they emerge from the instrument must go, really or 
virtually, through the opening of the exit-pupil. In this 
statement it is tacitly assumed that M' is a real image of M ; 
otherwise, it would not be possible for the eye placed at M' 
to look into the instrument through the end from which the 
rays emerge. But in any case the exit-pupil is the st<m,-.or 
stop-image which subtends the smallest angle at M'. gen- 
erally, the exit-pupil will be the image of the aperture-stop 
as seen by looking into the instrument from the image-side; 
but if the aperture-stop is a rear stop, it will be itself the 
exit-pupil, j 

Since the effective rays enter the system through the 
entrance-pupil in the object-space and leave it thr^gh the 
exit-pupil in the image-space, it is evident that(m6 exit- 
pupil is the image of the entrance-pupilj so that the pupilr 
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centers, desi|3^nated hy 0 and O', are^a pair of conjugate axial 
points with respect to the entire system. 

The apertui’es of the ray-bundles in the object-space arc 
determined by the entrance-pupil of the system; and the 
exit-pupil has a similar office in the image-space. Each of 
the pupils is the common base of the cones of effective rays 
in the region to which it belongs. 

135. Illustrations. — The name “pupiE" applied to these 
apertures by Abbe was suggested by an analogy with the 
optical system of the eye. The pupil of the eye is the con- 
tractile aperture of the colored iris, the image of which 
produced by the cornea and the aqueous humor is the en- 
trance-pupil of the eye corresponding to what is popularly 
called the black of the eye,’^ because it looks black on the 
dark background of the posterior chamber of the eye. Since 
the center 0 of the entrance-pupil is the image of the center 
K of the iris-opening formed by rays that are refracted from 
the aqueous humor through the cornea into the air, then, 
by the principle of the reversibility of the light-path, we 
may also regard K as the image of O formed by rays which 
are refracted from air (n=l) through the cornea into the 
aqueous humor (rz.' = 1.336). The apparent place of the eye- 
pupil varies slightly in different individuals and in the same 
individual at different ages. If we assume that the point 0 
is 3.03 mm. from the vertex (A) of the cornea, that is, if we 
put ti=0.00303 m., then U-nlu=SdO dptr. And if we take 
the refracting power of the cornea as E=42 dptr. (§ 130), 
then, since ?7'= f/q-E, we find ?/'== 372 dptr. and consequently 
t^'=AK=n'/ 17' =0.0036 m.; so that with these data the 
plane of the iris is found to be at a distance of 3.6 mm. from 
the vertex of the cornea. Thus we see that the entrance- 
pupil of the eye is very nearly 0.6 mm. in front of the iris. 

As a simple illustration of these principles, consider an 
optical system which consists of an infinitely thin convex 
lens, with a stop placed a little in front of it. In the dia- 
gram (Fig. 175) the straight line DG perpendicular to the 
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axis of the lens represents the diameter of the lens which 
lies in the meridian plane of the paper. The diameter of 
the stop-opening is shown by the straight line BC parallel 
to DG. The centers of the lens and stop are designated by 



Fig. 175. — Optical system composed of thin convex lens with front 

stop. 

A and K, respectively. The position of the focus-plane is 
determined by the axial object-point M, which in the figure 
is represented as lying in front of the lens beyond the pri- 
mary focal plane. The solid angle subtended at M by the 
opening in the stop is supposed to be smaller than that 
subtended by the rim of the lens; that is, as here shown, 
Z AMC<Z AMG; and, consequently, the front stop acts here 
both as aperture-stop and entrance-pupil, so that the center K 
of the aperture-stop is likewise the center 0 of the entrance- 
pupil. Looking through the lens from the other side, one 
will see at O' a virtual, erect image B'C' of the aperture-stop 
BC, and hence this image is the exit-pupil of the system. 
The angle BMC is the aperture-angle of the cone of rays 
that come from the axial object-point M in the focus-plane; 
after passing through the system, these rays meet at M' in 
the screen-plane, the aperture-angle of the bundle of rays 
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in the image-space being ZB'M'C'. The effective rays 
coming from a point Q in the focus-plane are comprised 
within ZBQC in the object-space and ZB'Q'C' in the 
image-space. If the object-point does not lie in the 
focus-plane, and yet not too far from it, the opening BOG will 
act as entrance-pupil for this point also. Thus, for example, 
in order to construct the point R' conjugate to an object- 
point R which does not lie exactly in the focus-plane, we 
have merely to draw the straight lines RB, RO, RC until 
they meet the lens, and connect these latter points with B', 
O', C', respectively, by straight lines which will intersect in 
the image-point R'. 

Again, consider a system composed of two equal thin 
convex lenses whose centers are at Ai and A 2 (Fig. 176), 



Fig. 176. — Optical system composed of two equal thin convex lenses with 
interior stop placed midway between the two lenses. 


with a stop UV placed midway between them; if the center 
of the stop :s designated by K, then AiK=KA 2 . The image 
of the stop as seen through the front lens is BOG, and its 
image as seen by looking through the other lens in the op- 
posite direction is B'O'G'; these images being equal in size 
and symmetrically situated with respect to the stop itself. 
The image of the rim of each lens cast by the other lens 
should also be constructed, but for the sake of simplicity 
these images are not drawn in the figure, because the di- 
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ameters of the lenses are taken sufficiently large as com- 
pared with the diameter of the stop interposed between 
them at K to insure that the latter acts as aperture-stop 
with respect to the axial object-point M on which the in- 
strument is supposed to be focused. . Consequently, since 
the stop-image BC subtends at M an angle less than that 
subtended by the rim of the front lens or by the image of 
the rim of the second lens, it will be the entrance-pupil of 
the system and, similarly, B'C' which is the image of B(^ 
formed byy4he system as a whole will be the exit-pupily 
Thus, in order to construct the image-point M' conjugate 
to the axial object-point M, we have merely to draw the 
straight line MC and to determine the point where this line 
meets the first lens; and from the latter point draw a straight 
line through the point V in the edge of the stop to meet the 
second lens; and, finally, draw the straight line which joins 
this latter point with the point C' in the edge of the exit- 
pupil; this line will cross the axis at the required point M' 
in the screen-plane. Similarly, drawing from the object- 
point Q the three rays QB, QO- and QC, we can continue 
the paths of these rays from the first lens to the second 
through the points U, K and V, respectively, in the stop- 
opening; and since the rays must issue from the second lens 
so as to go through B', O' and C', respectively, in the exit- 
pupil, their common point of intersection in the image- 
space will be the point Q' conjugate to Q. In the diagram 
the point Q is taken in the focus-plane; but the same con- 
struction will apply also to determine the position of an 
image-point R' conjugate to an object-point R which does 
not lie in the focus-plane. 

136. Aperture-Angle. Case of Two or More Entrance- 
Pupils.— The angle OMC (Kgs. 175 and 176) subtended 
at the axial object-point M by the radius OC of the entrance- 
pupil is called the aperture-angle of the optical system. If 
we put OC==p (where p is to be reckoned positive or neg- 
ative according as the point C lies above or below the axis) 
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and OM=z, then tan7j = — p/z. In like manner, if tj' = 
Z O'M'C' denotes the angle subtended at the point M' con- 
jugate to M by the corresponding radius of the exit-pupil 
{0'C' = p'), and if also 0'M'=z', then tan 7)'= —p'/z'. 

The pupils of an optical system depend essentially, as has 
been stated, on the position of the axial object-point M on 



Fig. 177. — Case of two entrance-pupils. 

which the instrument is focused. In the diagram (Fig. 177) 
I and II represent a pair of stops or stop-images as seen 
by an eye looking into the front end of the instrument. Join 
one end of the diameter of one of these openings by straight 
lines with both ends of the diameter of the other opening; 
and let the points where the straight lines cross the axis be 
designated by X and Y. The two apertures subtend equal 
angles at these points, and hence if the object-point M co- 
incides with either X or Y, the entrance-pupil of the system 
may be either I or II; in fact, for these two special positions 
of M there will be two entrance-pupils, and, of course, also 
two exit-pupils. If the object-point M lies between X and 
Y, then in the case represented in the figure the opening II 
will subtend a smaller angle at M than the opening I so 
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that the former will act as the entrance-pupil. But for any 
other position of the axial object-point M besides those 
above mentioned the opening I will be the entrance-pupil. 

137. Field of View. — ^The limitation of the apertures of 
the bundles of effective rays is not the only office of the 
stops and lens fastenings. One of their most important 
functions is to define the extent of the object that is to be 
reproduced in the instrument as has been pointed out in 
several simple illustrations in the earlier pages of this book 
(see §§ 9, 16, 73 and 98), In the adjoining diagram 
(Fig. 178), where the entrance-pupil of the system is repre- 
sented by the opening BC, the other stops or stop-images in the 
object-space act like circular windows or port-holes through 
which the rays that are directed from the various parts of 
the object towards points in the open space of the entrance- 
pupil will have to pass if they are to succeed in getting 
through the instrument without being intercepted on the 
way. Evidently, that one of these openings which subtends 
the smallest angle at the center 0 of the entrance-pupil will 
limit the extent of the field of view in the object-space. This 
opening which is represented in the figure by GH is called 
the entrance-port; and the material stop or lens-rim which 
is responsible for it is called the field-stop (§ 9). 

Let the straight line CH drawn through the upper extrem- 
ities of the diameters BC and GH of the entrance-pupil and 
entrance-port meet the optical axis in the point designated 
by L and the focus-plane in the point designated by U. If 
this straight line is revolved around the axis of the instru- 
ment, the point U will describe a circle in the focus-plane 
around the axial object-point M as center; and it is obvious 
that any point in this plane within the circumference of this 
circle, or, indeed, any object-point contained inside the 
conical surface generated by the revolution of the straight 
line passing through C and H, may send rays to all parts 
of the entrance-pupil which will not be intercepted any- 
where in the instrument. Thus, the entire aperture of the 
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entrance-pupil will be the common base of the cones of ef- 
fective rays emanating from sources which lie within this 
region of the object-space. 



Fig. 178. — Field of view of optical system on side of object, determined 
by the entrance-pupil and the entrance-port. 

Again, the straight line OH drawn through the center of 
the entrance-pupil and the upper edge of the entrance-port 
will determine a second limiting point V in the focus-plane 
which is farther from the optical axis than the first point U; 
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and in case of object-points lying in the focus-plane between 
U and V the sections of the bundles of effective rays made 
by the plane of the entrance-pupil will have areas that are 
comprised between the entue area of the opening of the 
entrance-pupil and half that area; and this will be true like- 
wise with respect to all those points in the object-space that 
are contained between the two conical surfaces generated 
by the revolution of the straight lines CH and OH around 
the axis of symmetry. Such points will not lie outside the 
field of view, but although they can utilize more than half 
the opening of the entrance-pupil, they are not in a position 
to take advantage of the entire opening. 

Finally, the straight line BH drawn through the lower 
edge of the entrance-pupil and the upper edge of the entrance- 
port, which crosses the optical axis at the point marked J, 
will determine an extreme point W in the focus-plane which 
is more remote from the axis than the point V; and it is evi- 
dent from the figure that object-points in the focus-plane 
which lie in the annular space between the two circles de- 
scribed around M as center with radii MV and MW are 
even more unfavorably situated for sending rays into the 
entrance-pupil, because they cannot utilize as much as half 
of the pupil-opening. In fact, the effective rays which come 
from the farthest point W pass through the circumference 
of the pupil, and any point lying beyond W will be wholly 
invisible, that is, entirely outside the field of view of the 
instrument. 

Thus, we see that the focus-plane is divided into zones by 
three concentric circles of radii MU, MV and MW. Object- 
points lying in the interior central zone send their light 
through the entrance-pupil without let or hindrance on the 
part of the field-stop; so that this is the brightest part of 
the field. But in the two outer zones there is a gradual fad- 
ing away of light until we reach finally the border of complete 
darkness. The three regions of the field of view in the object- 
space are usually defined by the angles 271, 27, and 272 
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whose vertices are on the optical axis at the points L, 0 and 
J, respectively; so that Yi^ZSLH, 7 = ZS 0H and 72 = 
ZSJH. If the radii of the entrance-pupil and entrance- 
port are denoted by p=OC and and if the distance 

of the entrance-pupil from the entrance-port is denoted by 
c=SO, then 

, h-p , h , 6+p 

tan7i= tan7=--, tan72= 

c c c 

The field of view in the image-space is determined in like 
manner. The image of the entrance-port GH with its center 
at S, which is produced by the entire optical system, is the 
exit-port G'H' with its center at S'; and by priming all the 
letters in the expressions above a similar system of equations 
will be obtained for defining the three regions, 271', 27' 
and 272', of the field of view in the image-space. Generally, 
the edge of the field is considered as determined by the cen- 
ter of the pupil, that is, by the angle 27 in the object-space 
and the angle 2 y' in the image-space. 

138. Field of View of System Consisting of a Thin Lens 
and the Eye. — simple but very instructive illustration of 
the principles explained in the foregoing section is afforded 
by an ordinary convex lens used as a magnifying glass. In 
order to obtain a virtual, magnified image with a lens of 
this kind, the distance of the glass from the object must not 
exceed the focal length of the lens, and then when the image 
is viewed through the glass, the iris of the observer's eye 
will act as the aperture-stop of the system, no matter where 
the eye is placed, provided the diameter of the pupil of the 
eye is less than that of the lens, as is practically nearly al- 
ways the case. Moreover, since the pupil of the eye is the 
common base of the bundles of rays which come to it from 
the various parts of the image, it is the exit-pupil of the 
system, and its image in the glass is, therefore, the entrance- 
pupil. If the eye is placed on the axis of the lens between 
the lens and its second focal point (Fig, 179), the entrance- 
pupil will be a virtual image of the pupil of the eye and will 
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lie on the same side of the lens as the eye; if the eye is placed 
at the second focal point of the glass, the entrance-pupil will 
be at infinity (see § 144); and, finally, if, as represented in 


a* 



G 


Fig. 179. — Field of view of thin convex lens when the eye 
is between the lens and its second focal plane. 

Fig. 180, the eye is placed at a point O' beyond the second 
focal point of the convex lens GH, the center of the entrance- 
pupil will be at a point 0 on the same side of the lens as the 
object MQ. The distance between the eye and the second 
focal point of a convex lens used as a magnifying glass is 
never very great, and, consequently, the distance of the cen- 
ter 0 of the entrance-pupil from the first focal point is rela- 
tively always quite large. The rim of the glass acts as the 
field-stop, and it is at the same time both the entrance-port 
and the exit-port of the system; and hence the field of view 
exposed to the eye in the image-space is entirely analogous 
to the field which would be seen by an eye looking through 
a circular window of the same form, dimensions and position 
as the lens. Since the exit-port is represented here as being 
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at a considerable distance from the exit-pupil, the field of 
view will appear vignetted, that is, the border will not be 
sharply outlined, but the field will fade out imperceptibly 





Fig. 180. — Field of view of thin convex lens when the eye is placed 
beyond the second focal plane. 

towards the edges. If the diameter of the lens is denoted 
by 26, and if the distance of the eye from the lens is denoted 
by c=AO', then tan7'=— 6/c, where 7' = ZA0'H. The 
extent of the field as measured by the angle 27' is indepen- 
dent of the size of the pupil of the eye. If the focus-plane 
coincides with the first focal plane of the magnifying glass, 
the diameter of the visible portion of the object wiU be 2^= 
- 2/,tan7'. 

In a compound microscope or in an astronomical telescope 
the object-glass produces a real inverted image of the object, 
and this image is magnified by the ocular, which is essen- 
tially a convergent optical system on the order of a convex 
lens used as a magnifying glass. In the interior of the in- 
strument between the object-glass and the ocular, at the 
place where the real image is cast by the object-glass, 
there is usually inserted a material stop, which cuts off the 
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'^ragged edge” of the field of view, so that only the central 
portion which sends complete bundles of rays through the 
instmment is vi>sible to the eye. 

In the Dutch telescope the ocular is a divergent optical 
s\’'steni which may be represented in a diagram by a con- 



Fig. 181 . — Ocular system of Galileo’s telescope represented in the dia- 
gram by a thin concave lens. Diagram shows how the rays, after 
having passed through the object-glass, enter the pupil of the observ- 
er’s eye B'C'. Inverted image of distant object in the object-glass of th-' 
telescope is formed at MQ; M'Q' is the image of MQ in the ocular. 
G'H' is the image of the rim of the object-glass in the ocular. B'C' is 
the image of BC in the ocular. 

cave lens (Fig. 181) which is placed between the object- 
glass and the real image of the object in the object-glass; 
so that so far as the ocular is concerned, this image is a vir- 
tual object, shown in the figure by the line-segment MQ. 
The eye in this case is usually adjusted very close to the 
concave lens. The pupil of the eye is represented in the 
figure by the opening B'C' with its center on the axis at O'; 
its image in the lens is BC. Here also, just as in the case of 
a convergent ocular, the pupil of the eye will act as the exit- 
pupil unless the diameter of the lens is so small that the 
lens-rim itself performs this ofiice. The image of MQ is 
M'Q', which latter will be erect if MQ is inverted, and since 
MQ is always inverted in the simple telescope, the final 
image in the Dutch telescope is erect. In the case of the 
Dutch telescope the rim of the ocular lens does not limit 
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the field of view, but this is limited by the rirn of the object- 
glass, which is the entrance-port of the telescope. Hence, 
the image of the object-glass in the ocular is the exit-port. 
This image (called the “ eye-ring, § 159) is represented in 
the diagram by the opening G'H' with its center on the 
axis at S'. The object-point Q, as shown in the figure, is 
just at the edge of the field, because the image-ray coming 
from Q' which is directed towards the center O' of the exit- 
pupil is made to pass through the edge of the exit-port ( 7 ' = 
ZS'O'H'). 

139. The Chief Rays. — Every bundle of effective rays 
emanating from a point of the object contains one ray which 
in a certain sense is the central or representative ray of the 
configuration and which may therefore be distinguished as 
the chief ray (see § 11 ). The ray which is entitled to this 
preeminence is evidently that one which in traversing the 
medium in which the aperture-stop lies passes through the 
center K of this stop. If the optical system is free from the 
so-called aberrations, both spherical and chromatic (as is 
assumed in the present discussion), the chief ray of the 
bundle may also be defined as that ray which in the object- 
space passes through the center 0 of the entrance-pupil; 
but the first definition is preferable because it is applicable 
to actual as well as to ideal optical systems. 

The totality of the chief rays coming from all parts of the 
object constitute, therefore, a homocentric bundle of rays 
in the medium where the aperture-stop lies, and these rays 
proceed exactly as though they had originated from a lu- 
minous point at K. 

If the aperture-stop is very narrow, comparable, say, with 
the dimensions of a pin-hole, the apertures of the bundles of 
effective rays will be correspondingly small; and in the limit 
when the opening in the stop may be regarded as reduced to 
a mere point at its center K, the ray-bundles will have col- 
lapsed into mere skeletons, so to speak, each one represented 
by its chief ray. It is because the chief rays are the last 
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survivors of the ray-bundles that it is particularly impor- 
tant in nearly all optical problems to investigate the pro- 
cedure of these more or less characteristic rays. 

140. The so-called “ Blur-Circles ” (or Circles of Dif- 
fusion) in the Screen-Plane. — Now if the cardinal points of 
the optical system are assigned, the image-relief correspond- 
ing to a three-dimensional object may be constructed point 
by point, according to the methods which have been ex- 
plained. But, as a matter of fact, the image produced by 



Fig. 182. — Diagram showing how object-relief and image-relief are pro- 
jected in focus-plane and screen-plane from entrance-pupil and exit- 
pupil, respectively; and the “ blur circles" in these planes. 

an optical instrument, instead of being left, as it were, 
floating in space, is almost invariably received on a surface 
or screen of some kind, as, for example, the ground-glass 
plate of a photographic camera. In case the image is vir- 
tual, as in a microscope or telescope, it is intended to be 
viewed by the eye looking into the instrument, so that here 
also in the last analysis the image is projected on the sur- 
face of the retina of the observing eye. This receiving sur- 
face is called technically the “screen,” which affords also 
an explanation of the name screen-plane (§ 134) as applied 
to the plane conjugate to the focus-plane. 

In the diagram (Fig. 182) the screen plane is placed at 
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right angles to the axis at the point marked M' which is 
conjugate to the axial object-point M, so that this point is 
seen sharply focused on the screen. Evidently, however, 
the optical system cannot be in focus for all the different 
points of the object-relief at the same time, because the 
screen-plane is conjugate to only one transversal plane of 
the object-space, namely, the focus-plane perpendicular to 
the axis at M. Thus, for example, the reproduction of a 
solid object such as an extended view of a landscape on the 
ground-glass plate of a camera is not an image at all in the 
strict optical sense of the term, inasmuch as it is not con- 
jugate to the entire object with respect to the photographic 
objective. Only such points of the object as lie in the focus- 
plane will be reproduced by sharp clear-cut image-points 
in the screen-plane (as, for example, the point marked 1 in 
the figure); whereas object-points situated to one side or 
the other of the focus-plane will be depicted more or less in- 
distinctly on the screen-plane by small luminous areas which 
are sections cut out by this plane from the cones of image- 
rays emanating originally from points of the object such as 
those marked 2, 3 in the diagram. These little patches of 
light on the screen, which are usually elliptical in form, and 
whose dimensions depend on obvious geometrical factors, 
such as the diameter and position of the exit-pupil, etc., 
are the so-called circles of diffusion or ^^blur-drdes,^^ in 
consequence of which details of the image as projected on 
the screen are necessarily impaired to a greater or less 
degree. 

It is a simple matter to reconstruct the object-figure 
which is optically conjugate to this configuration of image ’ 
points and ^'blur-circles’’ in the screen-plane, which will 
obviously be a similar configuration of object-points anc' 
^'blur-circles” all lying in the focus-plane. Moreover, since 
the exit-pupil is conjugate to the entrance-pupil, the cones 
of rays in the object-space corresponding to those in thn 
Image-space may be easily constructed by taking the points 
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of the object-relief as vertices and the entrance-pupil as the 
common base of these cones. The tout ensemble of the sec- 
tions of all these bundles of object-rays made by the focus 
plane will evidently be the figure in the object-space that 
corresponds to the representation on the screen, and ac- 
cording to the theory of optical imagery these two plane 
configurations will be similar. This vicarious^' object in 
the focus-plane is sometimes called the projected copy of the 
object-relief j because it is obtained by projecting the points 
of the object from the entrance-pupil on the focus-plane. 

141. The Pupil-Centers as Centers of Perspective of 
Object-Space and Image-Space. — It hardly needs to be 
pointed out that the blur-circles’^ which arise from this 



Fig. 183. — Projection of object-relief and image-relief in focus-plane and 
screen-plane from the centers of entrance-pupil and exit-pupil, respectively. 

mode of reproducing a solid object on a plane (or curved) 
surface are due to no faults of the optical system itself, but 
are necessary consequences of the mode of representation, 
having their origin, in fact, in the object-space by virtue of 
the process employed. The only possible way of diminish- 
ing or eliminating the indistinctness or lack of detail in the 
reproduction of parts of the object that do not lie in the 
focus-plane consists in reducing the diameter of the aperture- 
stop; or in ^'stopping down” the instrument, as it is called. 



§ 142J Distance of Photograph 417 

If the stop-opening is contracted more and more until finall}? 
it is no larger than a fine pin-hole, the pupils likewise will 
tend to become mere points at their centers O, O' (Fig. 183), 
and the blur-circles'' both in the focus-plane and in the 
screen-plane will diminish in area pari passu and ultimately 
collapse also into the points where the chief rays cross this 
pair of conjugate planes. The points marked I, II, III, 
etc., where the chief rays belonging to the object-points 1, 
2, 3, etc., cross the focus-plane, and which are the centers of 
the so-called ‘^blur-circles'* in this plane, are obtained, 
therefore, by projecting all the points of the object from the 
center of the entrance-pupil on to the focus-plane. This 
mode of representing a three-dimensional object is, however, 
in no wise peculiar to the optical system itself, but is the 
old familiar process of perspective reproduction by central 
projection on a plane. Thus, the pupil-centers 0, 0' are to 
be regarded as the centers of perspective of the object-space 
and image-space, respectively. 

142. Proper Distance of Viewing a Photograph. — These 
principles explain why it is necessary to view a photograph 
at a certain distance from the eye in order to obtain a cor- 
rect impression of the object which is depicted. Suppose, 
for example, that 0, 0' (Fig. 184) designate the centers of 
the pupils of a photographic lens, and that an object NR is 
reproduced in the screen-plane by the perspective copy 
M'Q' whose size is one kih. of that of the projection MQ of 
the object in the focus-plane. Now if the picture is to pro- 
duce the same impression as was produced by the original 
itself on an observer with his eye placed at 0, the photo- 
graph must be held in front of the eye at a place P such that 
the visual angle KOP which it subtends at the center of 
rotation of the eye shall be equal to the angle QOM; that is, 
the distance PO in the figure must be equal to one fcth of 
the distance of the center of the entrance-pupil from the 
focus-plane, or PO=MO/fc. If (as is usually the case with 
a landscape lens) the focus-plane is at infinity, then PO will 
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be equal to the focal length (/) of the objective. Generally 
speaking, we may say, therefore, that the correct distance 
for viewing a photograph of a distant object is equal to the 
focal length of the objective, this distance being measured 
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Plane 


screen. 

Plane 



Fig. 184. — Correct distance of viewing photograph. 

from the picture to the center of rotation of the observer's 
eye. Accordingly, if the focal length is less than the dis- 
tance between the near point of the eye and the center of 
rotation, which in the case of a normal emmetropic eye of 
an adolescent is about 10 or 12 cm., it will be impossible to 
see the picture distinctly with the naked eye and at the same 
time under the correct visual angle. Moreover, even if the 
focal length of the photographic lens were not less than this 
least distance of distinct vision, the effort of accommodation 
which the eye has to make in order to focus the image sharply 
on the retina under the correct visual angle will superinduce 
an illusion which will be different from the impression of 
reality which it is the purpose of the picture to convey. In 
the case of a photograph made by an objective of very short 
focal length it is possible indeed to make an enlarged copy 
which may be viewed at the correct distance, but this is 
always more or less troublesome and expensive. Dr. Von 
Rohr has invented an instrument called a verard which is 
ingeniously designed to overcome as far as possible the dif- 
ficulties above mentioned; so that viewed through this ap- 
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paratus the photograph is seen more or less exactly as the 
object appeared. 

143. Perspective Elongation of Image. — If the screen- 
plane is not focused exactly on the image-point R' (Fig. 185), 

Screen 

Plane 





Fig. 185. — Perspective elongation of image. 

this point will be shown on the screen by a “blur-circle” 
whose center will be at the point Q' which is the projection 
of R' from the center O' of the exit-pupil. Let e=L'M' 
denote the distance of the screen-plane M'Q' from the image- 
plane L'R', where L', M' designate the feet of the perpen- 
diculars dropped from R', Q', respectively, on the axis. 
From the diagram we obtain the proportion: 

M'Q' O'M' O'M' 

L'R' “O'L' O'M'-f-M'L" 

which may be written: 

y'ly"=z'Kz'-e), 

where y'=M'Q', y''=L'R' and z'=0'M'. Moreover, since 
e may be regarded as small in comparison with z', we obtain: 

2 /'— ^''=- 72 /", approximately. 
z 

The difference (y'—y") is the measure of the perspective 
elongation due to imperfect focusing. 

If the exit-pupil is at infinity, then R'Q' will be parallel 
to the axis and y' =y"; and under these circumstances, the 
perspective reproduction in the screen-plane will be of the 
same size as the image, no matter how much it is out of focus. 
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144. Telecentric Systems. — common laboratoi-y use of 
an optical instrument is to ascertain the size of an inacces- 
sible or intangible object from the measured dimensions of 
its image as determined by means of a scale on which the 


B. 



Fig. 186. — Telocentric optical system: Case of a thin convex lens with front 
stop in first focal plane. Object represented by LR; blurred image 
M'Q' appears of the same size as sharp image L'R'. 


image is projected; but, in general, unless the scale is exactly 
in the same plane as the image, there will be a parallax error 
in the measurement of the image due to its perspective 
elongation. However, if the chief rays in the image-space 
are parallel to the axis, which may be effected by placing the 
aperture-stop so that the entrance-pupil lies in the primary 
focal plane of the instrument, as illustrated in Fig. 186, the 
perspective elongation vanishes (t/'— 2 /''= 0 , as explained 
in § 143); and, consequently, the image will ap- 
pear of the same size as its projection no matter 

whether it lies in the same plane as the scale or not. 

Similarly, if the aperture-stop is placed so that the en- 
trance-pupil is at infinity and the exit-pupil lies therefore in 
the secondary focal plane, the chief rays in the object-space 
will then all be parallel to the optical axis. 

Systems of this description in which one or other of the 
two projection centers O, O' is at infinity are said to be 
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telecentric. This is the principle of nearly all systems for 
micrometer measurements of optical images. 

A simple illustration of a device of this kind that is tele- 
centric on the side next the object is afforded by the oph- 
thalmic instrument called a keratofneter^ which, as the name 
implies, is intended primarily to measure the diameter of the 
cornea or the apparent diameter of the eye-pupil. It is used 
also to measure the distance of a correction-glass (§ 154) 
from an ametropic eye (§ 153), which is an important factor 
in the prescription of spectacles. The instrument consists 
essentially of a long narrow tube, near the middle of which 
is mounted a convex lens of low power adjusted so that its 
second focal point F' coincides exactly with the center of a 
small aperture in a metal disk placed at the end of the tube 
where the observer puts his eye. At the opposite end of the 
tube a scale graduated in half-millimeters is mounted so that 



Fig. 187. — Diagram of instrument called keratometer, as used to measure 
the distance of spectacle glass from the cornea of the eye. 


its upper edge coincides with a horizontal diameter of the 
tube at this place. The upper part of this end of the tube 
is cut away in order to admit suflScient light to illuminate the 
scale. 

When the keratometer is used to measure the distance 
between the vertex of the cornea and the vertex of the cor- 
rection-glass, it is placed with its axis at right-angles to the 
line of sight of the patient, as represented in the diagram 
(Fig. 187), the scale being brought as near as possible to 
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the patient between his eye and the spectacle-glass. The 
distance AB to be measured is projected on the scale by 
rays that are parallel to the axis of the lens, so that when 
the observer looks through the instrument he can read off 
this distance on the image of the scale. 

Practically the same principle is employed also in Badal’s 
optometer for measuring the visual acuity of the eye. It 



Fig. 188. — ^Badal's optometer, with second focal point (F)' of 
convex lens at first nodal point of patient’s eye; forming in 
conjunction with the eye a telecentric system. 


consists of a single convex lens mounted at one end of a long 
graduated bar which is provided with a movable carrier 
holding a test-chart of some kind. If the lens, which usually 
lias a refracting power of about 10 dioptries, is adjusted 
about 9 cm. in front of the cornea so that its second focal 
point P' coincides with the nodal point of the eye (Fig. 188), 
a ray meeting the lens in a direction parallel to the axis will 
emerge from it so as to go through the nodal point of the 



Fig. 189. — Badal’s optometer, with second focal point (FO of 
convex lens at first focal point of patient’s eye; forming in 
conjunction with the eye a telescopic system. 


eye and thence to the retina without change of direction. 
Accordingly, just as though a narrow aperture were placed 
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at the nodal point of the eye, the size of the retinal image 
will not be altered whether the object or chart on the bar be 
far or near; whereas the distinctness with which the details 
of the object are seen, which affords the measure of the visual 
acuity, will depend on the distance of the object. 

Another method of using this optometer is to place the 
lens about 2 cm. farther from the eye, as shown in Fig. 189, 
so that now its second focal point lies in the anterior focal 
plane of the eye. Under these circumstances an incid-fent 
ray proceeding parallel to the axis will emerge from the lens 
and cross the axis at the anterior focal point of the eye, so 
that after traversing the eye-media it will again be parallel 
to the axis. Consequently, here also the image formed on 
the retina will be of the same size no matter where the object 
is placed on the bar in front of the lens, just as if there were 
a narrow stop at the anterior focal point of the eye. In this 
latter adjustment the lens and the eye together constitute 
an optical system which is telecentric on both sides, that is, 
a telescopic system (§ 125). 

PROBLEMS 

1. A cylindrical tube, 2 cm. in diameter and 10 cm. long, 
is closed at one end by a thin convex lens of focal length 4 cm. 
If this end of the tube is pointed towards a distant object, 
what will be the position and diameter of the entrance- 
pupil? Ans. 6| cm. in front of the lens; diameter, cm. 

2. In the preceding problem, where would the object have 
to be in order that the lens itself might act as entrance- 
pupil? 

Ans. In front of the lens, not more than 20 nor less than 
4 cm. away. 

3. If in No. 1 the other end of the tube is closed by a thin 
eye-lens whose focal length is such that when the combina- 
tion is pointed at an object 24 cm. from the object-glass, the 
bundles of rays issuing from the eye-lens are cylindrical, find 
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the positions of the pupils of the system and the focal length 
of the eye-lens. 

Ans. Entrance-pupil 6| cm. in front of object-glass; 
exit-pupil coincides with eye-glass; focal length of eye-glass, 
5.2 cm. 

4. In the preceding problem what will be the answers on 
the supposition that the object is 12 cm. from the object- 
glass? 

Ans. Entrance-pupil coincides with object-glass; exit- 
pupil is 6 1 cm. beyond eye-glass; focal length of eye- 
glass, 4 cm. 

5. A real inverted image of an extended object is formed 
by the object-glass of a simple astronomical telescope in the 
primary focal plane of the eye-glass. The focal lengths of 
the object-glass and eye-glass are 2 feet and 1.5 inches, re- 
spectively, and their diameters are 6 inches and 1 inch, 
respectively. If the distance of the object from the object- 
glass is 240 feet, find the position and diameter of the en- 
trance-port and the diameter of the portion of the object 
that is completely visible through the telescope. 

Ans. Entrance-port is 30.21 feet from object-glass, and 
its diameter is 1.175 feet; diameter of visible portion of ob- 
ject, 5.865 feet. 

6. A thin convex lens of focal length 10 cm. and diameter 

4 cm. is used as a magnifying glass. If an eye adapted for 
parallel rays is placed at a distance of 5 cm. from the lens, 
what will be the diameter of the portion of the object that 
can be seen distinctly? Ans. 8 cm. 

7. The diameter of a thin convex lens is 1 inch, and its 
focal length is 10 inches. The lens is placed midway between 
the eye and a plane object which is 10 inches from the eye. 
How much of the object is visible through the lens? 

Ans. 14- inchc 



CHAPTER XIII 


OPTICAL SYSTEM OF THE EYE. MAGNIFYING POWER 
OP OPTICAL INSTRUMENTS 

146. The Human Eye. — ^The organ of vision is composed 
of the eye-ball, wherein the visual impulses are produced by 
the impact of light; the optic nerve which transmits these 
excitations to the brain; and the visual center in the brain 
where the sensation of vision comes to consciousness. 

The eye-ball (Fig. 190) lying in a bony socket on a cushion 
of fat and connective tissue, in which it is free to turn in all 
directions with little or no friction, consists of an almost 
spherical dark chamber, filled with transparent optical media 
which form the optical system of the eye (Fig. 191). The 
outer protecting envelope of the eye-ball is the tough, white 
membrane called, from its hardness, the sclerotic coat or scleraj 
popularly known as the white of the eye.’’ This opaque 
membrane is continued in front by a round opening or win- 
dow called, on account of its horny texture, the cornea. The 
cornea is beautifully transparent, and its mirror-like surface 
forms a slight protuberance shaped something like a watch- 
glass or a prolate spheroid. In the interior of the eye the 
sclerotic coat is overlaid with the dark-colored choroid which 
contains the blood-vessels that nourish the eye and also a 
layer of brown pigment acting to protect the dark chamber 
of the eye from diffused light. Behind the cornea lies the 
anterior chamber filled with transparent fluid called the 
aqueous humor. This anterior chamber is limited behind by 
the ms, which, rich in blood-vessels, imparts to the eye its 
characteristic color. This is an opaque screen or curtain which 
contains a central hole, the pupil, which is circular in the 
human eye. The aperture of a bundle of rays entering the 
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eye from a luminous point, in proportion to the dimensions 
of the eye, is enormous as compared, for example, with the 
same magnitude in a telescooe: and the office of the pupil is 
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to stop down this aperture to suitable proportions. The 
pupil contracts or dilates involuntarily and regulates the 
quantity of light that is admitted to the eye. In the struc- 
ture of the iris there are two sets of fibers, the circular and 
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the radiating; when the circular fibers contract, the pupil 
contracts, and when the radiating fibers contract, the pupil 
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dilates. In the front part of the eye the choroid lining is 
bordered at the edge of the cornea by a kind of folded draperj 
the so-called dliary body, which is hidden from, without be- 
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hind the iris and which contains the delicate system of 
muscles which control the mechanism of accommodation. 
The crystalline lens composed of a perfectly transparent 
substance is indirectly attached to the ciliary body by a 
band which surrounds the edge of the lens like a ring and 
which is disposed in radial folds somewha.t after the manner 
of a neck-frill. This band is the suspensory ligament or zonule 
of Zinn. The lens itself is double convex, the posterior sur- 
face being more strongly curved than the anterior surface. 
The substance of the lens consists of layers of different in- 
dices of refraction increasing towards the center or core of the 
lens. The entire space behind the lens is filled with a trans- 
parent jelly-like substance called the vitreous humor, which 
has the same index of refraction as the aqueous humor, 
namely, 1.336. 

The light-sensitive retina lying on the inside of the choroid 
is exceedingly delicate and transparent. In spite of its 
slight thickness which nowhere exceeds 0.4 mm., the struc- 
ture of the retina is very complicated, and no less than ten 
layers have been distinguished (Fig. 192). The layer next 
the vitreous humor is composed of nerve-fibres spreading 
out radially from the optic nerve. This layer is connected 
with the following layer containing the large ganglion or 
nerve-cells, and this in turn is connected by an apparatus 
of fibers and cells with the peculiar light-sensitive elements 
of the retina, the so-called visual cells which form the “bacil- 
lary layer.’' These visual cells consist of characteristic 
elongated bodies which are distinguished as rods and cones. 
The rods are slender cylinders, while the cones or bulbs are 
somewhat thicker and flask-shaped. They are all disposed 
perpendicularly to the surface of the retina, closely packed 
together, so as to form a mosaic layer at the back of the 
retina. 

Near the center of the retina at the back of the eye, a little 
to the temporal side, is located the yellow spot or macula lutea, 
where the visual cells are composed mostly of cones. This 



Human Eye 


429 


§ 1 i5j 


is the most sensitive part of the retina, especially the minute 
pit or depression at the center of this area, called the fovea 
centralis, which consists entirely of cones densely crowded 
together. 

As compared with an artificial optical instrument, the 
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Fig. 192. — Structure of the retina of the human eye. 


field of view of the immobile eye is very extensive, amounting 
to about 150° laterally and 120° vertically. The diameter 
of the /wea centralis corresponds in the field of vision of the 
eye to an angular space which may be covered by the nail 
of the fore finger extended at arm's length. In this part of 
the field vision is so acute that details of an object can be 
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distinguished as separate provided their angular distance is 
not less than one minute of arc (cf. §10). If the apparent size 
of an object is so small that its image formed on the retina at 
the fovea centralis covers only a single visual cell, the object 
ceases to have any apparent size at all and cannot be dis- 
tinguished from a point. The size of the retinal image corre- 
sponding to an object whose apparent size is one minute of 
arc is found by calculation from the known optical constants 
of the eye to be 0.00487 mm. Anatomical measurements 
give a similar value for the diameter of a visual cell. 

The inverted image cast on the retina of the eye has been 
compared to a sketch which is roughly outlined in the outer 
parts, but which is more and more finely executed in towards 
the center, until at the fovea centralis itself the details are 
exquisitely finished. Thus, only a comparatively small 
portion of an external object can be seen distinctly by the 
eye at any one moment. If all the parts of the field of view 
were portrayed with equal vividness at the same time and 
came to consciousness at once, the spectator would be com- 
pletely bewildered and unable to concentrate his attention 
on a particular spot or phase of the object. 

The ends of the rods next the choroid contain a coloring 
matter which is sensitive to light, the so-called visual purple, 
which is bleached white by exposure to bright light, but 
which is renewed in darkness by the layer of cells lying be- 
tween the choroid and the retina. The light-disturbance 
arriving at the retina penetrates it as far as the bacillary 
layer of rods and cones, and the stimulus is transmitted back 
through the interposed apparatus to the layer of nerve- 
fibers and thence conducted to the optic nerve in communi- 
cation with the brain. 

Not far from the center of the retina, a little to the nasal 
side, the optic nerve pierces the eye-ball through the sclera 
and choroid. Here the retina is interrupted, so that any light 
which falls on the optic nerve itself cannot be perceived. 
This is the place of the so-called hlind-spoc (punctum ccecum) 
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of the eye. Corresponding to the area of the blind spot, 
there is a gap in the field of vision of the eye amounting to 
about 6® horizontally and 8® vertically. The dimensions of 
the blind spot are great enough to contain the retinal im- 
ages of eleven full moons placed side by side. The optic 
nerve leaves the eyeball through a bony canal and passes 
thence to the visual center of the brain. 

The mobility of the eye is produced by six muscles, the 
four recti and the two oblique muscles (Fig. 190). The recti 
originate in the posterior part of the socket and are attached 
by their tendons to the sclera so as to move the eye up or 
down and to the right or left. The procedure of the oblique 
muscles is more complicated. The superior oblique, which 
also arises in the posterior part of the socket, passes in the 
front of the eye through a loop or kind of pulley lying on 
the upper nasal side of the socket and then turns downwards 
to attach itself to the sclera. The inferior oblique muscle has 
its origin on the front lower nasal side of the eye-socket, 
and passes to the posterior surface of the eye-ball, being at- 
tached to the sclera on the temporal side. The superior ob- 
lique turns the eye downwards and outwards, and the inferior 
oblique turns it upwards and outwards. 

The motor muscles of the two eyes act together so that 
both eyes turn always in the same sense, to the right or to 
the left, up or down. It is impossible to turn one eye up 
and the other down at same time, so as to look up to the 
sky with one eye and down at the earth with the other. 

146. Optical Constants of the Eye. — The optical axis of the 
eye may be defined as the normal to the anterior surface of 
the cornea which goes through the center of the pupil. This 
line passes approximately through the centers of curvature 
of the refracting surfaces. The schematic eye (see § 130) is 
a centered system of spherical refracting surfaces symmetric 
with respect to the optical axis. The point where the optical 
axis meets the anterior surface of the cornea is called the 
cornea vertex or anterior pole of the eye and is designated 
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by A; and the point where the optical axis meets the retina 
is called the posterior pole of the eye and is designated by B. 
In Gxjllstrand’s schematic eye the distance from A to B 
is equal to 24 mm., therefore somewhat less than an inch. 

The motor muscles of the eye (§ 145), acting in pairs, turn 
the eye-ball around axes of rotation which all pass through 
a fixed point or pivot called the center of rotation of the eye 
and designated by Z. This point may be considered as 
lying also on the optical axis in the medium of the vitreous 
humor about 13 or 14 mm. from the vertex of the cornea or 
about 10.5 mm behind the pupil. All the excursions of the 
eye are performed around this point. 

The object-point which is sharply imaged on the retina at 
the fovea centralis (§ 145) is called the point of fixation, and the 
straight line which joins the point of fixation with the centre 
of rotation is called the line of fixation. This line indicates 
the direction in which the eye is looking. The field of fixa- 
tion is measured by the greatest angular distance through 
which the line of fixation can be turned; which amounts to 
about a right angle both vertically and horizontally. 

In Gxjllsteand^s schematic eye, as was shown in § 130, 
the primary focal point F lies in front of the eye at a dis- 
tance of 15.707 mm. from the anterior vertex of the cornea, 
while the secondary focal point F' lies on the other side of 
the cornea at a distance of 24.387 mm. The principal points 
(H, H') lie in the aqueous humor slightly beyond the cor- 
nea system at distances AH=-hl.348 mm., AH' = +1.602 
mm. Thus the focal lengths are: /= +17.055 mm. /' = 
— 22.785 mm.; the ratio between them being equal to 1.336, 
which is therefore the value of the index of refraction (?^') 
of the vitreous humor. Accordingly, the refracting power 
of Gullstband’s schematic eye is F= 58.64 dptr. The 
nodal points (N, N') lie close to the posterior vertex of the 
crystalline lens, on opposite sides of it, at the following dis- 
tances from the vertex of the cornea: AN ==+7.078 mm., 
AN' — +7.332 mm. The straight line which joins the point 
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of fixation with the anterior nodal point of the eye is called 
the visiml axis. It is parallel to the straight line which joins 
the posterior nodal point with the fovea centralis. Since the 
nodal points are so close together, for many problems con- 
nected with the eye they may be regarded as coincident; so 
that then the visual axis may be defined as the line drawn 
from the point of fixation to the fovea centralis. The visual 
axis meets the cornea a little to the nasal side of the anterior 
vertex and slightly above it, forming with the optical axis an 
angle between 3° and 5°. 

The above values are all given for the passive, unaccommo- 
dated eye. By the act of accommodation the positions of 
the focal points, principal points and nodal points are all dis- 
placed, and accordingly the focal lengths and the refracting 
power of the eye can be varied within certain limits depend- 
ing on the power of accommodation, as will be explained in 
the following section. 

147. Accommodation of the Eye. — ^When the eye is at rest, 
as when one gazes pensively into space, it is adapted for far 



Fig. 193. — Accommodation of the human eye; 
indicating how the crystalline lens is changed 
from far vision to near vision. 


vision, so that in order to see distinctly objects which are close 
at hand, an effort has to be made which will be greater in 



434 Mirrors, Prisms and Lenses [§ 14S 

proportion as the object fixed is nearer to the eye. This proc- 
ess whereby the normal eye is enabled to focus on the retina 
in succession sharp images of objects at different distances 
is called accommodation, and it is this marvelous adapt- 
ability of the human eye, together with its mobility, which 
perhaps more than any other quality entitles it to superior- 
ity over the most perfectly constructed artificial optical in- 
struments. The power of accommodation is achieved by 
changes in the form of the crystalline lens, consisting chiefly 
in a change in the convexity of the anterior surface, produced 
through the mechanism of the ciliary muscle. According 
to the generally accepted theory, so long as the eye is passive, 
the elastic substance of the lens is held flattened in front by 
the suspensory ligament; but in the act of accommodation 
the ciliary muscle contracts, and this is accompanied by a 
relaxation of the ligament of the lens, which is thereby 
permitted to bulge forward by virtue of its own elasticity 
(Fig. 193). 

148. Far Point and Near Point of the Eye. — ^The far point 
of the eye {punctum remotum) is that point (R) on the axis 
which is sharply focused at the posterior pole of the eye 
when the crystalline lens has its least refracting power; it 
is the point which is seen distinctly when the accommodation 
is entirely relaxed. On the other hand, the mar point (or 
punctum proximum) is that point (P) on the axis which is 
seen distinctly when the crystalline lens has its greatest re- 
fracting power, that is, when the accommodation is exerted 
to the utmost. The region of distinct vision within which an 
object must lie in order that its image can be sharply fo- 
cused on the retina of the naked eye is comprised between 
two concentric spherical surfaces, the far point sphere and 
the near point sphere, described around the center of ro- 
tation of the eye (Z) with radii equal to ZR and ZP, re- 
spectively. If the far point lies at infinity, as is the case in the 
normal eye, the far point sphere is identical with the infinitely 
distant plane of space (c/. § 83), as represented in Fig. 194; 
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whereas the near point sphere will be real and at a finite 
distance in front of the eye. In such a case the eye can be 
directed towards any point in the field of fixation (§ 146) 
lying on or beyond the near point sphere and accommodate 



itself to see this point distinctly. In a near-sighted eye both 
far point and near point are real points lying at finite dis- 
tances in front of the eye; but the far point of a far-sighted 
eye is a “virtual” point lying at a finite distance behind the 
eye, and hence an unaided far-sighted eye cannot see dis- 
tinctly a real object without exerting its accommodation to 
a greater or less degree. 

149. Decrease of the Power of Accommodation with 
Increasing Age. — The faculty of accommodation is greatest 
in youth and diminishes rapidly with advancing years. 
The near point of the eye gradually recedes farther and far- 
ther away, which is commonly supposed to be due to a pro- 
gressive diminution of the elasticity of the crystalline lens. 
Thus, at the ages of 10, 20 and 40 years the punctum proxi- 
mum of a normal eye, according to Dondees, is in front of 
the eye at distances from the primary principal point equal 
to 7.1, 10 and 22.2 cm., respectively. When the near point 
has retreated to a distance of 22 cm., so that it is no longer 
possible to read or write or do “near work” conveniently 
without the aid of spectacles, the condition of presbyopia 
or old-age vision has begun to set in. Meantime, while the 
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{>ower of accoinniodation of the eye thus continually dimin- 
ishes as the near point recedes farther and farther away, 
the position of the far point remains practically fixed until 
well after middle life; but between the ages of 55 and 60 
years it too begins to separate farther from the eye, and 
thereafter both the near point and the far point travel out- 
wards along the axis of the eye, the former, however, con- 
stantly gaining on the latter; until at last in extreme old age 
the near point actually overtakes the far point, and from 
that time until death they remain together, the power of 
accommodation having been entirely lost. Both points are 
displaced along the axis always in the same direction, that is, 
opposite to that of the incident light. For example, the far 
point of a normal eye is infinitely distant up to about 55 
years of age, whereas ten years later, according to Bonders, 
this point will be about 133 cm. behind the eye, Jtiaving 
moved out through infinity, so to speak, and approached 
the eye from behind. At the same age, namely, 65 years, 
the near point will also be behind the eye at a distance of 
400 cm. At 75 years of age the two points will be together 
at a distance of 57.1 cm. behind the eye. Various theories 
have been advanced to account for the senile recession of 
the far point of the eye. It is probably due to a combina- 
tion of causes, partly to a change in the form of the lens pro- 
duced by the increased resistance of the enveloping coat of 
the eye-ball and the decreased pressure of the surrounding 
tissue, and partly also to senile changes in the lens-substance 
itself whereby the total index’' of the lens is lowered in 
value. 

150. Change of Refracting Power in Accommodation. — 

It was remarked above (§ 146) that the positions of the car- 
dinal points of the optical system of the eye are all altered 
in the act of accommodation. Thus, for example, in Gull- 
strand’s schematic eye, which :s calculated for an adoles- 
cent youth, the near point is at a distance AP= — 10.23 cm 
from the vertex of the cornea; and for this state of maxi 



Aniplitudp of Aecoinmoilntum 


437 


S 151J 


mum accommodation the positions of the focal points and 
principal points are found to be as follows: 

AP = — 12.397 mm., AF'= +21.016 mm., 

AH = + 1.772 mm., AH' = + 2.086 mm.; 
and, accordingly, the focal lengths and the refracting power 
are: 

+14.169 mm., 18.930 mm., F= +70.57 dptr. 

It will be observed that, whereas the focal points have un- 
dergone considerable displacements from their positions in 
the passive eye, the corresponding displacements of the 
principal points are less than half a millimeter; and since in 
most physiological measurements half a millimeter is within 
the limit of error, we can usually afford to neglect altogether 
the accommodative displacement of the principal points of 
the eye, that is, we may regard the positions of the princi- 
pal points H, H' as practically fixed and independent of 
the state of accommodation. This is one reason, among 
others, why the principal points of the eye have super- 
seded the other cardinal points as points of reference. Their 
proximity to the cornea is another advantage, inasmuch as 
measurements referred to them are easily related to an ex- 
ternal, visible and tangible point of the eye. In the so- 
called reduced eye,^' which consists of a single spherical 
refracting surface separating the outside air from the vitre- 
ous humor and so placed that its vertex lies at the primary 
principal point of the schematic eye, the two principal points 
are, in fact, coincident with each other on the surface of this 
simplified cornea. 

161. Amplitude of Accommodation . — The far point dis- 
tance(a) and the near point distance (6) are the distances of 
the far point and near point, respectively, measured from 
the primary principal point of the eye; thus, a— ’HR, h- 
HP; it being tacitly assumed here that the position of the 
point H remains sensibly stationary during accommodation, 
as was explained above. Each of these distances is to be 
reckoned negative or positive according as the point in ques- 
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tion li(\s in front of the eye or behind it, respectively. The 
reeipr()<‘als of these magnitudes, namely, .4 = 1/a, = 

an' tc'rmed the .static refraction (.4), or the refraction of the 
eye when the accommodation is completely relaxed, and the 
dynamic refraction (B), or the refraction of the eye when 
the accommodation is exerted to the highest degree. If the 
distances a and b are given in meters, the reciprocal magni- 
tudes will be (‘xpressc'd in dioptrics, as is generally the case. 

The range of accommodation is defined to be the distance 
of the near point from the far point, that is, RP = 6 — a; 
whereas the amplitude of accommodation is the value obtained 
by subtracting algebraically the magnitude of the dynamic 
refraction from that of the static refraction, thus: 

Amplitude of Accommodation =^—15. 

Imagine a thin convex lens placed in the primary principal 
plane of the eye with its axis in the same line as the optical 
axis of the eye, and of such strength that it produces at the 
far point of the eye an image of the near point; according to 
the al)ove definition, the amplitude of accommodation of 
the eye is equal to the refracting power of this lens. For ex- 
ample, in the normal eye at 30 years of age, a = od , b ~ 
— 14.3 cm., so that the amplitude of accommodation in this 
case amounts to 7 dptr.; whereas at 60 years of age a = 
+200 cm., 6 =—200 cm., and hence the amplitude of ac- 
commodation will have been reduced to 1 dptr. 

The distance from the secondary principal point (H') to 
the posterior pole (B) where the optical axis meets the retina 
may be regarded as a measure of the length of the eye-axis, 
especially since the position of H' is sensibly independent 
of the state of accommodation, as has been explained, (§ 150) ^ 
If this distance is denoted by a', that is, if we put a' = 
H'B, and if also we put A' = n'j a' j where n' denotes the 
index of refraction of the vitreous humor, then we may write: 

where F denotes here the refracting power of the passive, 
unaccommodated eye. Similarly, if the symbol F^ is em« 
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ployed to denote the refracting power of the eye in its state 
of maximum accommodation, we shall have: 

Consequently, we may also say that the power of accommo- 
dation {A-B) is equal to the difference (Fa — F) between 
the greatest and least values of the refracting power of the 
eye. 

162. Various Expressions for the Refraction of the Eye. 

— The refraction of the eye in a given state of accommoda- 
tion is measured by the reciprocal of the distance from the 
eye of the axial object-point M for which the eye is accom- 
modated. Thus, if u=HM, a: = FM denote the distances of 
M from the primary principal point and the primary focal 
point, respectively, the magnitudes ?7=l/w and X-ljz, 
usually expressed in dioptrics, are the measures of the prin- 
cipal point refraction and the focal point refraction. The 
relation between U and X may be given in terms of the re- 
fracting power of the eye (F) when it is accommodated for 
the object-point M, as follows: 

,, F.X ^ F.U 
F-X’ F+t/' 

If an arbitrary point 0 on the axis of the eye is selected 
as the point of reference, and if we put OM = 2 :, the refrac- 
tion of the eye, referred to the point 0, will be measured by 
Z = l/z. If the distances of the points H and P from 0 are 
denoted by 6 and g, that is, if 6 = OH, g = OP, then since 
z = u-^b=x-{-g, we can obtain also the following useful re 
lations between ?7, X and Z in terms of b and g: 


C7= 

X= 


Z X 


1-b.Z 

l-ib-g)X’ 

Z 

U 

1-g.z' 

l+ib-g)U’ 

u 

X 


1+b.U l+g.X‘ 


163. Emmetropia and Ametropia. — ^When the static re- 
fraction of the eye is equal to zero (^=0), that is, when 
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the far point (R) is infinitely distant, the eye is said to be 
emmetropic. If in the equation we put A = 0, 

we obtain A'-Fy which therefore may be said to be the 
condition of emmetropia. Here F denotes the refracting 
power of the eye when accommodation is entirely relaxed. 
In emmetropia, therefore, the second focal point (F') of 
th(^ passive eye lies on the retina at the posterior pole (B) : 



Fig. 195. — Diagram of emmetropic eye. 

SO that in a passive emmetropic eye incident parallel rays 
are converged to a focus on the retina, as represented in 
Fig. 195, and the length of the eye-axis is The 

normal position of the far point is to be regarded as at in- 
finity; and in this sense an emmetropic eye is a normal eye, 
although, strictly speaking, an emmetropic eye may at the 
same time be abnormal in various ways. 

On the other hand, if the static refraction of the eye is 
different from zero that is, when the far point (R) 

is not infinitely distant, the eye is said to be ametropic 
Thus, the condition of ametropia may be said to be charac- 
terized by the fact that the refracting power (F) of the 
unaccommodated eye is not equal to A% which is equiva- 
lent to saying that the length of the eye-axis (a') is numer- 
ically different from the value of the second focal length 
(/'). In other words, the second focal point (F') of an 
ametropic eye in a state of repose does not fall on the retina. 

Two general divisions of ametropia are distinguished de- 
pending, on whether the far point (R) lies on one side or the 



§ 153] Myopia and Hypermetropia 441 

other of the primary principal point (H). Thus, if ^<0, 
that is, if the far point lies at a finite distance in front of the 
eye, the ametropia in this case is called myopia (Fig. 196), 
In a myopic eye in a state of repose the second focal point 



(P') lies in front of the retina (in the vitreous humor), so 
that parallel incident rays will be brought to a focus be- 
fore reaching the retina. On the other hand, if ^>0, the 
far point will lie at a finite distance beyond (or behind) the 



eye, and this form of ametropia is known as hypermetropia 
(Fig. 197). In a hypermetropic eye in a state of repose the 
second focal point (P') falls beyond the retina, so that in- 
cident parallel rays arrive at the retina before coming to a 
focus. A myopic eye cannot focus for a distant object with- 
out the aid of a glass, and it lacks therefore an important 
part of the capacity of an emmetropic eye. On the other 
hand, a hypermetropic eye must make an effort of accom- 
modation each time in order to focus on the retina the image 
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of a real object ; which fr<‘qupntly produces various troubles, 
soriictiines Y(‘ry annoying. x4.ceordingly, both conditions 
iiK'luded und(T the general name of ametropia are disad- 
vantageous for practical vision. 

Theoretically, ametropia may be considered as due to 
some a!)nonnaIity in tlu; values of one or of both of the mag- 
nitudf's ili'iioted by A' and F' on which the value of the 
static refraction (A) depends; so that the following cases 
are iKJssible: 

(1) The hmgth of the eye-ball («') may be too great 
(axial mvopia, a'> -/') or too small (axial hypermetropia, 

whereas the refracting power (F) is normal. This, 
by fur the most common, type is known as axial ametropia. 

(2) On the other hand, while the length of the eye-ball 
may be normal, the magnitude of the refracting power (F) 
may be abnormally great or small. In general, this form of 
uni(»tropiu, which is comparatively rare, is due to abnormal 
curvatiirc^s of the refracting surfaces (curvature ametropia). 
Or the indices (jf refraction of the eye-media may have ab- 
normal valu(*s (indicial ametropia). Here also may be men- 
tioned the condition known as aphakia produced by the 
extraction of the crystalline lens in the operation for cataract. 

(3) Finally, it may happen that the refracting power and 
the length of the eye-ball are both abnormal. In fact, these 
two anomalies might exist together in exactly the degree 
necessary to counteract each other, so that, in spite of its 
abnormalities, the eye in such a case would be emmetropic. 

In the case of axial ametropia, the relation between the 
static refraction (A) and the length (1) of the eye-ball is 
given by the following formula: 


{=AB=AH'h 


n 


A+F’ 

and if the values for GuUuStrand’s schematic eye (§ 146) 
are substituted in this formula, it may be written as follows: 


1 = 1 . 602 -+ 


1336 

■^+- 58.64 


millimeters. 
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According to this formula, the length of the eye varies from 
about 21.07 mm. in extreme axial hypermetropia (A= 
+10 dptr.) to about 36.18 mm. in case of the highest degree 
of axial myopia (^ = —20 dptr.). The length of an axially 
emmetropic eye (^=0) is 24.38 mm. The length of Gull- 


mm 



Fig. 198. — Curve showing connection between the length of 
the eye-axis and the static refraction. 


STKAND^s schematic eye is 24.01 mm., and hence this eye 
has 1 dptr. of hypermetropia (^=+1 dptr.). The accom- 
panying diagram (Fig. 198) exhibits graphically the relation 
between the magnitudes denoted by I and A, The heights 
of the ordinates indicate the axial length of the eye-ball in 
millimeters for values of the static refraction of the eye com- 
prised between —20 and +10 dioptrics. 

154. Correction Eye-Glasses. — ^When a spherical spectacle 
lens is placed in front of the passive, unaccommodated eye, 
with the axis of the lens in the same straight line as the opti- 
cal axis of the eye, there will be a certain axial point M whose 
image in the lens will fall at the far point (E) of the eye; 
and hence the eye looking through the lens will see distinctly 
the image of an object placed at M. If the positions of the 
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principal points of the lens are designated by Ki and Hi', 
and if we put 

= IJUi - HiM, ai' = l/t/i' == Hi'R, 

then 


C/i'=b'i+Fi, 

where Fi denotes the refracting power of the lens. Let the 
distance of the primary principal point (H) of the eye from 
the secondary principal point (Hi') of the lens be denoted 
by c, that is, c=PIi'H; then since a = Wi'— c, where a de- 
notes the far point distance of the eye, the following ex- 
pression for the static refraction (A = lla) may be derived 
immediately: 

J 

l-c(t/i+Fi) • 

In case the axial object-point M is infinitely far away, the 
lens is called a correction-^lassj because it enables the pas- 
sive ametropic eye to see distinctly a very distant object 
on the axis of the lens, so that to this extent the lens inter- 
posed in front of the eye endows it with the characteristic 
faculty of an unaccommodated, naked, emmetropic eye. 
The condition that M shall be infinitely distant is ?7i = 0; 
and hence the relation between the static refraction of the 
eye and the refracting power of a correction-glass is given as 
follows: 




Fi 

l-c,Fi 


Fi^ 


A 

l-\^c.A 


If the distance c between the correction-glass and the eye is 
neglected entirely, then Fi==A, that is, the power of the 
correction-glass is approximately equal to the static refrac- 
tion of the eye. The distance c, which must be expressed 
in meters in case the magnitudes denoted by Fi and A are 
given in dioptrics, is always a comparatively small magni- 
tude, which in actual spectacle glasses is comprised between 
0.008 and 0^016 m.; so that if, without neglecting c entirely, 
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we neglect only the second and higher powers thereof, the 
formulae above may be written in the following convenient 
approximate forms: 

A = Fi(l+c.Fi), Fi^A(l--aA); 
which for nearly all practical purposes will be found to be 
sufficiently accurate. 



Fig. 199. — Correction of myopia with concave spectacle-glass. 


The condition that a spectacle-lens shall be a correction- 
glass may be expressed simply by saying that the second focal 
■point (FiO of the glass must coincide with the far point (R) of 
the eye. Thus, in ease of a myopic eye the correction-glass 



Fig. 200. — Correction of hypermetropia with convex spectacle-glass. 

will be concave (Fig. 199) and in case of a hypermetropic 
eye it will be convex (Fig. 200). 

Instead of describing the power of a spectacle glass by 
means of its refracting power, it is really more convenient 
and logical to express it in terms of its vertex refraction (7), 
as defined in § 128. If the vertex of the lens which lies next 
the eye is designated by L, and if the distance of the eye from 
the glass is denoted by k, that is, if we put fc=LH, then, 
^ce the points designated by Fi' and R must be coincident, 
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i<=a+k, where v denotes the “l)aek focxis” of the lens, that 
is, !>=1/F = LFi' = LK; and hence: 

i- V—A-. 

l+LA' 

or approximately: 

^=r(l+A:.r), V=A(l-k.A). 

It may be seen from the above formulae how the power of a 
correction-glass <lept'nds essentially on the location of the 
glass in front of the eye. The distance k, being referred to a 
tangible, external point of the glass, is more easily measured 
than the interval denoted by c. 

166. Visual Angle.— The apparent size of an object, as 
was explained in § 10, is measured by the visual angle ca 
which it subtends at the eye; thus, if the vertex of this angle 
is designated by 0 and if 2 /=MQ denotes a diameter of the 
object at right angles to the line of vision, the apparent size 
of the object in the direction of this dimension is a)=ZMOQ. 
Accordingly, if the distance of the object from the eye is de- 
noted by z, that is, if z=OM, then tanco= 2 //z. As the im- 
mobile eye looking in a fixed direction can see distinctly 
only that comparatively small portion of the object whose 
image falls on the sensitive part of the retina in the immedi- 
ate vicinity of the fovea centralis (§ 145) , the rays concerned 
in the production of the retinal image in this so-called case 
of “indirect vision” may l)e regarded as paraxial rays. Ac- 
cordingly, the value of the angle co in radians may be sub- 
stituted here for the tanw, so that we may write: 

w=ylz=y.Z, 

where Z=l/z. On the assumption that y is reckoned as 
positive, a negative value of the angle co indicates that the 
object is real and therefore in front of the point 0 where the 
eye is supposed to be. 

The exact meaning to be attached to the visual angle co 
will depend, of course, on the precise location with respect 
to the eye of the vertex of this angle. To be sure, so long as 
the object is quite remote from the eye, as is often the case. 
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it will not generally be necessary to define particularly the 
position of the vertex O of the visual angle. For example, 
to take a somewhat extreme instance, the apparent size of 
the moon will not be sensibly altered by removing the ver- 
tex of the visual angle as much as a mile or more away from 
the eye. And, in general, provided the object is not ICvSS 
than, say, 10 meters away, it will be sufficient to know that 
the vertex of the visual angle is in the eye without specifying 
its position more exactly. On the other hand, especially 
when the eye has to exert its power of accommodation in 
order to focus the object, it is sometimes a matter of much 
importance to define the visual angle with the utmost pre- 
cision. In such a case several meanings of this term are to 
be specially distinguished. For example, when the vertex 
of the visual angle is at the primary principal point of the 
eye, it is called the principal point angle = so 

that we may write: 

UH=ylu=y.U, 

where m= 1/C/=HM denotes the distance of the object from 
the primary principal point. Similarly, the so-called focal 
point angle (cof==ZMFQ) is the angle subtended by the 
object at the primary focal point of the eye; and hence: 
o)^^ylx^y.Xj 

where x=l/X=FM denotes the distance of the object from 
the primary focal point of the eye. 

According to the definitions of these angles and the rela- 
tions between the magnitudes denoted by X, U and Z, as 
given in § 152, we may write therefore: 

CO : coji : cof =Z i U i X 

:il+g.X) 

= (1-6.Z) :1 :a-X/F) 

^{1-g.Z) :{1 + U/F) :1; 

where F denotes here the refracting power of the eye when 
it is accommodated for the point M. 

The apparent size of an object may be measured also at 
other points of the eye, for example, at the center of the 
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cnti’unce-pupil, iit the anterior nodal point, at the center of 
rotation, etc. The center of rotation or eye-pivot is the 
point of reference in the estimate of the apparent size of an 
object in the ease of ordinary so-called “direct vision” with 
the mobile eye, when the gaze is directed in quick succession 
to the different parts of an extended object. Especially, in 
viewing an image through an optical instrument, it is nearly 
always desirable, if practicable, to adjust the eye in such a 
position that the center of rotation coincides with the center 
of the exit-pupil of the instrument, so as to command as 
large an extent of the field of view of the image-space as 
possible. Anyone who has ever tried to look through a key- 
hole in a door will realize how the field of view would have 
been widened if the eye could have been placed in the hole 
itself. 

166. Size of Retinal Image.— If the eye is accommodated 
to see an object y situated at a distance u ( = 1/17) from its 
primary principal point, the size of the image {y') formed on 
the retina is given by the relation: 

y.U^y'.A', 

where A'=n'[a' denotes the reciprocal of the reduced length 
of the eye-axis measured from the secondary principal point 
of the eye. Since y.'U=oo^ (§155), the above equation 
may be put in the following form: 

y' 

coh n ' ' 

Since the positions of the principal points remain sensibly 
stationary in the act of accommodation (§ 150), the reduced 
length of the eye-axis (a'/re') may be considered as constant 
in the same individual. And hence the peculiar significance 
of the principal point angle consists in the fact that, ac- 
cording to this formula, this angle (wh ) “aay be taken as 
a measure of the size of the retinal image {y’) which is in- 
dependent of the state of accommodation of the eye. Thus, 
for a given individual, all objects which have the same ap- 
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parent size as measured at the principal point of the eye will 
produce retinal images of equal size. 

On the other hand, >since (§ 155), it ap- 

pears that, for a given value of the refracting power (F), 
the size of the image on the retina of the eye is proportional 
to the focal point angle. And since the variations of the re- 
fracting power are, generally speaking, independent of axial 
ametropia (§ 153), the focal point angle will be particularly 
useful in comparing the apparent size of an object as seen 
by different individuals under the same external conditions. 

157. Apparent Size of an Object seen Through an Op- 
tical Instrument. — Let the principal points of the optical 
instrument be designated by H, H' (Fig. 201); and for the 


a' 



Fig. 201. — ^Apparent size of object seen through an optical 
instrument. 


sake of simplicity, let us assume that the instrument is sur- 
rounded by air so that the straight lines HQ, H'Q' joining 
the principal points with corresponding points of object and 
image will be parallel; and let j/=MQ, j/'=M'Q' denote the 
linear magnitudes of object and image, respectively. Let 
the distance of the image from the eye be denoted by 2 ;= 
O'M', where O' designates the position of the eye on the 
axis. Then the apparent size of the image will be 

where a) = ZM'0'Q' (expressed here in radians) andZ=l/z. 
The angle &> may be increased by reducing the distance be- 
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tween the image and the <‘ye, that is, by increasing Z\ but 
this distance cannot i)e diminished ijelow the near point 
distance of the eye, i)ocause then distinct vision would not 
be possible for the naked eye. 

If the distances of object and image from the principal 
points are denoted by it and it', that is, if u=HM, i/=H'M', 
then 

y'.U'^y.V, 

where [7=l/it, 17' = 1/u'; and hence 

u) = y.Z.jp. 

In general (except when the rays undergo an odd number 
of reflections), the sign of Z as here defined will be negative, 
and therefore the sign of co will depend on the sign of the 
ratio U : [/'. Accordingly, if object and image lie on the 
same side of their corresponding principal points, the sign 
of 0 ) will be negative, that is, the image will be erect. 

Let the distance of the eye from the instrument be de- 
noted by c=H'0'; then since = we may write; 

1+c.Z 

Accordingly, if the refracting power of the instrument is 
denoted by F, so that U = U'--F, we may write also: 

F-Z{l^c.F) 

1+c.Z 

Introducing these expressions, we obtain therefore the fol- 
lowing formula for the apparent size of the image: 

= ^y\F—Z{l'-c.F)] . 

Thus, we see that the apparent size of the image may be 
varied in one of two ways, either by changing the position 
of the eye (that is, by varying c) or else by displacing the 
object so that Z is varied. There are two cases of special 
practical importance, namely: (1) When the eye is adjusted 
so that 1 — c.F=0, and (2) When the object is focused so 
that Z—0. In both cases the second term inside the large 
brackets vanishes, and hence cjo = ~-y,F. The condition 
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(^=XlF means that the eye is placed at the second focal 
point (F') of the instrument (which might easily be practi- 
cable if the optical system were convergent) ; so that under 
such circumstances the apparent size of the image would be 
the same for all positions of the object^ because evidently 
the highest point (Q') of the image will always lie on the 
straight line which crosses the axis at the second focal point 
at the constant angle 0== ”2/-^- Oii the other hand, the 
condition Z = 0 means simply that the object lies in the 
first focal plane of the instrument. Now this is the natural 
adjustment for a normal, unaccommodated, emmetropic 
eye, because then the rays flow into the eye in cylindrical 
bundles. This is the reason why the image produced by 
the object-glass of a telescope or microscope is usually fo- 
cused in the primary focal plane of the e^^e-piece or ocular. 
Accordingly, when Z = 0j the apparent size of the image 
will be independent of the position of the eye. 

An experienced observer who wishes to obtain the best 
results with an optical instrument will ordinarily adjust it 
to his eye in such a way that the image can be seen distinctly 
without his having to make an effort of accommodation. 
This will be the case if the image is formed at the far point 
(R) of the eye (§ 148). If, therefore, the static refraction 
of the eye is denoted by A (§ 161), then (assuming that the 
point O' in Fig. 201 is coincident with the anterior principal 
point of the eye) we may put Z== A; and hence the apparent 
size of an object as seen in an optical instrument by an eye 
with relaxed accommodation is given by the expression: 

Thus, it is evident how the apparent size of the image de- 
pends not only on the refracting power of the instrument, 
but essentially also on the adjustment and idiosyncrasies 
of the eye of the individual who looks through it. 

It may be remarked that these formulae have been derived 
on the tacit assumption that the eye is at rest, and conse- 
quently only a small portion of the external field is sharply 
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ill focus at th(' sensitive part of the retina. Otherwise, we 
should iuive had to write tan co instead of co; nor should we 
have hem justified in assuming that the effective rays were 
paraxial. If the* eye turns in its socket to inspect the image, 
the apparent size of the image will depend essentially on 
the angular inovcanent of the eye, and in this case the visual 
angle must be measured at the center of rotation of the eye. 
These are considerations that are too often overlooked in 
discussions of this kind. 

168. Magnifying Power of an. Optical Instrument Used 
in Conjunction with the Eye. — An object may be so remote 
that its details are indistinguishable, or, on the other hand, 
it may be so close to the eye that not even by the greatest 
effort of accommodation can a sharp image of it be focused 
on the retina. Under such circumstances one has recourse 
to the aid of a suitable optical instrument whereby the ob- 
ject is magnified to such an extent that the parts of it which 
were obscure or entirely invisible to the naked eye will be 
revealed to view. The magnifying power is usually expressed 
by an abstract number M, which in the case of an optical 
instrument on the order of a microscope is defined to be the 
redio of the apparent size of the image as seen in the instrument 
to the apparent size of the object as it would appear at the so- 
called distance of distinct vision,'' ’ This latter term is a 
somewhat unfortunate form of expression for several rea- 
sons, not only because the distance at which an object is 
ordinarily placed in order to be seen distinctly is different 
for different persons, but because the same person, accord- 
ing to the extent of his power of accommodation, usually 
possesses the ability of seeing distinctly objects at widely 
different distances. The expression appears to have arisen 
from a confusion of ideas, and its origin may probably be 
traced to the fact that even nowadays many people have 
difficulty in conceiving how the eye can be ^'focused for 
infinity,” although, indeed, as has been explained, that is 
to be regarded as the natural state of the normal eye in re- 
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pose. However, the phrase has bc^conie too deeply rooted 
in optical literature ever to be eradicated, aiul no harm will 
be done by continuing to use it, provided it is not taken 
Jiterally, but is considered merely as the designation of a 
more or less arbitrary conventional projection-distance. 
Accordingly, if the so-called ''distance of distinct vision 
is denoted by I, the apparent size of the object (y) as seen 
at this distance from the eye will be —yll, and hence if the 
apparent size of the image in the instrument is denoted by 
00 j the magnifying power, as above defined, will be: 

y 

The actual value of this conventional distance I is usually 
taken as 10 inches or 25 centimeters, which is large enough 
for the convenient accommodation of most human beings 
who are not already past the prime of life and yet not so 
large that the size of the image on the retina differs much 
from its greatest dimensions. If distances are all measured 
in meters, the conventional value of the magnifying power 
will be given, therefore, by the formula: 



The explanation of the minus sign in front of the fraction 
is to be found in the mode of reckoning the visual angle a>, 
which, as we have pointed out (§ 157), is negative in case 
the image of the object y is erect, as, for example, with an 
ordinary convex lens used as a magnifying glass. Thus, 
according to the above formula, a positive value of the mag- 
nifying power means magnification without inversion. Or- 
dinarily, what is meant by the magnifying power of an op- 
tical instrument is the value of this abstract number M; 
which gives the ratio of the sizes of the retinal images when 
an emmetropic eye views one and the same object, first, in the 
instrument without effort of accommodation, and then with- 
out the instrument with an accommodation of four dioptries. 

If the expression for the visual angle co which was ob- 
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tained in § 157 is introduced here, we shall derive, therefore, 
the following formula for the magnifying power (M) in terms 
of the refracting ixjwer (F) of the instrument, the distance 
(c) of the eye from the instrument, and the distance (-2 = 
1/Z) of the image (if) from the eye: 

M = l[F-Z{l-c,F)\, 

This expression is really a measure of the individual mag-- 
nifying power, since it involves not merely the instrument 
itself but the characteristic peculiarities of the eye of the 
obstu’ver. In order to obtain a measure of the absolute mag-- 
fiifying power of the instrument, the second term inside the 
large brackets must be made to vanish. Thus, if the object 
is placed in the primary focal plane, so that the image is 
infinitely distant, then ^=0, and now M = denotes the 
absolute magnifying power. If Z=0.25 meter, then jP= 4M; 
and usually, therefore, when we say that the magnifying 
power of a lens or microscope is M, this means simply that 
its refracting power is equal to 4M dioptrics. 

If the image in the instrument is formed at the ‘^distance 
of distinct vision (Z), then Z — '—lJl, and 
M = l+(Z~c)P. 

The distance (c) between the instrument and the eye is usu- 
ally small in comparison with Z, so that it is often entirely 
neglected. Assuming that (Z—c) is positive, we may say 
that in a convergent optical system (F>0), the object will 
appear magnified (M>1); whereas in a divergent optical 
system (P<0), the object appears to be diminished in size 
(M<1), 

In order to avoid the use of an arbitrary projection- 
distance (Z), Abbe proposed to define the magnifying power 
as the ratio of the apparent size (a>) of the image in the instru- 
ment to the actual size (y) of the object (compare with Abbe's 
definition of focal length, § 122); so that if this ratio is de- 
noted by P, then 
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This measure of the magnifying power is not an abstract 
number like M, but a quantity of the same physical dimen- 
sions as the refracting power of the instrument. The two 
definitions are connected by the simple relation 

M-Z.P; 

so that if we put i!=0.25 m., the value of P will be obtained 
by multiplying M by the number four (P — 4M). Thus, for 
example, in the case of a convex lens of refracting power F 
used as a magnifying glass, if the object is placed in the first 
focal plane, we have P==P. 

169. Magnif 3 ring Power of a Telescope. — In the case of 
a telescope, which is an instrument for magnif 3 nLng the ap- 
parent size of a distant object, neither of the definitions of 
magnifying power given in the foregoing section is appli- 
cable. An infinitely distant object (like the moon, for ex- 
ample) can be seen distinctly by an emmetropic eye without 
any effort of accommodation, but its apparent size may be 
so minute that the distinguishing features cannot be made 
out by the naked eye. This same eye looking at the object 
through a telescope will see an infinitely distant image of 
it, but presented to the eye under a larger visual angle, so 
that it appears magnified. Essentially, a telescope may be 
regarded as a combination of two optical systems, one of 
which — ^the part pointed towards the object — ^is a con- 
vergent system, generally of relatively long focus and large 
aperture (so as to intercept a large quantity of light), called 
the object-glass; while the other, composed of the lenses 
next the eye, and called therefore the ocular or eye-piece, 
may be a convergent or divergent system depending on the 
type of telescope. The object-glass which is at one end of 
a large tube forms a real inverted image of the object in its 
second focal plane or not far from it; and this image is in- 
spected through the ocular, which is usually fixed in a smaller 
tube inserted in the larger one so that the focus can be ad- 
justed to suit different eyes and different circumstances. 
A simple schematic telescope may be regarded as composed 
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of two thin lenses, one of which, of focal length /i (refracting 
ix»wer Fi) acts as the o!)j(‘ct-glass while the other, of focal 
length fz (refracting powcT Fz) performs the part of the oc- 
ular. When the telescope is adjusted for an emmetropic, 
unaccommodat«‘d eye, the second focal point (FP) of the ah'- 
ject-glass coincides with the first focal point (F 2 ) of the ocular; 
and henc(' the focal length of the entire system is infinite 
(/= ooor F=0), that is, the system is afocal or telescopic 
(§125). In this case the telescope is said to be in normal 
adjustment. 

Th(‘ first telescope appears to have been invented by one 
of two Dutch spectacle-makers named Zacharias Jansen 
and FiiANZ Lippershey (circa 1608). Galileo (1564- 
1642), having heard of this Dutch toy, was led to experiment 



Fig. 202. — Diagram of simple Dutch or Galilean telescope. 


with a combination of two lenses and he soon succeeded 
(1609) in making a telescope with which he made a number 
of renowned astronomical discoveries. The so-called Didch 
or Galilean telescope^ represented scherxiatically in Fig. 202, 
consists of a large convex object-glass (Ai) combined with 
a small concave eye-piece (A 2 ), which intercepts the con- 
verging rays before they come to a focus and adapts them to 
suit the eye of the observer. The other type of telescope 
(Fig. 203) is composed of two convex lenses. It is called the 
astronomical telescope or Kepler telescope, because the idea 



§ 159 ] Magnifying Power of Telescope 457 

occurred first to John Kepler (1611); but the first instru- 
ment of this kind was made by the celebrated Jesuit father, 
Christian Scheiner (1615), who also conceived the idea 
of using a third lens to erect the image as is done in the so- 
called terrestrial telescope. 

If the telescope is in normal adjustment, then from each 
point J of the infinitely distant object there will issue a bundle 



Fig. 203. — Diagram of simple astronomical telescope. 


of parallel rays whose inclination to the axis of the telescope 
may be denoted by 6. Falling on the object-glass, these 
rays are converged to a focus at a point P lying in the com- 
mon focal plane of object-glass and eye-piece; and conse- 
quently they will emerge from the eye-piece and enter the 
eye as a bundle of parallel rays proceeding from the infi- 
nitely distant image-point J' in a direction which makes an 
angle 6' with the axis. The slope-angles 6 and 6' have 
a constant relation to each other, as may easily be shown; 
for from the right triangles Fi'AjP and F 2 A 2 P (Figs. 202 
and 203), where AiF/=AiF 2 =/i, ZF/AiP = 0, and F 2 A 2 = 
Fi'A 2 =/ 2 , ZP 2 A 2 P= 0', we obtain immediately: 

tan0' /i . . 

Constanta 

tan d /2 
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Now the aiiglc‘.s denoted here by 6 and 6' are the measures 
of the apparent siz(‘s of corresponding portions of the in- 
finitely distant oI)j<M*t and image, and the ratio of these 
angles (or of tlu'ir tangents) is defined to be the magnifying 
power of the teiv.scope; so that if this ratio is denoted by M, 
we shall have: 

M=-^. 

J2 

Accordingly, the magnifying power of a telescope focused 
on an infinitely distant object and adjusted for distinct 
vision for an unaccommodated, emmetropic (or corrected 
ametropic) eye is measured by the ratio of the focal lengths 
of the objective and ocular. In the astronomical telescope 
fi and /2 are both positive, and consequently the ratio M is 
negative, which means that the image is inverted; whereas in 
the Dutch telescope fi is positive and /2 is negative, and 
hence M is positive, that is, the final image is erect. 

Another convenient expression for the magnifying power 
of a telescope, as defined above, may easily be obtained. 
All the effective rays which fall on the object-glass will after 
transmission through the instrument pass through a certain 
circular aperture called the eye-ring (or Ramsden circle), 
which is the image of the object-glass in the ocular. If the 
object-glass is brightly illuminated (for example, if the tele- 
scope is pointed towards the bright sky), this image appears 
as a luminous disk floating in the air not far from the ocular 
and can easily be perceived by placing the eye at a suitable 
distance. In the astronomical telescope the eye-ring is a 
real image which can be received on a screen, and in this 
instrument it usually acts as the exit-pupil (§ 134). In the 
case of the Dutch telescope the eye-ring is a virtual image 
on the other side of the ocular from the eye; and generally 
its effect is to limit the field of view in the image-space, that 
is, its office is that of the exit-port of the system (§§ 137, 
138). Now if the telescope is in normal adjustment, then 
the distance of the ocular from the object-glass is equal to 
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the algebraic sum (fi-hh) of the focal lengths of the* two 
components; and it may easily be shown that 
_ diameter of object-glass 
/2 diameter of eye-ring 

The advantage of this latter form of expression is to be 
found in the fact that even if the telescope is not in normal 
adjustment, it may still be considered in a certain sense as 
a measure of the magnifying power of the instrument. Sup- 
pose, for example, that the optical system is not telescopic, 
so that the interval between the second focal point (F/) of 
the object-glass and the first focal point (F 2 ) of the ocular 
is not negligible, as frequently happens in focusing the eye- 
piece to suit the eye of the individual, especially if the object 
itself is not infinitely distant. Consider a ray which is di- 
rected originally from the extremity of the object towards 
a point 0 on the axis of the telescope and which emerges 
so as to enter the eye at the conjugate point O'. If the angles 
which the ray makes with the axis at O and O' are denoted 
by 6 and 0', respectively, then the ratio tan0' : tan^ will 
be a measure of the magnifying power of the telescope for 
this adjustment and position of the eye. But according to 
the Smith-Helmholtz formula (§§ 86 and 118), since the 
telescope is surrounded by the same medium on both sides, 
we shall have here: 

tan^' :tan0 = t/ :y\ 

where y and y' denote the linear magnitudes of an object and 
its image in conjugate transversal planes at 0 and O' (the 
planes of the pupils). Now if the point 0' is at the center 
of the eye-ring, the point 0 will lie at the center of the object- 
glass, and the ratio y : y^ will be equal to the ratio of the 
diameters of object-glass and eye-ring. Hence, provided 
the eye is placed at the eye-ring, the magnifying power of the 
telescope will be 

diameter of object-glass 
diameter of eye-ring 

In an astronomical telescope the best adjustment for com- 
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inuiuiiiig a wide exterit of the field of view is to place the eye 
with its center of rotation at the center of the eye-ring, but 
in a Dutch telescope this is not practicable, because the eye- 
ring is not accessible. 

In order to obtain a general formula for the magnifjing 
power of a telescope, let us fix our attention on the inverted 
image of the object wLich is formed by the object-glass. 
If u = ljU denotes the distance of the object from the object- 
glass and if q denotes the linear size of the image, the appar- 
ent size of the object as seen from the center of the object- 
glass will be 

imQ =q{U -\-F-i), 

where Fi denotes the refracting power of the object-glass. 
On the other hand, according to the formula deduced in 
§ 157, the apparent size of the image seen in the telescope 
will be 

\Ar^Q' ——q{F‘i—Z{l—c.Fi)] , 

where F-. denotes the refracting power of the ocular, z=l/Z 
denotes the distance of the image in the ocular from the eye, 
and c denotes the distance of the eye from the ocular itself 
(or from its second principal point). Accordingly, we obtain 
the following expression for the magnifying power of the 
telescope: 

,,_tan0'_ Fi—Z{l—c.F^ 

VTfI ’ 

which is applicable to all cases. If the object is infinitely 
distant, then [7=0; and if the telescope is in normal adjust- 
ment, then the image is also infinitely distant, that is, Z=0, 
and M = —FzjFi. 
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PROBLEMS 

1. If the refracting power of a correction spectacle-glass 
is +10 dptr., and if the distance of the anterior principal 
point of the eye from the second principal point of the glass 
is 12 mm.; find the static refraction of the eye. 

Ans. +11.36 dptr. 

2. Take the refracting power of the eye equal to 58.64 dptr., 
the distances of the principal points from the vertex of the 
cornea as 1.348 and 1.602 mm., and the index of refraction 
of the vitreous humor equal to 1.336. If the refracting power 
of a correction spectacle-glass, whose second principal point 
is 14 mm, from the anterior principal point of the eye, is 
— 5.37 dptr., show that the total length of the eye-ball is 
26.5 mm. 

3. In Gullstrand^s schematic eye, with accommodation 
relaxed, the distance from the vertex of the cornea to the 
point where the optical axis meets the retina is 24 mm. The 
other data are the same as those given in No. 2 above. Find 
the position of the far point and determine the static refrac- 
tion. 

Ans. The far point is 99.34 cm. from the vertex of the 
cornea, and the static refraction is +1.008 dptr. 

4. In Gxjllstrand^s schematic eye in its state of maxi- 
mum accommodation the distances of the principal points 
from the vertex of the cornea are 1.7719 and 2.0857 mm., and 
the refracting power is 70.5747 dptr. The length of the eye- 
ball is 24 mm., as stated in No. 3. Find the position of the 
near point and determine the dynamic refraction of the 
eye. 

Ans. The near point is 10.23 cm. from the vertex of the 
cornea; the dynamic refraction is —9.609 dptr. Accordingly, 
with the aid of the result obtained in No. 3, we obtain for 
the amplitude of accommodation 10.62 dptr. 

5. Taking the refracting power of the eye as equal to 
59 dptr., show that the size of the retinal image of an object 



4()2 AliiToi's, Prisms and Lenses [Ch. XIII 

1 meter liigh at a distance of 10 meters from the will be 
1.7 mm. 

6 The apparent size of a distant air-ship is one minute of 
an*. Taking tlie refracting power of the eye as equal to 
58. W dptr., show that the size of the image on the retina 
will be 0.00495 mm. 

7. Wliat is the magnifying power of a convex lens of focal 

length 5 cm.? Ans. 5. 

8. A myope of 10 dptr. uses a convex lens of focal length 
5 cm. as a magnifying glass. Find the individual magnify- 
ing power, neglecting the distance of the eye from the glass. 

Ans. 74-. 

9. In the preceding example, what will be the individual 

magnifying power of the same glass in the case of an hyper- 
metrope of 10 dptr.? Ans. 24-. 

10. A certain person cannot see distinctly objects which 
are nearer his eye than 20 cm. or farther than 60 cm. Within 
what limits of distance from his eye must a concave mirror 
of focal length 15 cm. he placed in order that he may be able 
to focus sharply the image of his eye as seen in the mirror? 

Ans. In order to see a real image of his eye, the distance 
of the mirror must be between 43.03 cm. and 78.54 cm.; in 
order to see a virtual image, the distance of the mirror must 
be between 6.97 cm. and 11.46 cm. 

11. The magnifying power of a telescope 12 inches long 
is equal to 8: determine the focal lengths of object-glass 
and eye-glass (1) when it is an astronomical telescope and 
(2) when it is a Galileo’s telescope. 

Ans. (1) /i = +10|-, /2=4-14. inches; (2)/i = +13|-, 

ft — - ly inches. 

12. The focal lengths of the object-glass and eye-glass of 
an astronomical telescope are fi and /2, and their diameters 
are 2hi and 2/i2, respectively. Show that the radius of the 
stop which will cut off the ''ragged edge” (§ 138) is eq-'aal to 

fi+h ’ 
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13. A telescope is pointed at an infinitely distant object, 
and the eye-piece is focused so that the image is formed at 
the distance I of distinct vision of the eye. If the distance of 
the eye from the eye-piece is neglected, show that the mag- 
nifying power is M== — /i(Z+/ 2 )/L/ 2 , where /i , /2 denote the 
focal lengths of the object-glass and eye-glass. 

14. A Ramsden ocular consists of two thin convex lenses 
each of focal length a separated by an interval equal to 2a/3. 
Show that the magnifying power of an astronomical tele- 
scope furnished with a Ramsden ocular is 4/i/3a, where fi 
denotes the focal length of the object-glass. 

15. The object-glass of an astronomical telescope has a 
focal length of 50 inches, and the focal length of each lens 
of the Ramsden ocular is 2 inches. The distance between 
the two lenses in the ocular is ^ inch. Show that the dis- 
tance between the object-glass and the first lens of the oc- 
ular is 50.5 inches, and that the magnifying power is equal 
to 

16. If a Galileo’s telescope is in normal adjustment, 
show that the angular diameter of the field of the image as 
measured at the vertex of the concave eye-glass is 2tan7' = 
— 2 /ii/(/i+/ 2 ), where hi denotes the radius of the object-glass 
and /i, /2 denote the focal lengths of object-glass and eye- 
glass. 

17. The focal length of the object-glass and eye-glass of 
an astronomical telescope are 36 and 9 inches, respectively. 
If the object is infinitely distant and if the eye is placed in 
the eye-ring at a distance of 9 inches from the image, show 
that the magnifying power is equal to 2. 

18. The magnifying power of a simple astronomical tele- 
scope in normal adjustment is M, and the focal length of the 
object-glass is /i. Show that if the eye-glass is pushed in a 
distance x and the eye placed in the eye-ring, the magnifying 
power will be diminished by 

19. An astronomical telescope is pointed towards the sun, 
and a real image of the sun is obtained on a screen placed 
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beyond the eye-lens at a distance d from it. If the diameter 
of this image is denoted by 26 , and if the apparent diameter 
of the sun is denoted by 2 6 , show that the magnifying power 
of the telescope is M =*6.cot Old. 

20. The eye is placed at a distance c from the eye-glass of 
a Galileo's telescope in normal adjustment. The length 
of the telescope as measured from the object-glass to the 
eye-glass is denoted by d, the radius of the object-glass is 
denoted by hi, and the radius of the pupil of the eye is de- 
noted by g (it being assumed that g is less than the radius of 
the eye-glass). Show that the semi-angular diameters of 
the three portions of the field of view on the image-side are 
given by the following expressions: 


tan7i'= ~ 


hi—g.M 
d+cM ’ 


tan 7'= 


h 

d+cM’ 


tan 72'= ““ 


hi-\-gM 

d+cM, 


where M denotes the magnifying power of the telescope. 



CHAPTER XIV 


DISPEESION AND ACHROMATISM 

160. Dispersion by a Prism. — When a beam of sunlight is 
admitted into a dark chamber through a small circular hole A 
(Fig. 204) in the window shutter, a round spot of white light 
will be formed on a vertical wall or screen opposite the win- 
dow, which will be, indeed, an image of the sun of the same 
kind as would be produced by a pinhole camera (§ 3) ; its 



Fig. 204. — ^Prism dispersion: Newton’s experiment. 

angular diameter, therefore, being equal to that of the sun, 
namely, about half a degree. In the track of such a beam 
Newton inserted a prism with its refracting edge horizontal 
and at right angles to the direction of the incident light; 
whereupon the white spot on the screen vanished and in its 
stead at a certain vertical distance above or below the place 
that was first illuminated there was displayed an elongated 

465 
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vertical band or spectrum^ exhibiting the colors of the rain- 
tow in an endless variety of tints shading into each other by 
imperceptible gradations. This spectrum was rounded at 
the ends and its vertical dimension, depending on how the 
prism was tilted, was about 4 or 5 times as great as its hori- 
zontal dimension, the latter being equal to the diameter of 
the spot of white light that was formed on the screen before 
the interposition of the prism. For convenience of descrip- 
tion, New^ton distinguished seven principal or “ primary 
colors arranged in the following order from one end of the 
spectrum to the other, namely, red, orange, yellow, green, 
blue, indigo,* and violet; of which the violet portion of the 
spectrum is the longest and the orange the shortest. The 
red end of the spectrum was the part of the image on the 
screen that was least displaced by the interposition of the 
prism. 

This phenomenon was explained by Newton cn the as- 
sumption that ordinary sunlight is composite and consists 
in reality of an innumerable variety of colors all blended 
together; and that the index of refraction (n) of the prism, 
instead of having a definite value, has in fact a different 
value for light of each color, being greatest for violet and 
least for red light and varying between these limits for light 
of other colors. 

The resolution of white light into its constituent colors 
by refraction is called dispersion. If a puff of tobacco-smoke 
is blown across the beam of light where it issues from the 
prism, only the outer parts of the beam will show any very 
pronounced color, because the central parts at this place will 

* There has been much discussion as to what Newton understood 
by the color which he named ^‘indigo'* and which lies somewhere be- 
tween the blue and the violet. Indigo, as we understand it, is more 
nearly an inky blue rather than a violet blue, more like green than like 
violet; and hence it has been suggested that Newton's color vision 
may have been slightly abnormal. In this connection see article en- 
titled “Newton and the Colours of the Spectrum" by Dr. R. A. Hous- 
TOTJN, Science Frogress, Oct. 1917. 
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not have been sufficiently dispersed to exhibit their individ- 
ual effects. At some little distance away from the prism the 
entire section of the beam will be brilliantly colored. 

Having pierced a small hole through the screen at that 
part of it where the spectrum was formed (Fig. 205), Newton 
was able by rotating the prism around an axis parallel to 



Ftg 205. — Newton’s experiment with two prisms; showing that light of 
a definite color traverses the second prism without further dispersion. 


its edge to transmit rays of each color in succession through 
the opening to a second prism placed with its edge parallel 
to that of the first prism; and, agreeably to his expectations, 
he found that while these rays were again deviated in tra- 
versing the second prism, there was no further dispersion of 
the light. This experiment demonstrated that the single 
colors of the spectrum were irreducible or elementary and 
not a mixture of still simpler colorn, and that the light which 
had been separated in this fashion from the beam of sun- 
light was monochromatic light. 

If all the various components of the incident light which 
has been resolved by the prism are re-united again, the effect 
will be the same as that of the light before its dispersion. 
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The simplest way to achieve this result is to cause the rays 
to traverse a second prism precisely equal to the first, but 
inverted so that the dihedral angle between the planes of 
the adjacent faces of the two prisms is equal to 180°, the 
edges of the prisms being parallel. Indeed, if the two prisms 
were placed in contact in this way, they would form a slab 
of the same material throughout with a pair of plane parallel 
faces, for which the resultant dispersion is zero; because the 
colored rays would all emerge in a direction parallel to that 
of the incident ray which was the common path of all these 



Fig. 206. — Light is not dispersed in traversing a plate with 
plane parallel faces surrounded by same medium on both 
sides. 

rays before they were separated by refraction at the first 
face of the plate (Fig. 206). 

Another and essentially different way of re-uniting the 
colored rays is to converge them to a single point by means 
of a so-called achromatic lens, as represented diagrammati- 
cally in the accompanying drawing (Fig. 207); so that the 
effect at the focus C where the colored rays meet is the same 
as that of light from the source. Beyond C the rays sepa- 
rate again, so that if they are received on a screen the same 
succession of colors will be exhibited as before, only in the 
reverse order. If some of the rays are intercepted before 
arriving at C, the color at C will be the resultant effect of 
the residual rays. The point B where the rays are separated 
on entering the prism and the point C where they are re- 
united by the lens are a pair of conjugate points with re« 
spect to the prism-lens system. 
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The solar spectrum which Newton obtained in his cele- 
brated prism-experiments, described in 1672, had one serious 
defect, due to the fact that the colors in it were not in reality 
pure but consisted of a blending of two or more simple colors. 
When the light passes through a round hole before falling 
on the prism, the spectrum on the screen will be composed 
of a series of colored disks, each one overlapping the one next 
to it. The colors, therefore, are partly superposed on each 
other, and the eye is so constituted with respect to color 
vision that it cannot distinguish the separate effects and 



Fig. 207. — Achromatic lens used to re-unite the colored light after it has 
been dispersed by prism. 

analyze them but obtains only a general resultant impression 
of the whole. 

WoLLASTON^s experiments in 1802 differed essentially 
from Newton^s only in the form and dimensions of the beam 
of sunlight that was dispersed by the prism, but this simple 
modification represented a distinct advance in the mode of 
investigation of the spectrum. WolIjAston admitted the 
sunlight through a narrow slit * whose length was parallel to 

* Dr. Houstoun, in the article already referred to, calls attention 
to the fact that in some of his prism-experiments Newton also em- 
ployed an opening in the form of a narrow slit, and was aware of its 
advantages with respect to the purity of the spectrum; for Newton 
states that ‘Unstead of the circular hole,^’ “it is better to substitute an 
oblong hole shaped like a long Parallelogram with its length Parallel 
CO the Prism. For if this hole be an Inch or two long, and but a tenth 



470 


iMuTors, Prisms and Jjenses 


1 § 100 


the prisin-€*dge; and in order to diminish still more the di- 
vergence of the incident beam, a screen with a second slit 
parallel to the first was interposed in front of the prism, as 
reprc^sented in the accompanying diagram (Fig. 208). The 
spectrum formed in this way is far purer than that obtained 
witli a round opening in the shutter. But a difficulty that 



Fig. 208. — Pure spectrum obtained by causing sunlight to pass through two 
narrow slits before traversing prism. 

inheres in both methods arises from the fact that the image 
formed by a prism is always virtual, and therefore a homo- 
centric bundle of monochromatic divergent rays will nec- 
essarily be divergent after traversing a prism, so that if 
they are received on a screen they will illuminate a certain 
area on it which is the cross-section of the ray-bundle and 
not in any strict sense an optical image of the original source. 

or twentieth part of an Inch broad or narrower; the Light of the Image, 
or spectrum, will be as Simple as before or simpler, and the Image will 
became much broader, and therefore more fit to have Experiments 
tried in its Light than before.'' The fact that Newton did not dis- 
cover the Fraunhofer lines of the solar spectmm (§ 161 ) is probably 
to be explained on the supposition that his prisms were of an inferior 
quedity of gla^ and that possibly also the surfaces were not as highly 
polished as they might have been. 
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Gonfcequently, if the source sends out light of different colors, 
the effect on the screen will correspond to the sections of all 
the bundles of colored rays, and since these sections will 
overlap each other to a greater or less extent, the spectrum 
will not be pure. The narrower the apertures of the bundles 
of rays and the farther the screen is from the prism, the less 



Fiu. 209. — Pure spectrum obtained by slit, prism and achromatic lens. 


will be the overlapping of the adjacent colors, and therefore 
the purer the spectrum ; but on the other hand, the less also 
will be the illumination. 

A much more satisfactory method consists in making these 
divergent bundles of rays convergent by means of an achro- 
matic convex lens, as represented in Fig. 209; whereby the 
blue rays proceeding apparently from a virtual focus at B 
are brought to a real focus on the screen at B', and, similarly, 
the red rays are united at R'. The plane of the diagram 
represents a principal section of the prism. The light orig- 
inates in a luminous line or narrow illuminated slit at S par- 
allel to the prism-edge, and the spectrum R'B' on the screen 
consists of a series of colored images of this slit and is ap- 
proximately pure, except in so far as the slit must necessarily 
have a certain width. Moreover, in the case of a very nar- 
row slit, there are certain so-called diffraction-effects (§ 7) 
which are indeed of very great importance in any thorough 
scientific discussion of the condition of the purity of the 
spectrum. 
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161. Dark Lines of the Solar Spectrum. — Wollaston 
liiniself observed that the spectrum of sunlight was not ab- 
solutely continuous, but that there were certain narrow gaps 
or dark bands in it parallel to the slit. Fraunhofer (1787- 
1826), with his rare acumen and experimental skill, was able 
to obtain spectra of far higher purity than any of his prede- 
cessors, and he discovered, independently, that the solar spec- 
truni was crossed by a very great number of dark lines, the 
so-called Fraunhofer lines, from which he argued that sun- 
light was deficient in light of certain colors. Fraunhofer 
counted more than 600 of these lines, but there are now 
known to be several thousand. One great advantage of this 
remarkable discovery, which Fraunhofer was quick to 
realize, consists in the fact that these lines are especially 
suitable and convenient for enabling us to specify particular 
regions or colors of the spectrum, because each of them cor- 
responds to a certain degree of refrangibility, that is, to a 
perfectly definite color of light. An explanation of the origin 
of the dark lines of the solar spectrum may be found in 
treatises on physics and physical optics. 

The dark lines are distributed very irregularly over the en- 
tire extent of the solar spectrum. In some cases they are 
sharp and fine and isolated; some of them are exceedingly 
close together so as to be hardly distinguishable apart; others 
again are quite broad and distinct. In order to describe 
their positions with respect to each other, Fraunhofer se- 
lected eight prominent lines distributed in the different 
regions of the spectrum, which he designated by the capital 
letters A (dark red), B (bright red), C (orange), D (yellow), 
E (green), F (dark blue), G (indigo), and H (violet). This 
notation is still in use, and has since been extended beyond 
the limits of the visible spectrum. 

162. Relation between the Color of the Light and the 
Frequency of Vibration of the Light-Waves. — ^According to 
the undulatory theory of light, a luminous body sets up 
disturbances or 'Mbrations” in the ether which are prop- 
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agated in waves in all directions with prodigious velocities. 
The velocity of light in the free ether is about 300 million 
meters per second. When a train of light-waves traverses 
a rectilinear row of ether-particles all lying in the same me- 
dium, the distance between one particle and the nearest one 
to it that is in precisely the same phase of vibration is called 
the wave-length; and the number of waves which pass a 
given point in one second or the frequency of the undulation 
will be equal to the velocity of propagation of the wave 
divided hy the wave-length. The reciprocal of the frequency 
will be the time taken by a single wave in passing a given 
point, which is called the period of the vibration. If the 
wave-length is denoted by X, the velocity of propagation 
by the frequency by N, and the period by T==l/N, the 
relations between these magnitudes is expressed as fol- 
lows: 

X=2;/N=z;.T. 

When ether-waves fall on the retina of the eye, they may 
excite a sensation of light provided their frequencies are 
neither too small nor too great, the limits of visibility being 
confined to waves whose frequencies lie between about 392 
and 757 million millions of vibrations per second. Just as the 
pitch of a musical note is determined by its frequency, so also 
the sensation which we call color appears to be more or less in- 
explicably associated with the frequency of the vibrations 
of the luminiferous ether; so that to each frequency between 
the limits named there corresponds a perfectly definite kind 
of light or color. Absolutely monochromatic light due to 
ether-waves of one single frequency of vibration is difficult 
to obtain. In general, the light which is emitted by a lumi- 
nous body is more or less complex, and the sensation which 
it produces in the eye is due to a variety of impulses. The 
yellow light which is characteristic of the flame of a Bunsen 
burner when a trace of common salt is burned in it is a sen- 
sation excited by the impact of two kinds of ether-waves 
corresponding to the double D-hne of the solar spectrum 
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which have frequencies of about 509 and 511 million millions 
of vibrations per second. Red ligiit (torresponds to the lowest 
and violet light to the highest frequency. 

It is known that th(^ velocity of light of a given color de- 
pends on the medium in which the light is propagated; and 
it has also been established that the velocity of light in a given 
medium depends on the color of the light. However, appar- 
ently light of all colors is transmitted with equal velocities 
ill vacuo; and also in air, on account of its slight dispersion, 
there is practically no difference in the velocity of propaga- 
tion of light of different colors.* 

One reason for inferring that the frequency of the ether- 
vibrations is the physical explanation of the phenomenon of 

* When white light enters a transparent medium, the long red waves 
forge ahead of the green ones, which in their turn get ahead of the blue. 
If we imagine an instantaneous flash of white light traversing a re- 
fracting medium, we must conceive it as drawn out into a sort of linear 
spectrum in the medium, that is, the red waves lead the train, the 
orange, yellow, green, blue, and violet following in succession. The 
length of this train will increase with the length of the medium traverst'd. 
On emerging again into the free ether the train will move on without 
any further alteration of its length. 

“We can form some idea of the actual magnitudes involved in the 
following way. Suppose we have a block of perfectly transparent glass 
(of ref. index 1,52) twelve miles in thickness. Red light will traverse 
it in l/lOOOO of a second, and on emerging will be about 1.8 miles in 
advance of the blue light w^hich entered at the same time. If white 
light were to traverse this mass of glass, the time elapsing between the 
arrival of the first red and the first blue light at the eye wdll be less than 
l/6(XX) of a second. Michelson's determination of the velocity of light 
in carbon bisulphide showed that the red rays gained on the blue in 
their transit through the tube of liquid. The absence of any change of 
color in the variable star Algol furnished direct evidence that the blue 
and red rays traverse space with same velocity. In this case the dis- 
tance is so vast, and the time of transit so long, that the white light 
coming from the star during one of its periodic increases in brilliancy 
would arrive at the earth with its red component so far in advance of 
the blue that the fact could easily be established by the spectro- 
photometer or even by the eye/^ — R. W. Wood: Physical OptitSj 
Second Edition (New York, 1911), page 101. 
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color is found in the fact that the color of monochromatic 
light remains unaltered when the light passes from one me- 
dium into another; and since the vibrations in the second 
medium are excited and forced by those in the first medium, 
it is natural to suppose that the vibration-frequency is the 
same in both media. 

Accordingly, it is the ratio 



that remains constant in the transmission of monochromatic 
light through different media. And hence if the velocities of 
light in two media are denoted by y, v', and if the wave-lengths 
in these two media are denoted by X, X', then z;/X = rVX' 
or X/X'=t^/r'; that is, the wave-length of light of a given color 
varies from medixm to medium, and is proportional to the ve- 
locity of propagation of light of that color in the medium in 
question. Thus, the wave-length of yellow light is shorter 
in glass than it is in air, because light travels more slowly in 
glass than in air. 

Generally, therefore, when we speak of the wave-length of 
a given kind of light, we mean its wave-length measured in 
vacuo. The lengths of waves of light are all relatively very 
short, the longest, corresponding to the extreme red end of 
the spectrum, being less than one 13-thousandth of a centi- 
meter, and the shortest, belonging to the extreme violet end 
of the visible spectrum, being less than one 25-thousandth 
of a centimeter. These magnitudes are usually expressed in 
terms of a special unit called a '^tenth-meter” which is one 
10-billionth part of a meter (10"^® meter) or in terms of a 
"micromillimeter” which is equal to the millionth part of 
a millimeter and for which the symbol mju. is employed 
(lmja = 10~® mm.). Thus, the wave-lengths of light cor- 
responding to the red and violet ends of the visible spectrum 
are about 767m/i and 397m/A, respectively. The Fraun- 
hofer line A is a broad, indistinct line at the beginning of the 
red part of the spectrum, wave-length 759.4mf6; the B-hne 
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in the red part corresponds to light of wave-length 686,7m/t; 
the C-line in the orange corresponds to light of wave-length 
656.3mja; the D-Iine in the yellow is a double line, cor- 
responding to light of wave-lengths 589.6m/x and 589.0m/x; 
the E-line in the green corresponds to light of wave-length 
527.0m/x; the F-line in the blue corresponds to light of wave- 
length 486.1mja; the G-line in the indigo corresponds to 
light of wave-length 430.8m//.; and the H-line, consisting 
of two broad lines in the violet, corresponds to light of wave- 
lengths 396.8m/x and 393.3m/a. 

163. Index of Refraction as a Function of the Wave- 
Length. — Now according to the wave-theory of light, the 
absolute index of refraction (n) of a medium for light of a 
definite color is equal to the ratio of the velocity of light 
in vacuo (V) to its velocity (v) in the medium in question 
(§ 33) ; that is, 

V 

V 

Strictly speaking, therefore, the index of refraction of a me- 
dium, without further qualification, is a perfectly vague ex- 
pression, l>ecause each medium has as many indices of re- 
fraction as there are different kinds of monochromatic light. 
When the term is used by itself, it is generally understood 
to mean the index of refraction corresponding to the D-line 
in the bright yellow part of the solar spectrum, which is 
characteristic of the light of incandescent sodium vapor. 
Hence, 

_ velocity of yellow light in vacuo 

~ velocity of yellow light in the medium in question 

__ wave-length of yellow light in vacuo 
wave-length of yellow light in the given medium 

In the following table the values of the indices of refraction 
of several transparent liquids are given for light correspond- 
ing to the Fraunhofer lines A, B, C, D, E, F, G, and H, 
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A 

B 1 

C 

D 

E , 

F 

G 

H 

Wave-length 
in mix 

759.4 

686.7 

656.3 

589.0 

527.0 

486.1 

430.8 

396.8 

Alcohol 

1.359 

1.360 

1.361 

1.363 

1.365 

1.367 

1.371 

1.374 

Benzene 

1.493 

1.495 

1.497 

1.503 

1.507 

1.514 

1.524 

1.536 

Sulphuric Acid 

1.610 

1.616 

1.620 

1.629 

1.642 

1.654 

1.670 

1.702 

Water 

1.329 

1.331 

1.332 

1.334 

1.336 

1.338 

1.341 

1 1.344 


It may be remarked that, in general, the shorter the wave- 
length, the greater will be the index of refraction of a sub- 
stance. But the exact relation between the index of refrac- 
tion and the wave-length of the light has to be determined 
empirically for each substance. There is, indeed, a certain 
group of substances which form an exception to the general 
statement made above, and which yield refraction-spectra 
with the order of the colors partially or entirely reversed. 
This phenomenon is called anomalous dispersion, 

164. Irrationality of Dispersion. — Other things being 
equal, the length of the spectrum or the interval between 
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a given pair of FRAtrNHOPEB lines depends essentially on the 
nature of the refracting medium, so that, in general, as shown 
by the table in the preceding section, the dispersion of two 
colors will be foxmd to be different for different substances 
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For example, the disixa-sion of glass is greater than that of 
water, and the disi)ersioii of so-called flint glass is higher 
that of so-calletl crown glass. In Fig. 210 are exhibited the 
relative lengths of the different regions of the solar spectra 
cast on the same screen under precisely the same cir- 
cumstances by prisms of equal refracting angles made of 
water, crown glass and flint glass. The length of the spec- 
trum may be increased by shifting the screen farther from 
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the prism, and Fig. 211 shows the relative positions of the 
Fraunhofer lines B, C, D, E, F, G and H, when the lengths 
of the spectra of the crown glass prism and the water prism 
have been elongated in this manner until their lengths are 
both equal to the length of the spectrum of the flint glass 
prism for the interval between the Fraunhofer lines B and 
H. The other lines in the three spectra do not coincide at all. 
Moreover, it appears that the dispersion of water for the 
colors towards the red end of the spectrum is relatively high, 
whereas the dispersion of the flint glass is relatively high 
towards the blue end. In the spectrum of flint glass the in- 
terval between G and H, and in the spectrum of water the in- 
terval between B and F, is greater than it is in either of the 
other spectra. If the law of the variation of the index of rer 
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fraction witli the color of the light has been found empirically 
for one substance, this will not afford any clue to the corre- 
sponding law in the case of another substance. Diamond, for 
example, is very highly refracting but shows comparatively 
little dispersion, whereas flint glass which has a much lower 
index of refraction gives a much higher dispersion; on the 
other hand, fluorite has a low index of refraction and at the 
same time a low dispersion. This phenomenon which is 
characteristic of refraction-spectra is known as the irration- 
ality of dispersion, 

166* Dispersive Power of a Medium. — In the case of a 
prism of small refracting angle the deviation is given by 
the formula €==(n~-l)/3, as was explained in §60. Let 
the letters P and Q be used to designate two colors, and Jet 
np and uq denote the indices of refraction of the prism- 
substance for these colors. If the angles of deviation are 
denoted by €p and €q then 6 q*“ €p = (nQ— np)/3, and, con- 
sequently, for a thin prism the angular magnitude of the 
interval in the spectrum between the colors P and Q is pro- 
portional to the difference of the values of the indices of re- 
fraction. This difference (ng—np) is called the partial dis- 
persion of the substance for the spectrum-interval P, Q. 
Thus, in the brightest part of the spectrum comprised be- 
tween the Fraunhofer lines C and F, the partial dispersion 
is (np—nc). The deviation of a prism of small refracting 
angle /3 for light corresponding to the D-line which lies 
between C and F is ei) = (nD‘~l)i8, and since €p— €c= 
(np— no)i8, we obtain: 

ep— ec^'^p — 

€d 1 

This ratio of the angular dispersion of two colors to their 
mean dispersion is called the dispersive power or relative dis- 
persion of the substance for the two colors, which are usually 
orange (C) and bright blue (F) ; so that the dispersive power 
of an optical medium with respect to the visible spectrum 
may be defined as the quotient of the difference (np— nc) 
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the in(ii(*(‘s of refraction for red and blue light by 
— where denotes the index of refraction for yellow 
light. The values of the dispersive powers of the various 
kinds of optical glass that are of chief practical importance 
in the construction of optical instruments vary from about 
to al>out although there are compositions of glass 
with values of the dispersive power not comprised within 
these limits. Instead of assigning the value of the dispersive 
power of a substance, it is more convenient to adopt Abbess 
method and employ the reciprocal of this function, which is 
denoted by the Greek letter v, and which is known, there- 
fore, as the Jt'-value of the substance; thus, 

n^—nc 

If the i^-value of one substance is less than that of another, 
the dispersive power of the former will be correspondingly 
greater than that of the latter. 

It is this constant v that is the essential factor to be con- 
sidered in the selection of different kinds of glass suitable to 
be used in making a so-called achromatic combination of 
lenses or prisms. Curiously enough, Newton persisted in 
maintaining that the dispersion of a substance was propor- 
tional to the refraction, which is equivalent to saying that 
the dispersive powers of all optical media are equal; and, 
consequently, he despaired of constructing an achromatic 
combination of lenses which would refract the rays without 
at the same time dispersing the constituent colors. This 
condition, however, is an essential requirement in the object- 
glass of a telescope, and it was just because Newton and his 
followers believed that a lens of this kind was in the nature 
of things unattainable that they expended their efforts in 
the direction of perfecting the reflecting telescope in which 
the convex lens wa^ replaced by a concave mirror. On the 
other hand, from the assumption that the optical system of 
the human eye is free from color-faults (which is by no means 
true), it was argued, notably by James Gkeogry in England 
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(about 1670) and long afterwards b}- EruER in Germany 
(1747), that Newton’s conclusions as to the impossibility 
of an achromatic combination of refracting media were er- 
roneous. In fact, an English gentleman named Hall suc- 
ceeded in 1733 in constructing telescopes which 3 ielded 
images free from serious color faults. Klingenstierna in 
8w('den in 1754 demonstrated the feasibility of combining 
a pair of prisms of different kinds of glass and of different re- 
fracting angles so as to obtain, in one case, deviation without 
dispersion and, in another case, dispersion without deviation. 

But in its practical results the most important advance 
along this line was achieved by the painstaking and original 
work of the English optician John Dollond. Impressed 
by the force of Klingenstierna^s demonstiation, he care- 
fully repeated Newton’s crucial experiment in which a glass 
prism was inclosed in a water prism of variable refracting 
angle; and having found that the results of this experiment 
were exactly contrary to those stated by Newton, he was 
led also to the opposite conclusion. After much persever- 
ance Dollond had succeeded by 1757 in making achromatic 
combinations of several different types, which produced a 
more or ’ess colorless image of a point-source on the axis of 
the system. In its original form the combination consisted 
of a double convex crown glass” lens cemented to a double 
concave “flint glass” lens. As a rule, the focus of the blue 
rays will be nearer a convex lens and farther from a concave 
lens than the focus of the red rays; and hence by combining 
a convex crown glass lens of relatively lower refractive index 
(shorter focus) and less dispersive power with a concave flint 
glass lens of higher refractive index and higher dispersive 
power, a resultant system may be obtained which still has 
a certain finite focal length and in which at the same time 
the opposed color-dispersions for two colors, say, red and 
blue, are compensated. 

166. Optical Glass. — ^Newton’s error in supposing that for 
all substances the dispersion was proportional to the index 
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of n^fraction refar^led the development of technical optics 
lor a long time to come. Although Dollond^s achievement, 
mentioned above, was one of far-reaching importance for the 
practical construction of optical instruments, the great difR- 
ciilty in the way of utilizing and applying the principle was 
to be found in the fact that the actual varieties of optical 
glass at the disposal of the optician were exceedingly limited 
in number; although from time to time systematic efforts 
were made, notably by Fraunhofer (about 1812) in Ger- 
many and by Faraday (1824), Harcourt (1834) and Stokes 
(about 1870) in England, to remedy this deficiency, by dis- 
covering and manufacturing new compositions of glass suit- 
able for optical purposes. For a long time after Fraun- 
hofer^s epoch the art of making optical glass was confined 
almost exclusively to France and England. It was a for- 
tunate coincidence that just about the time when E. Abbe 
had reached the conclusion that no further progress in op- 
tical construction could be expected unless totally new va- 
rietit's of optical glass were forthcoming, 0. Schott was 
already beginning to experiment with new chemical combina- 
tions and processes of manufacture in his glass works at Jena. 
Thanks to the systematic and indefatigable efforts of these 
two collaborators, who were also encouraged by the Prus- 
sian government, the obstacle which had stood so long in the 
way of the improvement and development of optical instru- 
ments was at length triumphantly overcome by the successful 
production of an entire new series of varieties of optical glass 
with properties in some instances almost beyond the highest 
expectations. The first catalogue of the Glastechnisches 
Loborcdorium at Jena was issued in 1885; which marked 
the beginning of the manufacture of the renowned Jena glass, 
to which more than to any other single factor the remarkable 
development of modem optical instmments is due. From 
that time to the present the great province of applied optics 
may almost be said to have become a German territory. 

The earlier so-called ‘‘ordinary’’ varieties of optical 
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glass were silicates in which the basic constituents were 
lime (crown glass) or lead (flint glass) combined with soda 
(Na^COs) or potash (K2CO3) or both. The newer kinds of 
optical glass have been produced by employing a muc^h 
greater variety of chemical substances, including, in addi- 
tion to those named above, hydrated oxide of aluminum 
(Al203,H20), barium nitrate (BaN206), zinc oxide (ZnO), 
etc., and boric acid (H3BO3) or phosphoric acid which to a 
greater or less extent replace the silica (Si02) in the older 
t3T)es. Some of the new compounds have been found to 
have slight durability, and for this and other reasons cer- 
tain products formerly listed in the Jena glass catalogue 
have been discontinued. At present, besides the old “or- 
dinary” silicate crown and flint, the chief varieties are ba- 
rium and zinc silicate crown, boro-silicate crown, dense 
bar3rta crown, baryta flint, antimony flint, borate glass and 
phosphate glass. The table on the following page contains 
a list of certain varieties of Jena glass arranged in the order 
of their v-values. In the Jena glass catalogue the values of 
the dispersion are given also for the spectrum-intervals 
iiD— %— no, wg'— % (where A'' and G' are the lines 
corresponding to the wave-lengths 768 and 434 mju, re- 
spectively), together with the values of the so-called relative 
partial dispersions obtained by dividing each of these num- 
bers by the value of (np— no). 

It has recently been proposed to describe an optical 
glass by means of two numbers of 3 digits each, separated 
by an oblique line. The first number gives the first three 
figures after the decimal point in the value of no, while the 
second number is equal to 10 times the value of v. 
Thus, for example, the second glass in the table would be 
described as crown glass No. 559/669. 
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8ELE(;TED varieties of JENA GLASS 



Imiex of 
R«^fraction 

Mean 

Dispersion 

Hjf — Hq 



Light; phosphate crown 

1.5150 

0 007 37 

70.0 

Medium phosphate crown 

1 5560 

0.008 35 

66.9 

Boro-.sili(^ate crown 

1.5141 

0.008 02 

64.1 

Boro-silicate crown 

1.5103 

0.008 05 

63.4 

Silicate crown 

1.5191 

0.008 60 

60.4 

Silicate crown 

1.5215 

0.008 75 

59.6 

Silicate crown 

1.5127 

0.008 97 

57.2 

Dtmst^st baryta crown 

1.6112 

0.010 68 

57.2 

Barium cmwn 

1.5726 

0.009 95 

57.5 

Dens(' baryta crown 

1.6130 

0.010 87 

58.4 

Denst‘ baryta crown 

1.6120 

0.010 98 

55.7 

Baryta flint 

1.5664 

0.010 21 

55.5 

Borat(' flint 

1.5503 

0.009 96 

55.2 

Baryta flint 

1.5489 

0.010 25 

53.6 

Baryta flint 

1.5848 

0.011 04 

53.0 

Antimony flint 

1.5286 

0.010 25 

51.6 

Boro-silicate flint 

1.5503 

0.011 14 

49.4 

Extra light flint 

1.5398 

0.011 42 

47.3 

Baryta flint | 

1.5825 

0.012 55 

46.4 

Ordinary light flint 

1.5660 

0.013 19 

42.9 

Silicate flint 

1.5794 

0.014 09 

41.1 

Baryta flint 

1.6235 

0.015 99 

39.1 

Heavy borate flint 1 

1.6797 

0.017 87 

38.0 

Silicate flint 

1.6138 

0.016 64 

36.9 

Silicate flint 

1.6489 

0.019 19 

33.8 

Demse silicate flint 

1.7174 

0.024 34 

29.5 

Densest silicate flint 

1.9626 

0.048 82 

19.7 


In recent years in France, England and the United States 
much attention has been bestowed on the study of the com- 
position and manufacture of optical glass, and according to 
the 1916-17 report of the British Committee of the Privy 
Council for Scientific and Industrial Research (summarized 
in Nature, Vol. 100, pp. 17-20), Professor Jackson in England 
^'has succeeded in defining the composition of the bath 
mixtures necessary for the production of several glasses 
hitherto manufactured exclusively in Jena, including the 
famous fluor-crown glass,” and, moreover, ''he has also 
discovered three completely new glasses with properties 
hitherto unobtainable.” However, it seems improbable 
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that any essential changes in the optical properties of glass 
are to be obtained by the use of materials that have not al- 
ready been tried. The index of refraction of all glasses at 
present available are comprised between 1.45 and 1.96. The 
mineral fluorite (calcium fluoride), which is used in the l)est 
modern microscope objectives, has an index of refraction of 
1.4338 and a i/-value of 95.4, so that in both respects it 
lies beyond the limits attainable with glass. Other crystal- 
line transparent minerals, notably rock crystal or quartz, 
have already been employed in lens-s^^stems, and any es- 
sential improvement in the range of optical instruments 
in the future is more likely to come from an adaptation of 
these mineral substances than from the production of new 
kinds of glass. 

The difficulties involved in the manufacture of high-grade 
optical glass are very great, and the utmost care has to be 
exercised throughout every stage of the process. Not only 
must the raw materials themselves be free from impurities as 
far as possible, but the physical and chemical nature of the 
fireclays used in the pots or crucibles also requires the most 
painstaking care and preparation. The empty crucible is 
dried slowly and then heated gradually for several days until 
it comes to a bright red glow. Fragments of glass left over 
from a previous melting and of the same chemical composi- 
tion as the glass which is in process of making are introduced 
into the pot and melted. The raw materials, pulverized and 
mixed in definite proportions, are placed in the pot in layers 
little by little at a time, and the pot, which is covered to 
protect the contents from the furnace gases is maintained 
at a sufficiently high temperature (between about 800 and 
1000° C.) until the contents are all melted together. The 
molten mass is usually full of bubbles of all sizes, and the 
temperature must be raised until these are all gotten rid 
of as far as possible. This entire process takes a longer or 
shorter time depending on circumstances, say, from 24 to 
36 hours or more. After skimming off the impurities on the 
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surface, the niixtun* is allowed to cool gradually, and at the 
same time it is kept constantly stirred in order to make the 
glass as hoinogt^neous as possible. This part of the process 
requires constant care. When the glass in cooling has be- 
come quite viscous, so that it is no longer possible to con- 
tinue the stirring, it is allowed to cool very slowly over a 
period of days or even weeks. Usually at the end of the 
cooling process the solid contents of the pot will be found 
to be broken into irregular fragments of optical glass in the 
first stage of its manufacture. These fragments are care- 
fully examined to see whether they are homogeneous and 
above all free from striae; but the broken surfaces are so 
irregular that this preliminary examination is necessarily 
very imperfect. The pieces which pass muster in this way 
are selected for molding and annealing. The lumps of glass 
are placed in suitable molds made of iron or fireclay and 
heated until the glass becomes soft like wax, so that it takes 
the form of the mold usually with the aid of external press- 
ure. The molded pieces are then annealed by being cooled 
gradually for a week or longer. They are in the form of 
disks or rectangular blocks of approximately the right size 
for being made into lenses and prisms. At this stage the 
glass has to be subjected to the most rigid testing to see if 
it is really suitable for optical purposes. Two opposite faces 
on the narrow sides are ground flat and parallel and polished 
so that the slab can be inspected in the direction of its greatest 
diameter. If any striae or other imperfections are found, the 
piece will have to be rejected and melted over again. Even 
in case there are no directly visible defects, there may be in- 
ternal strains which will be revealed by examination with 
polarized light. Slight strains are not always serious, but even 
these will impair the image in a large prism or lens. These 
strains can be gotten rid of by heating the glass to a tempera- 
ture between 350 and 480^ C., depending on the composition, 
and then cooling very slowly and uniformly over a period of 
about six weeks. It is very diflS-Cult to obtain pieces of op- 
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tieal ^lass which do not contain ininute bubbles, and indeed 
they are often to 1)0 found in the best kinds of glass. 

Of course, the process as abov(‘ described varices in details 
according to the spc^cial nature of the glass, but enough has 
been said to enable the reader to form some idea of the pa- 
tience and skill which are required in the manufacture of 
optical glass. A yield of 20 per cent, of the total quantity of 
glass melted is considered good. The glass to be used for 
photographic lenses has to fulfill the most exact requirements 
and must be of the highest quality. 

167. Chromatic Aberration and Achromatism. — Since the 
index of refraction varies with the color of the light, and since 
this function enters in one form or another in all optical cal- 
culations, it is obvious, for example, that the positions of 
the cardinal points of a lens-system will, in general, be differ- 
ent for light of different colors; and that there will be a whole 
series of colored images of a given object depending on the 
nature of the light which it radiates, these images being all 
more or less separated from each other and of varying sizes. 
This phenomenon is called chromatic aberration, and unless 
it is at least partially corrected, the definition of the resultant 
image is very seriously impaired. In an optical system which 
was absolutely free from chromatic aberration all these 
colored images would coalesce into a single composite image 
which, so far as the quality of the light was concerned, would 
be a faithful reproduction of the object. But nothing at all 
comparable to this ideal condition of achromatism can be 
achieved in the case of any actual lens-system. In fact, the 
term achromatism by itself and without any further explana- 
tion is entirely vague, for an optical system may be achro- 
matic in one sense without being at all so in other senses. For 
example, the images corresponding to different colors may 
all be formed in the same plane and yet be of different sizes, 
or vice versa. Fortunately, however, the fact that it is im- 
possible to achieve at best more than a partial achromatism 
is not such a serious matter after all. The kind of achromat- 
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iKiu wiiich is adapted for one type of optical instrument may 
h(> entirely imsuiled to another type. Thus, it is absolutely 
esscmtial that the colored images formed by the object-glass 
of a telescope or microscope shall be produced as nearly as 
possible at one and the same place (achromatism with re- 
spect to the location of the image), whereas, since the images 
in this case do not extend far from the axis, the unequal 
color-magnifications are comparatively unimportant. On 
the other hand, in the case of the ocular systems of the same 
instruments, the main consideration will be a partial achro- 
matism with respect to the magnification or the apparent 
sizes of the colored images. The object-glass of a telescope 
must be achromatic with respect to the position of its focal 
point, and the ocular must be achromatic with respect to its 
focal length. 

An optical system which produces the same definite effect 
for light of two different wave-lengths, no matter what that 
special effect may be, is to that extent an achromatic system. 
A combination which is achromatic, even in its limited sense, 
for a certain prescribed distance of the object will, in general, 
not be achromatic when the object is placed at a different 
distance. No lens composed of two kinds of glass only can 
be achromatic for light of all different colors. It can be con- 
structed, for example, so that it will bring the red and violet 
rays accurately to the same focus at a prescribed point on 
the axis; but then the yellow, green and blue rays will, in 
general, all have different foci, some of which will be nearer 
the lens than the point of reunion of the red and violet light 
while others will lie farther away. Accordingly, when achro- 
matism has been attained in the case of two chosen colors, 
there will usually remain an uncorrected residual dispersion 
or so-called secondary spectrum, which under certain circum- 
stances may impair the definition of the image to such a 
degree as to be very injurious and annoying. It is neces- 
sary to abolish the secondary spectrum in the object-glass of 
a microscope. This may be done by using more than two 
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kinds of glass. There is also t he possibility of diminishing the 
secondary spectrum by employing two kinds of glass whose 
relative partial dispersions (§ 166) are very nearly the same 
for all the spectrum-int(‘rvals; and, in fact, one of the prin- 
cipal items in the Abbe-Schoit programme for the mami- 
facturc of optical glass was the production of various pairs 
of flint and crown glass suitable for such combinations, so 
that the dispersions in the different regions of the spectrum 
should be, for each pair, as nearly as possible proportional. 
This purpose was satisfactorily accomplished, and we have 
now achromatic lenses of a far more perfect kind than could 
be made out of the older kinds of glass. This higher degree 
of achromatism is called apochromatism. An apochromatic 
photographic lens is absolutely essential in the three-color 
process of photography in which the three images taken 
through light-filters on a plate of medium or large size must 
be superposed as exactly as possible. In most ordinary op- 
tical systems, however, the secondary spectrum is relatively 
unimportant, and achromatism with respect to two prin- 
cipal colors will usually be found to be sufficient. 

168. “ Optical Achromatism ’’ and ‘‘ Actinic Achromat- 
ism.” — The character and extent of the secondary spectrum 
(§ 167) of an achromatic combination of lenses will evidently 
depend essentially on the choice of the two principal colors for 
which the achromatism is to be achieved. This choice will 
be determined by the purpose for which the instrument is 
intended and the mode of using it. Thus, if the system is 
to be an optical instrument in the strict literal sense of the 
word, that is, if it is constructed to be used subjectively in 
conjunction with the eye, we shall be concerned primarily 
with the physiological action of the rays on the retina of the 
human eye; whereas in the case of a photographic lens which 
is used to focus an image on a prepared sensitized plate, it 
is important to have achromatism with respect to the so- 
called actinic rays corresponding to the violet and ultra- 
violet regions of the spectrum, because these are the rays 



45K) JMiiTors, Prisms and Lenses [§ lOS 

which are most active on the ordinary bromo-silver gelatine 
plate. 

Tlu^ retina of the human eye is most sensitive to the kind 
of light which is comprised within the interval between the 
lin(\s C and F, with a distinct maximum of visual effect cor- 
n‘sponding to wav(»-lengths lying somewhere between the 
liiK’s D and E. Accordingly, in an optical instrument which 
is to lx‘ applied to the eye, it is usually desirable to unite the 
red and blue rays as nearly as possible at the focus of the 
yellow rays. If, for example, the system is assumed to be 
a convergent combination of two thin lenses in contact (as 
in the case of the object-glass of a telescope), it will be found 
that the focal points corresponding to the colors (say, green 
and yellow) between C and F will lie nearer the lens and the 
focal ix)ints corresponding to the other colors (dark red, 
dark blue and violet) will lie farther from it than the com- 
mon focal point of the two principal colors C and F. More- 
over, the residual color-error or secondary spectrum in this 
case will be least for some color very nearly corresponding to 
the D-line, which is a favorable circumstance, since, as above 
stated, this is the region of the brightest part of the visible 
spectrum. Achromatism with respect to the colors C and F 

/y = ^ is sometimes called optical achromatism, 

V TiF-nc/ 

On the other hand, in the construction of a photographic 
lens a kind of compromise must be effected between the con- 
vergence of the visual rays and the so-called actinic rays, 
because the image has to be focused first on the ground glass 
plate by the eye and afterwards it has to be received on the 
sensitized plate or film which is inserted for exposure in the 
camera in the place of the translucent focusing screen. Ac- 
cordingly, for ordinary photographic practice an exact co- 
incidence of the “opticaF^ and actinic” images is de- 
manded. Here it is found that the best results are obtained 
by uniting the colors corr^ponding to the D-line and the 
violet band in the spectrum of hydrogen, which, since it is 
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not far from the G-line, may be designated by G' (434m)U,). 
Tins is sometimes called actinic or photographic achromat- 
ism for which the function v has a special value, namely: 

If the photographic lens is a combination of two thin 
lenses in contact, which is achromatic for the colors D and 
G', the focus of the rays corresponding to the blue-green 
region of the spectrum will be nearer the lens than the com- 
mon focus of the two principal colors and the focus of the 
bright red rays will be farther from the lens. In an achro- 
mat of this kind the residual dispersion will usually be quite 
large for both the optical*’ and the actinic” image, but 
for most practical purposes the definition of the image in 
either case is good enough. In astrophotography the focus 
of the camera is determined once for all, and a lens for stellar 
photography is usually designed to have an entirely actinic 
achromatmuj the two principal colors in this case correspond- 
ing to the F-line (486mju.) and the violet line in the mercury- 
spectrum (405m^). The rays belonging in these two colors 
are made to unite as nearly as possible at the focus of the 
rays corresponding to the G'-line, which is approximately 
the place of maximum actinic action. In a photographic 
achromat of this kind the foci of the green, yellow and red 
rays will lie beyond the actinic focus in the order named. 

169. Achromatic Combination of Two Thin Prisms. — 
Two prisms of different substances may be combined so as 
to obtain achromatism in the sense that rays of light cor- 
responding to a definite pair of colors will issue from the 
system in parallel directions, as represented in Fig. 212. 
When an object is viewed through the combination, the red 
and blue rays, for example, will be fused or superposed and 
the residual color-effect will be comparatively slight. By 
employing a greater number of prisms a more perfect union 
of colors could be obtained, but usually two prisms are suf- 
ficient. 
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The prohlein is simplified by assuming that the refracting 
angles of the prisms, denoted here by and 7 , are both 
small ; so that the deviation produced by each prism may be 
considered as proportional to its refracting angle, accord- 
ing to the approximate formula deduced in § 60. Usually, 



Fig. 212. — Achromatic combination of two thin prisms. 


the two prisms are cemented together with their edges par- 
allel but oppositely turned, as shown in the diagram, so that 
the thicker portions of one prism are adjacent to the thinner 
portions of the other; accordingly, the total deviation (e) 
will be equal to the arithmetical difference of the deviations 
produced by each prism separately. 

Let P, Q and R designate three elementary colors, the 
color Q being supposed to lie between P and R in the spec- 
trum ; and let the indices of refraction for these three colors 
be denoted by np', nq and for the first prism and by 
9 ^d tir" for the second prism. The total devia- 
tions for the three colors will be: 
ep = (V - 1) ^ - (rep" -1)7, cq = (wq' - 1) ^ - (wq" - 1) 7, 

1)7- 

Now if the system is to be achromatic with respect to the 
colors P and R, the condition is that €p— €r, which, there- 
fore, is equivalent to the following: 

^_ WR"-rep" , 

7 riR'-np' ’ 

that is, the refracting angles of the prisms must bs inversely 
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proportional to the partial dispersions of the two media for 
the two given colors. 

Moreover, the deviation of the rays of the intermediate 
color Q will be: 




y-i V^-1) 




[nR—np nil 

Actually the colors P, Q and R are usually chosen to cor- 
respond to the Fraunhofer lines G, D and F, respectively, 
in which case the combination will be achromatic with re- 
spect to C (red) and F (blue). Thus, the fractions inside the 
large brackets are the I'-values of the two kinds of glass. 
Accordingly, for an achromatic combination of two thin 
prisms for which the deviation has a finite value, whereas 
the dispersion ( ec — ) is abolished, we have the following 

formulae: 


y' 


-no 


6D = (V-nc') 


Consider, for example, a combination of two kinds of Jena 
glass as follows: 


njy n^—UQ V 

Light Phosphate Crown 1.5159 0.007 37 70.0 

Borate Flint 1.5503 0.009 96 55.2 

Assuming that the angle of the crown glass prism is jS = 20°, 

we find: 7 = 14.8°, eD==2.18°, Generally speaking, those 
pairs of glasses in which the partial dispersions are more 
nearly equal will be found to be best adapted for achromatic 
combinations. 

170. Direct Vision Combination of Two Thin Prisms. — 

In the case of an ordinary prism-spectroscope the rays are 
deflected in passing through the system, so that in order to 
view the spectrum the eye has to be pointed not directly 
towards the luminous source, but in some oblique direction; 
which is sometimes inconvenient, especially in astrophysi- 
cal observations. Accordingly, various prism-systems have 
been proposed which are designed so that rays corresponding 
to some definite standard color are finally bent back into 
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their original din'elion, witli the result that there is disper- 
sion without deviation, which is an effect precisely opposite 
to that which is obtained with an achromatic prism. In 
these so-called direct vision prisms {prismes a vision directe) 



Fig. 213. — Direct vision prism combination (dispersion without deviation). 


the spectrum of an illuminated slit will be seen in the same 
direction as the slit itself. The condition that the light cor- 
responding, say, to the Fraunhofer D-line shall emerge 
from the system in the same direction as it entered is €r) = 0. 
Assuming that the combination is composed, as before, of 
two thin prisms juxtaposed in the same way (Fig. 213), and 
employing the same symbols (§ 169), we derive immedi- 
ately the following formulae: 

7 71d'-1 ' 

£c— €F = (nD'~l) (7/^7)^' 

Consider, for example, the following combination: 

wd ^ 

Light Phosphate Crown 1.5159 70.0 

Heavy Silicate Flint 1.9626 19.7 

the difference of the I'-values here being very great. If 
we put y3=20°, we find: 7 = 10.72°, 22.58'. 

It will be profitable for ^he student to satisfy himself by 
g^veral examples that two kinds of glass which are best 
adapted for a direct vision prism combination are on the 
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contrary not suitable for an achromatic prism, and vice 
versa; as might naturally be expected, since the effects are 
opposite in the two cuvses. Generally speaking, the two kinds 
of glass used for a direct vision prism should have very dif- 
ferent I'-values, as in the illustration given above. 

In the case of prisms of large refracting angles, the formulae 
here and in § 169 are hardly to be consideied as even ap- 
proximate. 

171. Calculation of Amici Prism with Finite Angles. — 

Accurate formulae for the calculation of an achromatic or 
direct vision prism-system may easily be derived when the 



Fig. 214. — Direct vision prism combination. Diagram represents one-half 
of so-called Amici direct vision prism. 

system consists of only two prisms. As an illustration of 
the method in the case of a direct vision prism, let us em- 
ploy here the symbols ni and to denote the indices of re- 
fraction of the crown glass prism and the flint glass prism, 
respectively, for light of some standard wave-length; and 
let jS and 7 denote their refracting angles. We shall sup- 
pose also that the two prisms are cemented along a common 
face, as represented in Fig. 214. A ray of the given wave- 
length is incident on the crown glass prism at an angle Q 
and is refracted into this medium at the angle 0', so that 
TZi.sin 0'=sin 0. (1) 

If the angles of incidence and refraction at the surface of 



49o Mirrors, Prisms and Lenses [^ili 


separation of two kincis of glass are denoted by and 
then 

(2) 

= (3) 

the angles here being all reckoned as positive. If, finally, it 
is assumed that the ray meets the second face of the second 
prism normally and issues again into the air in the same di- 
rection as it had originally, then also : 

'\}r' = 7 , (4) and 0 = /3 — 7 . (5) 

The problem consists in determining the angle of one of the 
prisms when the angle of the other is given. Suppose, for 
example, that an arbitrary value is assigned to the acute 
angle 7 , and it is required to find the magnitude of the 
angle jS. Substituting in ( 1 ) the values of 0, 6' as given 
in (3) and (5), we obtain: 

ni.sm(j3— '^)=sin(j5~ 7 ), 
whence we derive: 


ni. COSY— COST 
Eliminating from (2) and (4), we find: 

ni.sin ''f^=n 2 ,sin 7 , 
and consequently also: 

ni.cos 7 i|,sin^ 7 . 


Accordingly, the value of /3 in terms of ni, n^, and 7 is given 
by the formula; 


tan /3 — 

\/ni — n 2 sin ^7 - cos 7 

If, on the other hand, the value of the angle /? has been 
chosen arbitrarily, the calculation of 7 will be found to be 
trigonometrically a little more difficult. It is left as an ex- 
ercise for the student to show that: 


Vnf(n 2 -l)H(ni-l) (w|-ni)tan^/3 a 

(n|-7if)tan^j8+(n2- 1)^ 

If it is desired that the emergent ray shall not only be par- 
allel to the incident ray but that its path shall be along the 
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same straight line, it is necessary to add to the above another 
combination identical with it and placed so that the two 
flint glass prisms constitute in reality one single prism of re~ 
fracting angle 27 inserted between two equal crown glass 
prisms each of refracting angle /S, as shown in Fig. 215; and; 



in fact, this is the actual construction of the common form 
of the Amici prism. Suppose, for example, that the angle 
7=45*^ and that the two kinds of glass are those described 
in the Jena catalogue as ^^light phosphate crown and 
^^heavy silicate flint’^ with indices ni == 1.5159 and nz = 1.9626 
corresponding to the D~line; then we find that the angle /3== 
98° 7.4'. 

172. Kessler Direct Vision Quadrilateral Prism. — One 

of the principal objections to a train of prisms is the loss of 
light by reflection at the various surfaces and also by ab- 
sorption in travei’sing the successive media. Partly with a 
view to diminishing these losses and partly also on account 
of other advantages, many forms of direct vision prism have 
been proposed which are made of one piece of glass with four 
or more plane faces; in all of which, however, the principle 
is the same, namely, by means of a series of total internal 
reflections to bend the rays corresponding to some standard 
intermediate color back finally into their original direction. 
The simplest of all these devices is the four-faced prism 
ABCD (Fig. 216) proposed, by Kessler, a principal section 
of which has the form of a quadrilateral with perpendicular 
diagonals. The ray of standard wave-length enters the prism 
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and leaves it in a direction parallel to the diagonal BD; it is 
totally reflected twice, first at the face BA and again at the 
face AD, the path of the ray between these reflections being 
parallel to its direction at entrance and emergence. More- 

C 



Fig. 216 - — Kessler direct vision prism. 

over, in virtue of the symmetry of the prism, the path of the 
emergent ray will be a continuation of the rectilinear path of 
the incident ray. If the angles at A, B and C are denoted by 
a, (3 and 7 , respectively, then 

a+2iS+7=360%- (1) 

and if the angles of incidence and refraction at the face BC 
are denoted by 0 , 6\ then 

^'= 1 -^; ( 2 ) 

and, finally, if the index of refraction is denoted by n, 
n.smd'=smd. (3) 

Consequently, eliminating the angles 6, 6' by means of 
(2) and (3), we obtain: 

n.sm(-|-j 8 )=sin^ ; (4) 

SO that if the value of one of the angles a, ^ and 7 is chosen 
arbitrarily, the other two angles can be determined by means 
of equations (1) and (4). 

If the principal section of a Kbsslee prism has the form 
of a rhombus (Fig. 217), parallel incident rays may be re«* 
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Fig. 217. — Rhomboidal form of Kessler prism. 

ceived on both faces BA and BC. In this case the angles 
a and y are equal, and hence j 8 H -7 = 180®, and therefore 

e=l, 0'=^-i8o°, 

SO that 

n.sin — 180®^ = sin^ , 
whence we obtain: 

* ^ 

sm^-cos^ V 4 n ’ 

For example, if n = 1.64, we find j8=36° 24', 7 = 143^ 36'. 

173. Achromatic Combination of Two Thin Lenses. — 
The positions of the principal and focal points of a lens- 
system vary for light of different colors, and if the system is 
to be used as a magnifying glass or as the so-called ocular 
of a microscope or telescope, a chief consideration will be 
that the apparent sizes of the colored virtual images which 
are presented to the eye shall all be the same, that is, that 
the red and blue images, for example, shall subtend the 
same angle at the eye, no matter whether their actual sizes 
and positions are different or not. But the apparent size 
of the infinitely distant image of an object lying in the 
primary focal plane of the lens-system is m^ured by the 
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refracting power of the system (§ 122); and hence the condi- 
tion of achroinatis!ii in this case is that the refracting powers 
(or focal lengths) of the system shall be equal for the two 
colors in question. (Achromatism with respect to the focal 
length; see § 167.) 

Let us assume that the system is composed of two thin 
lenses whose refracting powers for light of a certain definite 
wave-length X are denoted by Fi and then the refract- 
ing power of the combination will be 
where c denotes the air-interval between the two lenses. 
For a second color of wave-length X+AX (where AX de- 
notes a small variation in the value of X), the refracting 
powers of the lenses will be slightly different, and the re- 
fracting power of the combination for this color will be : 

(Fi+AFi) +(F 2 +AF 2 ) ~ c(Fi-l-AFi) (F 2 +AF 2 ). 
Subtracting these two equations, at the same time neglect- 
ing the term which involves the product of the small varia- 
tions AFi and AF 2 , we obtain: 

AF= AF1+AF2 - (F2.AFi+Fi.AF2)c. 

Evidently, the condition that the system shall be achromatic 
with respect to its refracting power is AF=0; which, there- 
fore, is equivalent to the following: 

1 F2.AF1-j-jP1.AF2 
c AF1+AF2 

Now if ni denotes the index of refraction of the first lens for 
light of wave-length X, then 

Fi-(7h-1)Ki, 

where Ki denotes a constant whose value depends simply on 
the form of the infinitely thin lens, tliat is, on the curvatures 
of its surfaces. Similarly, for light of wave-length X-f AX, 
we have: 

Fi+AFi = (7^l+Anl — l)Ki; 


AFi-Ki.Ani-Fi^:^ 

ni— 1 


and hence 
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But Ani/(ni— 1) is the expression for the dispersive 

power of the material of the first lens (§ 165), and accordingly 
we may write: 


AFi = 


Fi 

n 


and, analogously, for the second lens: 

AFi=^ . 

^2 

Introducing these expressions for Af i and AF 2 in the equa- 
tion above, we find, therefore, as the condition that a pair of 
thin lenses shall be achromatic with respect to the refracting 



power of the system, the requirement that the distance be- 
tween the two thin lenses shall satisfy the following equa- 
tion: 

__ V2.Fi-\-Vi.F2 
(v,+ V2)Fi.F^ > 
or 

Vl.fl+V2.ft 

C— , , 

^1+ ^2 

where /i=l/Fi and f 2 =l/F 2 denote the focal lengths of the 
lenses. 
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If both lensen are made of the same glass, then vi = v 2 , so 
that in this case the condition of achromatism becomes: 

/1+/2 

2 ■ 

Thii.s, for example, Huygens's ocular (Fig. 218) is composed 
of two plano-convex lenses made of the same kind of glass, 
the curved face of each lens being turned away from the 
t\ye and towards the incident light. The first lens is called 
the ‘^field-lens" and the second lens is called the “eye-lens." 
In this combination /i = 2/2 (although in actual systems this 



condition is usually only approximately satisfied) and c= 
3/2/2, or /2 :c :/i = 2 :3 : 4 . Ramsden's ocular (Fig. 219 ) 
consists likewise of two plano-convex lenses of the same kind 
of glass, but with their curved faces turned towards each 
other and in this combination fi =/2 =/ = c. Both of these 
types satisfy, therefore, the above condition of achromatism 
and yield images that are free from color-faults not only in 
the center but at the border of the field. 

174. Achromatic Combination of Two Thin Lenses in 
Contact. — If the two lenses are in contact (c=0), the con- 
dition of achromatism, as found in the preceding section, 
becomes: 

^l./l+*'2./2 = 0, 

or 

=0. 

Vl 1/2 

The Quotient of the refracting power of a iens by the dis- 


§ 174 ] 


Achromatic Jjens-System 


503 


persive power of the glass of which it is made, namely, the 
magnitude F/z^, is somet'mes called the dispersive strength 
of the lens; so that according to the above equation we may 
say that the condition of achromatism of a combination of 
two thin lenses in contact is that the algebraic sum of their 
dispersive strengths shall vanish. Accordingly, it appears 
that such a system can be achromatic only in case the sub- 
stances of which the two lenses are made are different. More- 
over, while one of the lenses must be convex and the other 
concave, their actual forms are of no consequence so far as 
the mere correction of the chromatic aberration is concerned. 
It is to be remarked also that in an achromatic lens of neg- 
ligible thickness achromatism with respect to the focal lengths 
implies also achromatism with respect to the positions of 
the focal points and principal points, so that such a lens will 
be achromatic for all distances of the object. 

If F denotes the prescribed refracting power of the com- 
bination then, since, 

F=Fi+F2, 

we find: 


Fi=^ 




V1-V2 


F, 


F 2 =~ 


^2 

Z/i~Z/2 


F. 


The total refracting power F will have the same sign as 
that of the lens which has the greater v-value; for example, 
the combination will act like a convex lens provided the 
F-value of the positive element exceeds that of the nega- 
tive element. 

Thus, being given the values of F, vi and ^'2, we can em- 
ploy the above relations to determine the required values 
of Fi and F2. Moreover, if Ki denotes the algebraic differ- 
ence of the curvatures of the two faces of the first lens, and, 
similarly, if K2 denotes the corresponding magnitude for 
the second lens, then 


Ki = 


Fi 

ni -1 ^ 


K2- 


F2 

n2” 1 


where ni, nt denote the indices of refraction of the two kinds 



.■,04 


iMirrors, Prisms and Lenses 


[§ 174 


of glass for !-ome standard wave-length, as already stated, 
which is usually light corresponding to the Feaunhopeb 
D-line. Thus, while the magnitudes denoted by Ki and Ka 
may be computed, the actual curvatures or radii of the lens- 
sur'aces remain indeterminate; so that there are still two 



Fig. 220. — Dollond‘s 
telescope objective. 



Fig. 221. — Fraun- 
hofer’s telescope 
objective, No. 1. 



Fig. 222. — Fraun- 
hofer’s telescope 
objective, No. 2. 



Fig. 223. — Hbrschbl’s Fig. 224, — Barlow’s Fig. 225. — Gauss’s 
telescope objective. telescope objective. telescope objective. 

other conditions which may be imposed on an achromatic 
combination of this kind. For example, in some cases it 
may be conventient to cement the two components together, 
and then one of the conditions will be that the curvatures of 
the two surfaces in contact shall be equal. Usually, how- 
ever, a more important requirement will be the abolition of 
two of the so-called spherical errors due to the fact that the 
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rays are not paraxial, so that the image will be sharp and 
distinct, especially at the center. 

Some historic types of achromatic object-glasses of a tel- 
escope are illustrated in the accompanying diagrams. Dol- 
lond’s achromatic doublet (Fig. 220) consisted of a double 
convex crown glass lens combined with a double concave flint 
glass lens; whereas Fraunhofer’s constructions show a com- 
bination of a double convex and a plano-concave lens (Fig. 
221) and of a double convex and a meniscus lens (Fig. 222), 
J. Herschel’s form (1821) is shown in Fig. 223, Barlow’s 
(1827) in Fig. 224; and, finally, the Gauss type made by 
Steinheil in 1860 is exhibited in Fig. 225. The newer va- 
rieties of Jena glass make it possible to construct an achro- 
matic objective of two lenses which is far superior in achro- 
matism to any of the older types above mentioned. 

PROBLEMS 

1. Find the values of the reciprocals of the dispersive 

powers (§ 165) of alcohol and water, using data given in 
table in § 163. Ans. Alcohol, 60.5; water, 55.7. 

2. The indices of refraction of rock salt for the Fraun- 

hofer lines C, D and F are 1.5404, 1.5441 and 1.5531, re- 
spectively- Calculate the value of the reciprocal of the dis- 
persive power. Ans. 42.84. 

3. White light is emitted from a luminous point on the 
axis of a thin lens. If the yellow rays are brought to a focus 
at a point whose distance from the lens is denoted by u'j 
show that the distance between the foci of the red and blue 
rays is approximately equal to F.u'-IVy where P denotes the 
refracting power of the lens for yellow light and p denotes 
the reciprocal of the dispersive power of the lens-medium. 

4. A lens is made of borate flint glass for which i^ = 55.2< 

The focal length of the lens for sodium light is 30 inches 
Find the distance between the red and blue images of the 
sun formed by the lens. Ans. 0.54 in 
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5. A crown ^lasw i)rism of refractinf>: angle 20° is to be 
e(jmbine(l with a flint glass prism so that the combination 
will be achromatic for the Fraunhofer lines C and F. The 
indices of refraction are as follows: 

nc Hd 

Crown 1.526 849 1.529 587 1.536 052 

Flint 1.629 681 1.635 036 1.648 260 

Using the approximate formulae for thin prisms, show that, 
the refracting angle of the flint prism will be 9° 54' 11", and 
that the deviation of the rays corresponding to the D-line 
will be 4° 18' 7". 

6. A direct vision prism combination is to be made with 
the same kinds of glass as in the preceding problem; so that 
rays corresponding to the D-line are to emerge without de- 
viation. If the refracting angle of the crown glass prism is 
20°, show that the refracting angle of the flint glass prism 
will be 16° 40' 48", and that the angular dispersion between 
C and F will be 7' 33". 

7. An Amici direct vision prism (§ 171) is to be made of 
crown glass and flint glass whose indices of refraction for 
the D-line are 1.5159 and 1.9626, respectively. If the re- 
fracting angles of the two equal crown glass prisms are each 
equal to 45°, show that the refracting angle of the middle 
flint glass prism will be 98° 7.4'. 

8. A Kessler prism (§ 172) in the form of a rhombus is 

made of glass of index nD = 1.6138. Find the angles of the 
prism. Ans. 35° 5' and 144° 55'. 

9. A thin lens is made of crown glass for which vi = 60.2. 
Another thin lens is made of flint glass for which i'2=36.2. 
When the two lenses are placed in contact they form an 
achromatic combination of focal length 10 cm. Find the 
focal length of each lens. Ans. /i =3.99 cm.; / 2 = — 6.63 cm. 

10. An achromatic doublet is to be made of two thin 
lenses cemented together, and the focal length of the com- 
bination for the D-Iine is to be 25 cm. The first lens is a 
symmetric convex lens of barium silicate glass and the other 
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lens is a concave lens of sodium lead glass. The indices of 
refraction are: 

nry 

Barium silicate 1.6112 0.01747 

Sodium lead 1.5205 0.01956 

Find the radii of the surfaces on the supposition that the rays 
corresponding to the lines C and F are united. 

Ans. The radii of the first and last surfaces are +7.32 and 
+9.30 cm., respectively. 

11. A symmetric double convex lens is made of rock salt 
for which nc== 1.5404 and nF= 1.5531. Find the thickness 
of the lens if the focal lengths for the colors C and F are equal. 

Ans. d = 3.4363 .r, where r denotes the radius of the first 
surface of the lens. 

12. Two thin lenses of the same kind of glass, one convex 
of focal length 9 inches, the other concave of focal length 
4 inches, are separated by an interval of 20 inches. A small 
white object is placed 36 inches in front of the convex lens. 
Show that the various colored images are all formed at the 
same place. 

13. Two thin lenses of the same kind of glass, one convex 
and the other concave, and both of focal length 4 inches, are 
adjusted on the same axis until the colored images of a white 
object placed 12 inches in front of the convex lens are formed 
at the same place. Show that the interval between the lenses 
must be twelve inches. 

14. A lens-system surrounded by air is composed of m 
spherical refracting surfaces. Assuming that the total thick- 
ness of the system is negligible, show that the condition of 
achromatism is 

k— m 

2/ (iSk— S^k^O? 

k=2 

where denotes the curvature of the kth surface and 8% 
denotes the dispersion of the medium included between the 
{k — l)th and kth surfaces for light of the two colors to be 
compensated. 
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BAYS OB' FINITE SLOPE. SPHERICAL ABERRATION, 
ASTIGMATISM OF OBUOUE BUNDLES, BTC. 

176, Introduction. — The theoiy of the symmetrical op 
tical instrument, as it has been developed in the preceding 
chapters, is based on the assumption that the rays concerned 
in the formation of the image are entirely confined to the 
so-called paraxial rays (§ 63) whose paths throughout the 
system are contained within an exceedingly narrow cylindri- 
cal region of space immediately surrounding the axis. With 
this fundamental restriction it was found that there was 
perfect collinear correspondence between object-space and 
image-space; so that a train of spherical waves emanating 
from an object-point was transformed by the optical system 
into another train of spherical waves accurately converging 
to or diverging from a corresponding center called the image- 
point; and so that, in general, a plane object at right angles 
to the axis was reproduced point by point by a similar plane 
image. As a matter of fact, these ideal conditions are never 
realized in any actual optical system except in the case of a 
plane mirror or combination of plane mirrors. Moreover, 
according to the wave-theory of light, a mere homocentric 
convergence of the rays is not sufficient for obtaining a point- 
image of a point-source; for this theory lays particular stress 
on the further essential requirement that the effective por- 
tion of the wave-surface which contributes to the produc- 
tion of the image shall be relatively large in comparison with 
the radius of the surface, if the light-effect is to be concen- 
trated as nearly as possible at a single point and not spread 
over some considerable area in the vicinity of the point. This 
condition implies, therefore, that the aperture of the bundle 
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of effective rays must not be below a certain finite limit, in 
other words we are compelled by a practical necessity, wholb^ 
aside from the principles at the basis of geometrical optics, to 
employ more or less wide-angle bundles of rays. Moreover, 
if a wide-angle bundle of rays is a reciuirement of a distinct, 
clear-cut image, it is also equally essential for a bright image. 
Thus, on both theoretical and practical grounds, it is found 
necessary to extend the limits of the effective rays beyond 
the paraxial region. 

Instead, therefore, of the ideal case of collinear correspond- 
ence of object-space and image-space, the theory of optical 
instruments is complicated by numerous practical and, for 
the most part irreconcilable difl&culties, due chiefly to the 
so-called aberrations or failure of the rays to arrive at the 
places where they might be expected according to the 
simple theory of collineation or point-to-point corre- 
spondence (punctual imagery). In the preceding chapter 
brief reference was made to the chromatic aberrations arising 
from the differences in the color of the light; but now we 
have to deal with the monochromatic aberrations of rays of 
light of one definite wave-length which are caused by the pe- 
culiarities of the curved surfaces at which the rays are re- 
flected and refracted. These surfaces are nearly always 
spherical in form, and hence the aberrations of this latter 
kind are usually called spherical aberrations, A complete 
treatment of this intricate subject lies wholly outside the 
scope of this volume. In the present chapter it must suffice 
to point out the general nature of some of the more important 
of the so-called spherical errors. First, however, we must 
see how to trace the path of a single ray through a centered 
system of spherical surfaces before we are in a position to 
study a bundle of rays. 

176. Construction of a Ray Refracted at a Spherical 
Surface. — In § 34 a method was explained for constructing 
the path of a ray refracted from one medium into another, 
which is always applicable to a refracting surface of any form. 
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The following elegant and useful construction of the path of 
a ray refracted at a s{)h(‘rical sui’face was published in 1807 
by Thomas Youno (1773-1829.) 



z 

Fig. 226. — Construction of ray refracted at convex spherical surface {n'>n). 


In the accompanying diagrams (Figs. 226 to 229) the 
center of the spherical refracting surface ZZ is designated 
by C. The point R is any point on the path of the incident 
ray lying in the first medium of refractive index n. The point 



Fig. 227. — Construction of ray refracted at concave spherical surface (n.'>n). 

where the ray meets the spherical refracting surface is marked 
B, The plane of the paper which contains the incident ray 
RB and the incidence-normal BC is the plane of incidence. 
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The index of refraction of the second medium is denoted by 
n' and the radius of the spherical refracting surface by r. 
Around C as center and with radii equal to n'.rjn and n.r/w 



Fig. 228. — Construction of ray refracted at convex spherical surface {n'Kn). 

describe, in the plane of incidence, the circular arcs k and k', 
respectively; and let S designate the point where the straight 
line RB, produced if necessary, meets the arc k. Draw the 
straight line CS intersecting the arc k' in the point S'. Then 



Fig. 229. — Construction of ray refracted at concave spherical surface {n'<n). 

the straight line BT drawn from B through S' will represent 

the path of the refracted ray. In making this construction, 

care must be taken to select for the point S that one of the 

/ 
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two points in whieli th(^ straight line RB cuts the circle k 
which will make the segments BS and BS' both fall on the 
same side of the incidence-normal, since the angles of in- 
cidence and refraction are described always in the same 
sense, both clockwise or both counter-clockwise. 

The proof of the construction is simple. Since the radius 
r = BC is a mean proportional between the radii BC = n\r/n 
and S'C = n.r/n', that is, since 

CS :CB=CB ;CS'=n' :n, 

the triangles CBS and CBS' are similar, and hence ZCBS = 
ZBS'C. In the triangle CBS: 

sinZCBS : sinZBSC=CS : CB=n' : n. 

By the law of refraction: 7i.sina=n'.sina', where a = 
ZCBS. Consequently, Z BSC - Z CBS' = a', so that the 
straight line BS' is the path of the refracted ray. 

This construction can be employed to trace the path of 
a ray graphically from one surface to the next through a 
centered system of spherical refracting surfaces. 

177. The Aplanatic Points of a Spherical Refracting Sur- 
face. — Incidentally, in connection with the preceding con- 
struction, attention is directed to the singular character of 
all pairs of points such as S, S' determined by the intersec- 
tions of the two concentric auxiliary spherical surfaces with 
any straight line drawn from their common center C. To 
every incident ray directed towards the point S there will 
correspond a refracted ray which will pass (“really” or 
“virtually”) through the other point S'; so that in this 
special case we obtain a homocentric bundle of refracted 
rays from a homocentric bundle of incident rays, for all 
values of the aperture-angle of the bundle. Thus, S' is a 
point-image of the object-point S. The distances of S and 
3' from the center C are connected by the invariant-relation: 
n'lCS' = CS. 

That pair of these points which lies on the optical axis is 
especially distinguished and called the pair of aplanatic 
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'points of the spherical refracting surface; they are designated 
by J, J' (Fig- 230). Thus, we have: 

CJ :AC=AC :CJ'=n' :n, 
or 

CJ.CJ'=r2, nlCJ = n'-.CJ'. 

The aplanatic points, therefore, lie always on the same side 



Fig. 230. — Aplanatic points of spherical refracting surface. 


of the center C so that whereas the rays must pass really 
through one of them, they will pass “ virtually'* through 
the other. In geometrical language the points J, J' are said 
to be harmonically separated (§ 67) by the extremities of 
the axial diameter of the refracting sphere. 

178. Spherical Aberration Along the Axis. — However, in 
general, a homocentric bundle of rays incident on a spheri- 
cal refracting surface will not be homocentric after refrac- 
tion. The diagram (Fig. 231) represents the case of a merid- 
ian section of a bundle of incident rays which are all parallel 
to the axis of a convex spherical refracting surface for which 
n'>n. It will be seen that, whereas the paraxial rays after 
refraction meet on the axis at the second focal point F', the 
outermost or edge rays cross the axis at a point L' between 
the vertex A and the focal point F'; and the intermediate 
rays cross the axis at points lying between F' and L'. The 
eegment F'L' is the measure of the spherical aberration along 
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the axh or the axial aberration of the edge ray of a direct 
cylindrical bundle of incident rays. (By a ''direct'' bundle 
of rays is meant a bundle of rays emanating from a point on 
the axis.) In the figure this segment is negative, that is, meas- 
ured in the sense opposite to that of the incident light; and 



this effect is usually described by saying that a convex spheri- 
cal refracting surface at which light is refracted from air to 
glass is spherically under-corrected; whereas, under the same 
circumstances, a concave spherical refracting surface will be 
found to be spherically over-corrected, that is, the segment 
F'L' in this case will be positive. In fact, the points of in- 
tersection of pairs of consecutive rays lying in the plane of 
a meridian section of a spherical refracting surface form a 
curved line lying symmetrically above and below the axis, 
if the bundle of incident rays is symmetric with respect to 
the axis; and this plane curve is the so-called caustic curve 
of the meridian rays. The two branches on opposite sides 
of the axis unite in a double point or cusp at the point on 
the axis where the paraxial rays intersect, so that the axis 
is tangent to both branches at this point, which in the figure 
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is the point F'. The system is said to be spherically over- 
corrected or under-corrected according as the cusp is turned 
towards the incident light (<) or away from it (>), respec- 
tively; on the supposition that the incident rays are parallel 
to the axis. Each refracted ray in the meridian plane touches 
the caustic curve, and hence this curve is said to be the geo- 
metrical envelope of the meridian section of the bundle of 
refracted rays. 

If the entii’e figure is revolved around the optical axis the 
arc TIL will generate a zone of the spherical refracting sur- 
face containing the vertex A; and each incident ray pro- 
ceeding parallel to the axis will generate a cylindrical sur- 
face, and all the refracted rays corresponding to the incident 
rays which lie on the surface of one of these cylinders will 
intersect in one point lying on the axis between F' and L'. 
The revolution of the caustic curve will generate a caustic 
surface, which will be the enveloping surface of the bundle of 
refracted rays (see § 187.) 

The caustic curve terminates at the point H' where the 
edge ray intersects the next consecutive ray in the meridian 
section. If a plane screen erected at right angles to the axis 
so as to catch the light transmitted by the bundle of refracted 
rays is placed initially in the transversal plane that passes 
through the extreme point H' and then gradually shifted 
parallel to the axis towards the second focal plane, there will 
appear on the screen at first a circular patch of light sur- 
rounded on its outer edge by a brighter ring, which will grad- 
ually contract as the screen approaches L'. Between L' 
and F' there will be seen at the center of the circular patch 
of light an increasingly bright spot. For a certain position 
G' where the distance of the screen from F' is about three- 
fourths of the length of F'L' the cross-section of the bundle 
of refracted rays will have its narrowest contraction. This 
section is sometimes called the least circle of aberration, 

179. Spherical Zones. — Since, in general, it is not possible 
to abolish the spherical aberration of a single spherical re- 
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fnicting surface^, the only means available is to try to ac- 
complish this result by dixStributing the duty of refracting 
the rays over a series of surfaces whose curvatures and dixS- 
tancOxS apart are xso nicely adjuxsted with respect to each other 
that when the rays finally emerge they will all unite in one 
focus on the axis. Thus, for example, if the incident rays 
are supposed to be parallel to the axis of the system, and if 
the system has been designed so as to be spherically corrected 



Fig. 232. — Graphical representation of the spherical zones of a lens. 


for the edge ray which meets the first surface at the distance 
h from the axis, it is conceivable that all the intermediate 
rays of incidence-heights z (where h> z> 0) might perchance 
emerge from the system along paths which all likewise passed 
through the focal point F'; but practically this never hap- 
pens. If the edge ray intersects the axis at F', an intermedi- 
ate ray of incidence-height z will cross the axis at some other 
point L', and the segment F'L' is called the spherical aberra- 
tion of the zone of radius z or simply the spherical zone z. The 
spherical zones of a lens may be exhibited graphically by 
plotting a curve whose abscissae are the values of F'L' and 
whose ordinates are the corresponding values of z, as repre- 
sented in Fig. 232, 

180. Trigonometrical Calctilation of a Ray R.efracted at 
a Spherical Surface. — The diagram (Fig. 233) represents a 
meridian section ZZ of a spherical refracting surface of radius 
r (=AC) separating two media of indices of refraction n, n', 
A ray RB incident on the surface at B at an angle a = 
ZNBR = ZCBL crosses the ax's at L at a slope-angle 6^ 
ZALB. If the central angle is denoted by ^ = ZBCAx> 
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%nd if the abscissa of the point L with respect to the center G 
is denoted by c, that is, if c = CL, then in the triangle CBL, 
we have the relations: 

a = ^ + <?!), c.sin 6 = — r.sin a. 

The path of the corresponding refracted ray is shown by the 
straight line BT which crosses the axis at the point L'; and 



Fig. 233. — Diagram for trigonometrical calculation of refracted ray. 

if we put a' = ZN'BL', 0' = ZAL'B and c' = CL', we ob- 
tain a similar pair of formulae from the triangle CBL', namely: 

a'= 6^+(j>j c'.sin0'= —r.sin a'. 

Accordingly, being given the constants denoted by n, n' and 
r, and the parameters (c, 6) of the incident ray, we can find 
the parameters (c', 0') of the refracted ray by means of the 
following system of equations: 

c . ^ 
sin a = — - sm 0, 
r 

71 

Sin a' = —.sin a, 0' = 0 -{- a' — a, 

n 

, sin a! 

c -—r-z 

sin S 

It is easy to see that if we have given two incident rays 
wnich both cross the axis at the same point L, so that the 
abscissa c has the same value for both rays while the slope- 
angles 0 are different, different values of c' will, in general, 
be obtained for the abscissae of the points where the two cor- 
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responding refracted rays cross the axis. This is the analyti- 
cal statement of the fact of spherical aberration (§ 178). 

The formula) for calculating the path of a ray reflected at 
a spherical mirror may be derived immediately by putting 
n'=-’7i (§ 75) in the preceding system of equations. Thus 
we find: 

sm a == — sin 0, a = — a, 0 = 0—2 a, c ==r-T -— — . 
r sin(0‘-2a) 

Incidentally, a number of other useful relations may be 
obtained from Fig. 233. For example, if the distances of the 
points L and L' where the ray crosses the axis before and 
after refraction measured from the incidence-point B are 
denoted by I and Z', respectively, that is, if Z = BL, Z'=BL', 
where I and V are to be reckoned positive or negative ac- 
cording as these lengths are measured in the same direction 
as the light traverses the ray or in the opposite direction, 
respectively; then 

Z'.sin 0'=Z.sin 0; 

and, since by the law of refraction, 

n'.c'.sin 0'=n.c.sin 0, 
we obtain the useful invariant relation: 

n'.c'__n.c 

If T' 

Moreover, by projecting the two sides c and I of the triangle 
CBL on the third side r, the following formula is obtained : 

r==Z.cosa— c.cos<;f), 
which may be written : 

c __ r /cos a 1\ 

1 COS0 \ r 1/ ' 

Similarly, in the triangle CBL': 

r / cos g' 1\ 

V coscf} \ r Z'/ 

Multiplying the first of these equations by n and the second 
by n' and equating the resulting expressions, we find; 

,/cosa' I\ /cos a 1\ 
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=D (say); 


which may also be written : 

F"”l 

or finally: 

where L — nlly L' — n'lV, 

If the ray is a 'paraxial ray, we may put cos a = cos a' =1 
(§ 63); and now if we write u, w' in place of Z, Z', respectively, 
the formula above will reduce to the abscissa-equation for 
the refraction of a paraxial ray at a spherical surface (§ 78). 

Moreover, if in the last formula we put n' = —n (§ 75), we 
find the corresponding relation for the reflection of a ray at 
a spherical mirror, namely: 

1 ^ 1 2cosa 

V'v’^'~T~ ■ 

181. Path of Ray through a Centered System of Spher- 
ical Refracting Surfaces. Numerical Calculation. — Using 
the same system of notation as in § 118, we may write the 
formula for the refraction of a paraxial ray at the A:th sur- 
face of a centered system of spherical refracting surfaces, 
as follows: 


where 

Uk=nk/%, i7k'=nk-f i/uk', and Pk = (^k+i"^k)Ak; 

“Wk == AkMk, U'k “ AkMk -j- 1? ^k ~ AkCk- 

And if dk=AkAk-|-i, then also: 

l/Uk-j-l “ l/U k ^k/^k“{~l* 

According to the relations given in § 180, we have the 
following system of formulae for the refraction at the kth 
surface of a ray whose slope-angles before and after refraction 
have the finite values 6]^ — Z AkLkBk and 0k + 1 = ^ AkLk -^iBk: 
respectively: 


sin Uk = — - .sin 

Tk 

0k+i= ^k+ak^““ ^kj 


sm ttk = 


rik 

^k+l 


.sm ttk, 


, sm ttk 

Ck w— ^ 

sm 0k +1 
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where C]j = CkLk and Ck' = CkLk+.i. Moreover, if we put 

“ ^'k^k -f-l ^kP^k+l ^kj 

then 

Cjj -f.1 = Cjj ajj. 

In order to exhibit the methods of calculations by means of 
the^e formulas, a comparatively simple numerical illustra- 
tion is appended. The actual example here chosen is one 
given by Dr. Max Lange in his paper entitled Vereinfachte 
Formeln fiir die trigonometrische Durchrechnung optischer 
Systeme'^ (Leipzig, 1909), pages 24, foil. The optical sys- 
tem is a two-lens object-glass of a telescope for which the 
data were published by Dr. R. Steinheil in the Zeitschrift 
fur Instrwmentenkiindej xvii (1897), p. 339, as follows: 

Indices of refraction (for D-line) : 

ni = nz = rh-l (air); n 2 = 1.614 400 (flint); ^ 4 = 1.518 564 
(crown). 

Thicknesses: 

di = 2; d2 = 0.01; ^3=5. 

Radii: 

ri=+420; r2- +181.995; r3= +178.710; r4=— 40 133.8. 
The incident rays are parallel to the axis, so that 

01 = 0, i^i = Ci=oo (C/i=0). 

The calculation is divided into two parts, namely: (1) the 
calculation of the paraxial ray, and (2) the trigonometric 
calculation of the edge ray which meets the first surface of 
the object-glass at the height hi =33 above the axis. When 
Cl = 00 , we find sinai = Ai/ri, which, according to the above 
data, gives Ig sin ai = 8.8952646. This is the starting point 
of the calculation of the edge ray. 

Each vertical column contains the calculation for one 
spherical refracting surface. The sign written after a log- 
arithm indicates the sign of the number to which the loga- 
rithm belongs. Generally the calculations do not have to be 
perfonned to the degree of accuracy to which they are carried 
here. 
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1. PARAXIAL RAY 



k=l 


/r=3 


Ig(wk+i-«k) 

9.7884512+ 

9.7884.512- 

9.71480ai+i 

9.7148024- 

clg rk 

7,3757507 +i 

7.739940(i+ 

7.7478511 + 

5.3964898- 

Igi^k 

7.1552019+ 

7.5283918- 

7.4626535+ 

5.1112922+ 

Fk 

+0.00145285 

-0.003:17.592 

+0.00290171 

+0.00001292 

t/k 

0,00000000 

+0.00140,5.52 

-0.00191036 

+0.00099459 

c/k' 

+0.00146286 

-0.00191040 

+0.000<)9135 

+0.00100751 

clg f/k' 

2.8347981 + 

2.7188755- 

3.0037761 + 

2.9967506+ 

Ig dk 

0.3010300+ 

8 . 0000000 + 

0.6989700+ 


clg Wk+l 

9.7919889+ 

0 . 0000000 + 

9.8185669+ 


Igidkink + 1 ) 

0.0930189 + 

8.0000000+ 

0.5175369+ 


—dklnk+\ 

- 1.2389 

- 0.0100 

- 3.2926 


HUk' 

+683.5924 

-523.4504 

+ 1008.7327 


HUk+i 

+682.3535 

-523.4()04 

+ 1005.4401 


te Uk^H 

[ 7.1659906+ 

1 7.2811162- 

6.99764:18 + 



Ig W 4 ' = clg 1 / 4 ' = 2.9967506 +; M 4 ' = A 4 F = + 992.546 

clg (C/i'.I 72 '. 173 '. 174 ') = 1.5541994— 

Ig (f/2-f/3.i74) = 1.4447506— 
lg/= 2.9989500 + 

/= +997.585 

2. EDGE RAY 



/:=1 

k-=2 

k=3 

^=4 

—ak-i 


+236.0050 

+ 3.2750 

+40307.51 

Ck'-l 


+682.2850 

-685.6727 

+ 1353.49 

Ck 


+918.2900 

-682.3977 

+41661.00 

Igck 


2.9629799+ 

2.8340376- 

4.6197297+ 

Ig sin^ 


8.4765370- 

8.8114112+ 

8.3325613- 

clgrk 


7.7399405+ 

7.7478511 + 

5.3964898- 

Ig sinak 

8.8952646+ 

9.1794574+ 

9.3932999+ 

8.3487808- 

Ig nk/nk+i 

9.7919889+ 

0.2080111+ 

9.8185669+ 

0.1814331+ 

Ig sinak' 

8.6872535+ 

9.3874685+ 

9.2118^+ 

8.5302139- 

Igrk 

2.6232493+ 

2.2600595+ 

2.2521489+ 

4.6035102- 

clg sin^k+i 

1.5234630- 

1.1885888+ 

1.6674387- : 

1.4803948- 

Igck' 

2.8339658+ 

2.8361168- 

3.1314544+ 

4.6141189+ 
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- ai = - 4° 30' 23.24" (;/= +41126.23 

ai'=: + 2° 47' 22.69" r4= -40133.80 

.9^ = 0, ai'™ai= 02 =- 1° 43' 0.55" A4L5 = + 992.43 
-a2 = - 8^ 41' 40.45" 992.55 

- 10® 24' 41.00" F'L5= - 0.12 

7' 31.28" 

03= -I- 3° 42' 50.28" 

-a3= -14® 19' 13.26" 

-10® 36' 22.98" 
a/= 4- 9° 22' 26.69" 

04 1° 13' 56.29" 

- a4= + 1® 16' 45.13" 

+ 0® 2' 48.84" 

r 56' 33.95" 

05 = - 1® 53' 45.11" 

Thus, we see that this object-glass has a slight spherical 
aberration of —0.12, that is, it is a little under-corrected 
(§ 178). 

182. The Sine-Condition or Condition of Aplanatism. — 

Suppose that for a certain object-point M (Fig. 234) on the 
axis of a symmetrical optical instrument the spherical aber- 
ration has been abolished for all the zones of the system, so 
that rays proceeding from this point will all be accurately 
focused at the conjugate image-point M'. On a straight 
line perpendicular to the axis at M take a point Q very close 
to M; and let 2/' = M'Q' denote the size of the image of the 
object |/=MQ which is produced by the central zone, that is, 
by the paraxial rays. Now even though the system is spher- 
ically corrected with respect to the pair of axial points M, M', 
it by no means follows that rays emanating from Q will all 
meet again in Q'. In order that this shall be the case, the 
magnification-ratio must be equal to y'ly foi all the zones 
of the system. Draw the object-ray MBi and the corre- 
sponding image-ray B2M'; if the slopes of these rays are 



§ 182 ] 


Sine-Condition 


523 


denoted by d and 0', it may be shown that for the zone 
corresponding to the incidence-point Bi the magnification- 
ratio is equal to n.sin 0/a'.s‘n 0'; and if this is equal to y^jy, 
then the image formed by rays belonging to this zone will 
be of the same size as the image y' made by the paraxial rays. 



Thus, in order that with the employment of wide-angle 
bundles of rays a symmetrical optical instrument may pro- 
duce a sharp image of a little plane element perpendicular 
to the axis of the instrument, not only must the system be 
spheiically corrected for the pair of conjugate axial points 
M, M', but it must also sat'sfy the so-called Sine-Conditmi, 
namely, 

n.sinff __y' __ 
n'.sin 0' y 

This celebrated principle was clearly formulated by Abbe 

in 1873, but it had already been recognized by Seidel, and 

it may be deduced from a general law of radiant energy which 

was first given by Clausius (1864). The proof of it must be 

omitted here. It may be stated in words as follows: The 

necessary and sufficient condition that all the zones of a 

spherically corrected system shall produce images of equal 

size at the point M' conjugate to the axial point M is that, 

for all rays proceeding from M, the ratio of the sines of the 

slope-angles 0, d' of each pair of corresponding incident 

and emergent rays shall be constant; that is, 

sin B x . 

-- — ^ ,y=z constant, 

sin 6 n 
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The sine-coiulition 

7uj.m\ 6 = n\y\shi 6' 

is essentially different from the Smith-Helmholtz law for 
paraxial ra^'S (see §88 and §118), namely, n. 2 /.tan 0 = 
//.y'.tan 0', although when the angles 6' are small, both 
conditions ma}^ be expressed by the equation 7i.y, d=n\y\ 6\ 
If the optical system is spherically corrected for the pair 
of axial points M, M', and if at the same time the sine-condi- 
tion is satisfied, the points M, M' are called the aplanatic 
pair of pohits of the system. It may be demonstrated that 
no optical system can have more than one pair of such apla- 
natic points. In the ease of a single spherical refracting sur- 
face the two points J, J' (§ 177) whose distances from the 
center C are such that 

CJ.CJ' = r2, n^CJ-n'^CJ', 

are a pair of aplanatic points as above defined; for they are 
free from spherical aberration and if they are joined by 
straight lines BJ, BJ' with any point B on the spherical re- 
fracting surface, and if we put0 = ZCJB, 0' = ZCJ'B, we 
have sin 0/sin 6' == n/ nf = constant. This property of the 
points J, J' of a refracting sphere has been ingeniously util- 
ized in the construction of the objective of the compound 
microscope. 

If in Fig. 234 we put Z=BiM, then sin 0= where h 
denotes the height of the point Bi above the axis. Hence, 
the sine-condition may be written: 


or since (§ 124) 


Lsin d' n 


where f, f denote the focal lengths of the system and x de- 
notes the abscissa of M with respect to the primary focal 
point F (x=FM), we obtain also: 

h _l.f 
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Suppose now that the object-point M is infinitely distant so 
that x = l= oo ] then for a ray parallel to the axis meeting the 
first surface at the height h, we shall have: 

sin 6' ^ 

Thus, if the aplanatic points are the infinitely distant point 
of the axis and the second focal point F', and if around F' as 
center we describe a sphere of radius equal to f, the parallel 
object-rays will meet their corresponding image-rays on the 
surface of this sphere; whereas in the case of collinear imagery 
with paraxial rays the points of intersection of the incident 
and emergent rays under the same circumstances will all lie 
in the secondary principal plane (§ 119), which touches the 
sphere above mentioned at the point where the axis crosses it. 

If therefore we put h/sin 6' = e, the sine-condition for an 
infinitely distant object is c-H/— 0. For example, in the 
case of the telescope objective calculated in § 181: 

Ig = 1.5185139 + 
clg sin ^5 = 1 .4803948 — 

\ge =2.998^87- e= -997.490 
/ = +997.5 85 
+ 0.095 

Accordingly, the sine-condition is very nearly satisfied in the 
case of this object-glass. 

183. Caustic Surfaces. — ^The characteristic geometrical 
property of a bundle of light-rays emanating originally from 
a point-source is expressed in a law announced by Malus in 
1808 (§ 39), which may be stated in terms of the undulatory 
theory of light as follows : The rays of light are always normal 
to the wave-surfaces. In fact, what is meant by a wave-sur- 
face is any surface which cuts the rays orthogonally. In 
general; the curvatures of the normal sections at any point of 
a curved surface will vary from one azimuth to another; but, 
according to Euler’s theorem (§111), the normal sections of 
greatest and least curvature, called the principal sections of 
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the surface at the point in question, are always at right 
angles to each other. It is well known that the normal drawn 
to any point of a curved surface will not meet the normal at 
a consecutive point taken arbitrarily. But if the consecutive 
point is taken in the direction of either of the principal sec- 
tions, the two consecutive normals will intersect. Thus, 
along each normal to a curved surface there are two points 
called the principal centers of curvature (§ 111), where con- 
secutive normals lying in the two principal sections intersect. 

Accordingly, if we regard a bundle of rays of light as a sys- 
tem of normals to the wave-surface, we may say that each 
ray determines two principal sections of the bundle, and that, 
in general, there will be two points on the ray, the so-called 
image-points (cf. § 113), where contiguous rays in each of the 
two principal sections intersect the ray in question. The as- 
semblage of these pairs of image-points on all the rays of a 
wide-angle bundle of rays emanating originally from a 
point-source form a surface of two sheets called the caustic 
surface (cf, § 42). Each ray of the bundle is tangent to both 
sheets of the caustic surface. In the special case when the 
bundle of rays is symmetrical about an axis, one sheet of 
the caustic suiface will be a surface of revolution, whereas 
the other sheet will be a portion of the axis of symmetry (see 
§ 178). 

184. Meridian and Sagittal Sections of a Narrow Bundle 
of Rays before and after Refraction at a Spherical Surface 

— ^The apertures of the bundles of effective rays which are 
transmitted through a symmetrical optical instrument are 
all limited by the position and dimensions of the aperture- 
stop (§ 134). For the present it will be assumed that the 
diameter of the stop is very small. Each point of the object 
lying in the field of view is the source of a narrow bundle of 
rays which contains one ray, called the chief ray (§ 140), 
which in traversing the medium where the stop is placed, 
passes through the center of the stop. Accordingly, the chief 
my will lie m the meridian plane determined by the object- 
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point where the bundle of rays originates. The path of this 
chief ray may be traced geometrically by Young’s construc- 
tion 176) or it may be calculated trigonometrically by 
means of the system of formulae given in § 181. We have 
now to investigate the positions on this chief ray of the two 
image-points produced by the intersections of this ray with 
the rays immediately adjacent to it lying in the two prin- 
cipal sections of the bundle as determined by its chief ray 
(§ 183). Whenever a narrow bundle of rays has two such 
image-points, it is said to be astigmatic. Practically, this is 
always the case if the chief ray is incident on a refracting 
surface at an angle a which is not vanishingly small. Under 
such conditions the bundle of refracted rays will be astig- 
matic, and we have the case which some writers call ^‘astig- 
matism by incidence” but which is better described as the 
astigmatism of an oblique bundle of rays, as distinguished from 



Fig. 235. — Meridian section of narrow bundle of rays refracted at spherical 

surface. 


the astigmatism produced by direct (normal) incidence on 
an astigmatic refracting surface or surface of double curva- 
ture (Chapter IX). 

In the diagrams (Figs. 235, 236), which show the meridian 
section ZZ of a spherical refracting surface whose center is at 
C and vertex at A (Fig. 235), the point designated by P (or Q) 
represents an object-point which is the source of a narrow 


528 Mirrors, Prisms and Lenses t§ 184 

homocentric bundle of rays whose chief ray PB (or QB) is 
incident on the surface at the point B at the angle of inci- 
dence a. This ray crosses the axis at the point marked L 
in Fig. 235 and the corresponding refracted ray crosses the 



Fig. 236. — ^Sagittal section of narrow bundle of rays refracted at spherical 

surface. 

axis at L'. One of the principal sections of the bundle of in- 
cident rays will be the meridian section (§§ 112, 113) made by 
the plane containing the optical axis and the vertex P (or Q) 
of the bundle, that is the plane of the paper; whereas the 
other principal section, called the sagittal section (Pig. 236), 
is made by a plane which intersects the meridian plane 
at right angles along the chief ray of the bundle. The point 
G (Fig. 235) is a point on the spherical refracting surface in 
the meridian section, taken exceedingly close to the point B. 
Likewise, the point D (Fig. 236) lies on the spherical refract- 
ing surface very near to B; but it is contained in the sagittal 
section and is represented in the diagram as lying slightly 
above the plane of the paper. The ray PG (Pig. 235) after 
refraction meets the chief refracted ray at the image-point 
P' of the narrow pencil of refracted meridian rays. Similarly, 
the ray QD (Fig. 236) after refraction will meet the chief 
refracted ray at the image-point Q' where the straight line 
QC intersects this ray, as will be immediately obvious by 
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supposing that the triangle QBQ' is revolved around the 
central line QQ' as axis through a small angle out from the 
plane of the paper. Thus, whereas the meridian section of 
the bundle of refracted rays is contained in the same plane as 
the meridian section of the bundle of incident rays, the sagit- 
tal sections are in two different planes BDQ and BDQ' (Fig. 
236) which intersect each other in a straight line perpendic- 
ular to the meridian plane at the point B, that is, in the line 
BD, which, since the point D is infinitely near to B, may be 
regarded as a straight line. 

185. Formula for Locating the Position of the Image- 
Point Q' of a Pencil of Sagittal Rays Refracted at a Spher- 
ical Surface. — ^As was explained (§ 184), the image-point Q' 
(Fig. 236) in the sagittal section corresponding to the object- 
point Q is at the point of intersection of the straight line QC 
with the chief ray of the bundle of refracted rays. This con- 
struction suggests at once a method of obtaining an analyt- 
ical relation connecting the points Q and Q'; for if the straight 
line QQ' is regarded for the time being as the axis of the spher- 
ical refracting surface, and if we put g=BQ, g'=BQ' (where 
the distances denoted by g, g' are to be reckoned positive or 
negative according as they are measured from the incidence- 
point B in the same direction as the light takes along the 
chief ray or in the opposite direction, respectively), we have 
merely to write g, g' in place of the symbols f, V in the formula 
derived in § 180 in order to obtain the desired relation, 
namely, 


where the function denoted here by D is a constant for a 
given chief ray and is defined by the following expression: 
j^_n'.cosa'— n.cosa_n.sin(a-- a') 
r r.sin a' 

Thus having ascertained the path of the chief ray, and know- 
ing the position of the object-point Q, that is, being given 
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the value of g, we may calculate the value of g' by means of 
the alx)ve formula and thus locate the position of the image- 
point Q' of the sagittal section of the bundle of refracted rays. 

186. Position of the Image-Point P' of a Pencil of Me- 
ridian Rays Refracted at a Spherical Surface. — The angles 
of incidence and refraction of the chief ray are denoted by 
a, a', respectively. Moreover, let 0, 6' (Fig. 235) de- 
note the angles which the chief ray makes with the axis of 
the spherical refracting surface before and after refraction, 
respectively; and also let the central angle BCA be denoted 
by (f>. Then for a contiguous ray in the meridian section 
which is incident at the point G very close to the point B, 
these angles may be denoted by a+da, a'+da'; 0+d0, 
0'+d0'; and <^+d0, where da, da', etc., denote the 
little increments in the magnitudes of the angles a, a', etc., 
in passing from the chief ray to an adjacent ray in the merid- 
ian section. Now since for the rays PB and PG these angles 
are connected by the formulae (§ 180) ; 

ct “ 0'^(p, ci~{-dcL~ 0 -\"d 0 (f) -\~d(f), 
we obtain by subtraction: 

da=d d+dip. 

Around P as center and with radius equal to PB describe the 
small arc BU which subtends ZBPG=d0; so that we may 
write: 

jjn arcBU 
au = , 

V 

where p ==BP denotes the distance of the object-point P from 
the incidence-point B, being reckoned positive or negative 
exactly in the same way as g in § 185. Now the sides of the 
little curvilinear triangle BGU may be considered as straight 
to the degree of approximation with which we are concerned 
at present, and since the sides of the angle GBU are per- 
pendicular to the sides of the angle of incidence a, so that 
ZGBU = a we obtain: 

arc BU =arc GB.cos a. 
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Combining this relation with the one above, we have there- 
fore: 

dO — — GB.cosa 
- ' 

Moreover, since ZGCB=f/<^, 

, , arc GB 
d<i>^ ; 

and, therefore, by adding this equation to the last and taking 
account of the relation above, we find : 

da — . arc GB. (1) 

Similarly, for the corresponding refracted rays BP' and 
GP' which intersect at the image-point P', for which BP'=: 
p', we can derive the analogous relation : 

da'= (1 - . arc GB. (2) 

Now according to the law of refraction, 

n.sin a =n'.sin a', n.sin( a-i-ri a) = 7i'.sin( a'+d a'), 
and if in the expansions of sm(a+da) and sin(a'-}-da') 
we write d a and d a' in place of sind a and sind a' and put 
cosd a == cosd a' = 1, as is permissible on account of the small- 
ness of these angles, we may derive the following relation 
between da and da': 

n.cos a.d a — n'.cos a\d a'. (3) 

Hence, multiplying equation (1) by n.cosa and equation (2) 
by n'.cos a', and equating the two expressions thus obtained, 
according to equation (3), we find, after removing the com- 
mon factor, arc GB, the following formula connecting the 
ray-intercepts p and p': 



which may also be written thus: 

n'.cos^ a'_n.cos^ ^ — n 

where the symbol D has the same meaning as before in § 185. 
If we introduce Abbe’s differential notation and use the 
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operator A placed in front of a symbol to denote the differ • 
ence in the value of the magnitude denoted by the symbol 
before and after refraction, that is, for example, if Az=z'—z; 
then we may write the two formulae for p and q in the 
following abbreviated form: 

_ ^ n.cos^a _ j 

q p 

The position of the image-point P' of the meridian section 
of a narrow bundle of rays refracted at a spherical surface 
may also be quickly ascertained by a simple geometrical 



Fig. 237. — Construction of center of perspective (K) with respect to a given 
ray refracted at a spherical surface. 


construction which depends on finding a point K called the 
center of perspectivej which bears precisely the same relation 
to the pair of points P, P' as the center C of the spherical 
surface bears to the pair of points Q, Q' (§ 184) ; that is, just 
as the straight line QQ' must pass through C, so also the 
straight line PP' must pass through K, The existence of 
this point K was fihst recognized by Thomas Young (1801). 
In the diagram (Fig. 237) the chief incident ray is represented 
by the straight line RB and the chief refracted ray, con- 
structed by the method given in § 175, is represented by the 
straight line BT. From the center C draV.^Y and CY' 
perpendicular to RB and BT at Y and Y', respectively. The 
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point K will be found to lie at the point of intersection of the 
straight lines YY' and SS'; and hence if P designates the 
position of an object-point lying any^^here on the chief in- 
cident ray, the corresponding image^point P' in the meridian 
section will lie at the point where the straight line PK meets 
the chief refracted ray. This beautiful construction is ex- 
ceedingly useful in graphical methods of investigating the 
imagery in the meridian section along a particular ray. The 
proof of the construction is not at all difficult, but it cannot 
be conveniently given here. 

187. Measure of the Astigmatisin of a Narrow Bundle of 
Rays. — We have seen that, in general, a narrow homocentric 
bundle of rays falling obliquely on a spherical refracting 
surface is transformed into an astigmatic bundle of refracted 
rays, so that corresponding to a given object-point P (or Q) 
there will be two so-called image-points P' and Q' lying on 
the refracted chief ray at the points of intersection of the 
rays of the meridian and sagittal sections, respectively. The 
interval between these image-points, that is, the segment 
P'Q' = 5'— p' is called the astigmatic difference. However, it 
is more convenient to measure the astigmatism by the dif- 
ference between the reciprocals of the linear magnitudes p' 
and g'. If, for example, according to the system of notation 
introduced in § 106, we put 

nlp=P, n'lp'=P', nfq=Q, n'lq'=Q', 
the formulae derived in §§ 185, 186 may be written as follows; 

Q' — Q = P'.cos^ a' F.cos^ a = D; 
where, on the assumption that the meter is taken as the unit 
of length, the magnitudes denoted by the capital letters will 
all be expressed in terms of the dioptry. The astigmatism 
of the bundle of refracted ray^ is measured by (P'— Q')- If 
the bundle of incident rays is homocentric (Q==P), the as- 
tigmatism of the bundle of refracted rays will be: 

P' - Q' = P'.sin2 a' ~ P.sin2 ^ 

Accordingly, we see that the astigmatism of a bundle of 
mys refracted at a spherical surface will vanish provided 
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Q-P and P'.sin-a'“~P.siira = 0; which may happen in 
two ways, as follows: 

(1) If a'= a = 0, that is, if the chief ray of the narrow 
bundle meets the refracting surface normally, as, for ex- 
ample, when it is directed along the axis, then no matter 
where the object-point may lie, the two image-points will 
coincide. In fact, in case of the axial ray we may put Q = 
P= Q' = U\ D=jP, so that the formulae for the me- 
ridian and sagittal sections both reduce in this case to the 
fundamental equation for the refraction of paraxial rays at 
a spherical surface, namely, [/'= [/+■?'• 

(2) But for any value of a, we shall have P'-~Q' = 0, 
that is, P'.siir a'=P.sin“a, provided P7n'^=P/n.^ or 
n'.p' = n,p. In this case the points designated by P, P' 
(or Q, Q') are identical with the points S, S' in Figs. 226 to 
229. If the vertex of the homocentric bundle of incident rays 
lies at any point S on the surface of the sphere described 
around C as center with radius equal to n'.r/?z, the bundle 
of refracted rays will likewise be homocentric with its ver- 
tex at the corresponding point S' on the surface of the con- 
centric sphere of radius n.r/n' (see § 177). 

188. Image-Lines (or Focal Lines) of a Narrow Astig- 
matic Bundle of Rays. — In all the preceding discussion of 
the properties of an astigmatic bundle of rays, it cannot have 
escaped notice that only such rays have been considered as 
are contained in the two principal sections of the bundle. It 
there were no other rays to be taken into account besides 
these, we might say that to each point of the object P (or Q) 
there corresponded two image-points P' and Q'. But this is 
by no means a complete or even approximately complete 
statement of the image-phenomenon in this case; for, indeed, 
the rays which lie in neither of the two principal sections do, 
as a matter of fact, constitute by far the greater portion of 
the total number of rays of the bundle. According to the 
theorem of Sturm (1803-1855), the constitution of a narrow 
bundle of rays is exhibited in the accompanying diagram 
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(Fig. 238) called Sturm’s conoid (§ 113). All the rays of the 
bundle pass through two very short focal lines or image-lines 
XX and YY which are both perpendicular to the chief ray. 
The imagedine XX which goes through the point of intersec- 
tion P' of the meridian rays lies in the plane of the sagittal 
section; and, similarly, the image-line YY which goes through 
the point of intersection Q' of the sagittal rays lies in the 

Y 
QJ 

Y 

Fig. 238. — Sturm's conoid. 

plane of the meridian section. Strictly speaking, this theo- 
rem can be regarded as representing the actual facts only on 
the assumption that the bundle of rays is infinitely thin; and 
on this assumption the entire bundle may be conceived as 
generated by a slight rotation either of the meridian section 
around the image-line YY as axis, whereby the point P' will 
trace the image-line XX, or of the sagittal section around 
the image-line XX as axis, whereby the point Q' will trace 
the image-line YY. Thus, according to Sturm’s theorem, 
with an object-point P (or Q) lying on the chief ray of an 
infinitely narrow bundle of incident rays there are associated 
two exceedingly tiny image-lines lying in the principal sec- 
tions of the bundle of refracted rays at right angles to the 
chief ray. Not only as to the orientation of the image-lines 
of Sturm, but as to their practical, nay, even as to their 
mathematical existence, there has been much controversy, 
but we cannot enter into this discussion here. In spite of 
its limitations and admittedly imperfect representation, 
Sturm’s conoid remains a very useful preliminary mode of 
conception of the character of a narrow astigmatic bundle 
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of rays. The only proper way of arriving at a more accurate 
knowledge of the constitution of a bundle of light-rays is by 
the aid of the powerful methods of the infinitesimal geom- 
etry. Mathematical investigations of this kind have been 
pursued with great skill by Gullstrand whose writings con- 
tained in a series of published papers and treatises dating 
from about 1890 have extended the domain of theoretical 
optics far beyond the narrow limits imposed upon it by 
Gauss and the earlier writers on this subject. 

189, The Astigmatic Image-Surfaces. — Thus, the effect 
of astigmatism is that the rays of a narrow oblique bundle, 
instead of being brought to a focus at a single point, pass 
through two small focal lines at right angles to the path of 



Fig. 239. — Astigmatic image-surfaces. 

the chief ray in the image-space. If the chief rays proceeding 
from the various object-points lying in a meridian plane of a 
symmetrical optical instrument are constructed, and if along 
each of these rays the positions of the image-points P', Q' of 
the pencils of meridian and sagittal rays are determined, the 
loci of these points will be two curved lines, both S 3 nnmetri- 
cal with respect to the axis, which touch each other at their 
common vertex on the axis. In the diagram (Fig. 239) the 
object is supposed to be infiinitely distant, as, for example, 
in the case of a landscape photographic lens. The contin- 



§ IS^J Astigmatic Image-Surfaces 537 

uous curved line represents the locus of the points of inter- 
section of the sagittal rays, whereas the dotted curve repre- 
sents the locus of the points of intersection of the meridian 
rays. These curved lines are the traces in the meridian plane 
of the two astigmatic image surfaces which are generated by 
revolving the figure around the axis of S 3 nmmetry. The two 
image-surfaces which correspond to a definite transversal 
plane in the object-space, and which are the loci of the most 
sharply defined images of object-points lying in this plane, are 
not to be confused with the two sheets of the caustic surface 
of a wide-angle bundle of rays emanating from a single point 
of an object (§ 183). The focal lines of the narrow pencils of 
meridian rays lie on one of these surfaces and the focal lines 
of the narrow pencils of sagittal rays lie on the other surface. 
The positions and forms of the image-surfaces will depend 
essentially on the place of the stop; for it is evident that if 
the stop is shifted to a different place, the chief ray of each 
bundle (§§ 140, 184) will be a different ray, and the points 
P' and Q' will all occupy entirely different positions. If a 
curved screen could be exactly adjusted to fit one of the 
image-surfaces, a fairly sharp image of the object might be 
focused on it, but not only would the image be curved in- 
stead of flat, but there would also be a certain astigmatic 
deformation due to the fact that each point of the object 
wo.uld be reproduced not by a point but by a little focal line, 
as has been explained. Between the two image-points P' and 
Q' on each chief ray there lies a certain approximately circu- 
lar cross-section of the narrow astigmatic bundle known 
(§ 113) as the circle of least confusion,^’ and the locus of 
the centers of these circles will lie on a third surface interme- 
diate between the other two, which is sometimes taken as a 
kind of average or compromise image-surface. 

There can be no doubt that astigmatism of oblique bundles 
is responsible for serious defects in the image produced by 
an optical instrument, and much pains has been bestowed on 
trying to remedy this fault as far as possible. Fortunately, 
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the possibility of abolishing astigmatism of this kind, that 
is, of making the two image-surfaces coincide in a single 
surface, is afforded by the fact that the astigmatic difference 
(§ 187) is opposite in sign according as the refracting surface 
is convergent or divergent. For example, Fig. 240 shows 
Tio graphically the opposite 

\ effects of a convergent 

\ // and a divergent spheri- 

\ i cal refracting surface 

'\A 5 -H under otherwise equal 

\\ / conditions. The two 

' curves on the left-hand 

I , , , , ) , , side relate to the con- 

“'5 o +2 vergent system, and the 

Fig. 240. — Astigmatism of convergent twO CUrveS On the right- 
spherical refracting surface (plotted ■■ j ‘j i j. x xu 
on the left) and astigmatism of diverg- Side relate tO the 

ent spherical refracting surface (plotted divergent system; and 
on the right). 

the curvatures opposite in the two cases, but the relative 
positions of the curves are different. It will not be difficult 
to understand that it may be possible, by suitable choice of 
the radii of the refracting surfaces and of their distances 
apart and also of the position of the stop, to design a system 
which will be free from astigmatism at any rate for a certain 
zone of the lens; so that, although we may not be able to 
make the two astigmatic image-curves coincide absolutely 
throughout their entire extent, we may contrive so that the 
two curves are nowhere very far apart, while at one point, 
corresponding to the corrected zone, they actually intersect 
each other. 


190. Cttrvature of the Image — ^Now let us suppose that 
the astigmatism of oblique bundles has been completely 
abolished for a certain angular extent of the field of view, so 
that at last there is strict point-to-point correspondence by 
means of narrow bundles of rays between object and image. 
The two image-surfaces have thus been merged into one, and 
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o\'er this surface, within the assigned limits, the definition 
of the image is clear-cut and distinct. There still remains, 
however, another trouble due to the fact that the image is 
curved and not flat; consequently, if the image is received 
on a plane focusing screen, only those parts of the stigmatic 
image which lie in the plane of the screen will be in focus 
(Fig. 241), whereas the rest of the image on the screen wdll 
be blurred. 

Now this error of the curvature of the image cannot be 



overcome by employing methods similar to those above de- 
scribed for the abolition of astigmatism. For the correction 
of the latter error the particular kinds of glass of which the 
lenses were made were not essential; whereas with unsuitable 
kinds of glass there is no choice of the radii, thicknesses, etc., 
which will yield an image which is at the same time stig- 
matic and flat. This fact was well known to Petzval (1807- 
1891). Petzval’s formula (published in 1843) for the abo- 
lition of the curvature of a stigmatic image produced by a 
system of infinitely thin lenses in contact with each other is 

Fi 


540 


Mirrors, I'risms and Lenses 


[§ 191 


where? Fi denotes the refracting power and ui denotes the 
index of refraction of the ith lens of the system. This 
formula is cquivahmt also to the following statement: The 
curvature of the stigmatic image of an infinitely distant 
object in a system of lenses whose total thickness is negli- 
gible h 

t 


5 equal to 

i 2 (refracting powers of all lenses of index n) 


1 


n 


The general principal of this equation was discovered by Airy 
and was given by Coddtngton in his treatise published in 
1829. Seidel pointed out that the two faults of astigmatism 
and curvature could not both be corrected at the same time 
unless some of the convex lenses of the system were made of 
more highly refracting glass than the con- 
cave lenses. Now with the varieties of 
glass which were available before the 
production of the modern Jena glass, 
this requirement was directly opposed to 
the condition of achromatism, and as the 
latter error was considered more serious 
than the curvature-error, the earlier lens- 
designers made no attempt to obtain a 
flat stigmatic image. But with the new 
kinds of glass now at our disposal, it is 
possible to design the optical system so 
that not only is the astigmatism corrected 
as explained in § 189, but the point of in- 
tersection of the two image-lines lies in the same transversal 
plane as the axial point where the two image-lines touch 
each other (Fig. 242). Accordingly, we may say that for 
this zone the image is both flat and stigmatic. The construc- 
tion of modern photographic lenses which are practically 
free from these spherical errors is an almost imsurpassed 
triumph of human ingenuity. 

191. Coma. — ^Astigmatism implies that the bundles of 
rays concerned in producing the image are very narrow, and. 
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this means that the diameter of the stop is very small But 
the validity of the assumptions which are at the foundation 
of geometrical optics begins to be ca led in question in the 
case of narrow bundles of rays, as was pointed out in § 175; 
so that we must be careful here not to push our conclusions 
too far. As a matter of fact, in various optical instruments 
and particularly in some modern types of photographic 
lenses, the diameter of the stop is by no means small and the 



Fig. 243. — Symmetrical character of sagittal section. 

field of view is extensive. The spherical aberrations which 
are encountered in an optical system of this kind are of an 
exceedingly complicated nature which cannot be described 
here in detail. 

A bundle of rays of finite aperture emanating from a point 
outside the optical axis will show aberrations of a general 
character similar to the aberrations along the axis of a direct 
bundle of rays (§ 178). But the effects in the two principal 
sections of the bundle will be very different from each other; 
because, whereas the rays in the sagittal section, being sym- 
metrically situated on opposite sides of the meridian plane, 
are therefore symmetrical with respect to the chief ray, as 
represented in Fig. 243, there will, in general, be a complete 
absence of symmetry in the meridian section (Fig. 244). The 
image (if indeed we may continue to use this term) of an 
extra-axial object-point xmder such circumstances will be 
at best an element of one or other of the two sheets of the 
caustic surface. Usually, however, what is called the image 
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is the light-effect as obtained on a focusing screen placed at 
right angles to the axis at the place where the central parts of 
the object are best delineated. The appearance on the screen 
may be described as a kind of balloon-shaped flare of light, 



Fia, 244. — ^Unsymmetrical character of meridian section, giving rise to 

coma. 

with a bright nucleus growing fainter as it expands in some 
cases towards, in other cases away from, the axis. This de- 
fect of the image is known to practical opticians as side-flare 
or coma (from the Greek word meaning "hair” from which 
the word “comet” is likewise indirectly derived). The def- 
inition in the outer parts of the field of the object-glass of a 
telescope depends on the removal of this error; and this ap- 
plies also to the case of a wide-angle photographic lens. The 
only way to obtain a really clear and accurate conception of 
this important spherical aberration is to study the forms of 
the two sheets of the caustic surface. Generally speaking, 
we may say that the convergence of wide-angle bundles of 
rays will be better in the case of an optical system which has 
been corrected for astigmatism, but even then there will be 
lack of symmetry in all the sections of a bundle of rays ex- 
cept in the sagittal section. If the slope of the chief ray is 
comparatively slight, although not negligible, the condition 
of a sharp focus is equivalent to Abbe’s sine-condition (§ 182). 
But for greater inclinations of the chief rays, it will generally 
be necessary to resort to the exact methods of trigonometri- 
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cal calculation of the ray-paths in order to determine the 
nature and degree of the convergence. 

192. Distortion; Condition of Orthoscopy. — Let us assume 
that the system has been corrected for both astigmatism and 
curvature of the image, in the sense explained in § 190; so 
that by means of narrow bundles of rays a flat stigmatic 
image is obtained of a plane object placed at right angles to 
the axis. The next question will be to inquire whether the 
image is a faithful reproduction of the object or whether it is 
distorted. If the image in the “screen-plane” (§ 134) is 
geometrically similar to the object-relief projected from the 
center of the entrance-pupil on the “focus-plane” (§ 141), 
then we may say that the optical system is orthoscojnc or 
free from distortion. 

The dissimilarity which may exist between an object and 
its image is a fault of an essentially different kind from those 
which have been previously considered, and there is no in- 



Fig. 245. — Condition of orthoscopy (freedom from distortion), 


timate connection between this defect and the others. Hert- 
we are not concerned so much with the quality and defini- 
tion of the image on the screen as with the positions of the 
points where the chief rays cross the screen-plane. The po- 
sitions of these representative points will not be altered by 
reducing the stop-opening (§§ 141, 142) ; and accordingly the 
image in the screen-plane is to be regarded merely as a cen- 
tral projection on this plane along the chief rays proceeding 
from the center of the exit-pupil. 
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In the diagram (Fig. 245) the centers of the entrance-pupil 
and exit-pupil of the optical system are designated by 0 and 
O'. The straight lines PO, P'O' represent the path of a chief 
ray which crosses the focus-plane in the object-space at the 
point P and the screen-plane in the image-space at the point 
P'. If ?/ = MP, 2 /' = M'P' denote the distances of P, P' from 
the axis, then the condition that the image in the screen- 
plane shall be similar to the projected object in the focus- 




Fig. 246. — Object (a) reproduced by image (b) barrel-shaped distortion 
or by image (c) cushion-shaped distortion. 

plane, that is, the condition of orthoscopy (freedom from 
distortion) is that the ratio y'jy shall have a constant value 
for all values of y within the limits of the field of view. If, 
on the contrary, this is not the case, and if the ratio y'jy is 
variable for different values of y, then the image will be dis- 
torted; and this distortion will be one of two kinds according 
as the ratio y’jy increases or decreases with increase of y. 
For example, if the object is in the form of a square, as shown 
in Fig. 246, a, then, on the supposition that y'jy decreases 
as y increases the image of the diagonal will be shortened 
relatively more than the image of a side of the square, and 
the square will be reproduced by a curvilinear figure with 
convex sides as shown in Fig. 246, 6; this is the case of barrel- 
shaped distortion, as it is called. On the other hand, if the 
ratio y'ly increases in proportion as the object-point is taken 
farther and farther from the axis, we have the opposite t 3 q)e 
known as cushion-shaped distortion (Fig. 246, c). 

If in Fig. 245 we put OM = 3, 0'M'=z', Z MOP =co, 
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Z M'0'P'= co'; the condition of orthoscopy may be expressed 
as follows: 

y' a'.tanco' , . 

^ = — = constant; 

y tan CO 

and if we assume, as has been tacitly assumed in the pre- 
ceding discussion, that the chief rays all pass through the 
pupil-centers O, O', so that the abscissae denoted by have 
the same values for all distances of the object-point P from 
the axis, then we derive at once Airv’s tangent«)ndition of 
orthoscopy, namely, tanco' : tan a> = constant. But although 
a chief ray must pass through the center of the aperture- 
stop (§ 140), it will not pass through the centers of the pupils 
unless the latter are free from spherical aberration. The 
constancy of the tangent-ratio by itself is not a sufficient 
condition for orthoscopy; in addition, the spherical aberra- 
tion must be abolished with respect to the centers of the 
pupils. 

If the optical system is S 3 nnmetrical with respect to an in- 
terior aperture-stop, the tangent-condition will be immedi- 
ately satisfied, because on account of the symmetry of the 
two halves of the system, every chief ray will issue in exactly 
the same direction as it had on entering, and therefore 
tan 6: tan0'==l. Accordingly, if a “symmetric doublet” 
of this kind is spherically corrected with respect to the center 
of the aperture-stop, it will give an image which will be free 
from distortion. 


193. SeideFs Theory of the Five Aberrations. — In the 

theory of optical imagery which was developed according to 
general laws first by Gauss (§ 119) in his famous Dioptrische 
Untersuchungen published in 1841, the fundamental assump- 
tion is that the effective rays are all comprised within a nar- 
row cylindrical region of space immediately surrounding the 
optical axis; this region being more explicitly defined by the 
condition that a paraxial ray is one for which the angle of 
incidence (a ) and the slope-angle ( 0 ), in the case of each 
refraction or reflection, are both relatively so minute that the 
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powers of these angles higher than the first can be neglected 
(§63). Evidently, therefore, Gauss’s theory is applicable 
only to optical systems of exceedingly small aperture and 
limited extent of field of view. But with the development 
of modern optical instruments and especially with the in- 
crease of lx)th aperture and field demanded for certain types 
of photographic lenses, it became necessary to take account 
of rays which lie far beyond the narrow confines of the central 
or paraxial rays. Long prior to the time of Gauss important 
contributions to the theory of spherical aberrations had been 
made in connection with certain more or less special problems; 
but the first successful attempt to extend Gauss’s theory in 
a general way by taking account of the terms of higher orders 
of smallness was made by Seidel (1821-1896) in a re- 
markable series of papers published between the years 1852 
and 1856 in the Astronomische Nachrichten. Seidel’s 
method consisted in tracing the path of the ray through the 
centered system of spherical refracting surfaces and in de- 
veloping the trigonometrical expressions in series of ascend- 
ing powers which were finally simplified by neglecting all 
terms above the third order. If the ray-parameters are re- 
garded as magnitudes of the first order of smallness, it is 
easy to show that on account of the symmetry around the 
optical axis these series-developments can contain only terms 
of the odd orders of smallness; so that in Seidel’s theory 
the terms neglected are of the fifth and higher orders. It is 
impossible to describe here in detail the elegant mathemati- 
cal treatment by which Seidel was enabled to arrive at 
his final results; sufl&ce it to say, that he obtained a sys- 
tem of formulse from which it was possible to ascertain the 
influence both of the aperture and the field of view on the 
perfection of the image. In Seidel’s formulae the aber- 
rations of the ray, that is, its deviations from the path pre- 
scribed by Gauss’s theory, are expressed by five different 
sums, denoted by Si^ 8%, Sz, S 4 , and Szj which depend only on 
the constants of the optical system and the position of the 
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object-point, and which are, in fact, the coefficients of the 
various terms in the equations. The condition that there 
shall be no aberration demands that all of these five sums 
shall vanish simultaneously, that is, 

If, on the other hand, these conditions are not satisfie^l, the 
image yielded by the lens-system will not be faultless; and 
therefore it will not be without interest to inquire more par- 
ticularly into the separate influence of each of these five ex- 
pressions which occur in Seidel^s formulae. 

Thus, for example, if the optical system is dcvsigned so that 
Si = 0, then there will be no spherical aberration at the center 
of the field (§ 178) for the given position of the axial object- 
point. And if not only Si — 0 but also /S2 = 0, then there 
will be no coma (§ 191). The condition ^2=0 means also 
that Abbe’s sine-condition (§ 182) will also be satisfied, so 
that the image of the parts of the object in the immediate 
vicinity of the axis is sharply defined. 

But even when we have >81=^82 = 0, the optical system 
will, in general, still be affected by astigmatism of oblique 
rays (§ 184), so that an object-point lying at some little dis- 
tance from the axis will not be reproduced by an image-point 
but at best by two short focal lines at different distances 
from the lens-system and directed approximately at right 
angles to each other. Moreover if the distance of the object- 
point from the axis is varied, the positions of these two focal 
lines will vary also both with respect to their distance from 
the lens-system and with respect to their mutual distance 
apart. In other words, when both Si and ^82 vanish, then, in 
general, there is no unique ima^e of a transversal object- 
plane, but this latter may be said to be reproduced by two 
so-called image-surfaces (§ 189) which are surfaces of revolu- 
tion around the optical axis and which unite and touch each 
other at the point where the axis crosses them. The ex- 
pressions for the curvatures of these surfaces at this common 
point of tangency are given by Seidel’s sums Ss aJ^id 
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m that if also the two image surfaces will 

coalesce and now the image of the plane object will be sharply 
defined, that is, stigmatic, although it will usually still b^ 
curved. But if also * 83 ==S 4 = 0, the image will be both plane 
and stigmatic. However, it may still show unequal magnif- 
ications toward the margin, which means that there is dis- 
tortion (§ 192). This last error will be abolished provided 
S 5 == 0 ; and now the image may be said to be ideal inasmuch 
as it is flat and sharply defined not only in the center but 
out toward the edges and is at the same time a faithful re- 
production of the plane object. 

To attempt to derive Seidel's actual formulse or even 
to discuss the equations would be entirely beyond the scope 



Fig. ^47, — Diagram representing the (i — l)th and ^th lenses of a system of 
infinitely thin lenses. 

of this volume. But it may be convenient to insert here 
without proof the expressions of Seidel's five sums for 
the comparatively simple case of an optical system considered 
as composed of a series of m infinitely thin lenses each sur- 
rounded by air. 

Let Ai (Fig. 247) designate the point where the optical axis 
crosses the ith lens of the system, the symbol i being employed 
to denote any integer from 1 to m; and let us consider two 
paraxial rays which traverse the optical system, one of which 
emanating from the axial object^oint Mi (AiMi^Wi) and 
meeting the first lens at a point Bi such that AiBi=Ai, 
crosses the axis after passing through the (i“"l)th lens at a 
point Mi (AiMi==Ui) and meets the ith lens at a point Bi 
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such that AiBi = hi whereas the other ray, which emanates 
from an extra-axial object-point and which in the object- 
space passes through the center Oi of the entrance-pupil 
(§ 139) of the S 3 ^stem (AiOi = si) and meets the first lens at 
a point Gi such that (71 = AiGi, crosses the axis after passing 
through the (/— l)th lens at a point Oi(AiOi = .Si) and meets 
the ith lens at a point Gi such that AiGi = gi. Then if we put 

C/i = l/ui, fifi=l/si, 
it may easily be shown that 


where Fj denotes the refracting power of the fth lens. Now 
if rii denotes the index of refraction of the fth lens and if Ri 
denotes the curvature of the first surface of this lens; and if, 
further, for the sake of brevity, the symbols Ai^ Ci, A? 
and El are introduced to denote the following functions of 
riij Fi, Ri, U- and Si, namely: 
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then Seidel's formulae for the spherical errors of a sys- 
tem of m infinitely thin lenses may be expressed as follows: 



The greatest practical value of these formula is to guide 
the optician to a correct basis for the design of his instrument 
and to supply him, so to speak, with a starting point for a 
trigonometrical calculation of the optical system which he 
aims to achieve. But the reader who wishes to pursue this 
subject further will find it necessary to consult the more ad- 
vanced treatises on applied optics. 
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1. If L, L' designate the points where a ray crosses the 
axis of a spherical refracting surface before and after refrac- 
tion, respectively, and if C designates the center of the sur- 
face, show that 

n n ' 2 
d c r 


where c == CL, c' = CL', a, a' denote the angles of incidence 
and refraction, 0, 6' denote the slope-angles of the ray 
before and after refraction, r denotes the radius of the sur- 
face, and Uj n' denote the indices of refraction. Also, show 
that 


c'+r 
c +r 


sin 0COS 


a'+0' 

2 


sin 0'cos- 


a-f d 


2. A ray parallel to the axis meets the first surface of a 
glass lens (index 1.5) at a height of 5 cm. above the axis, and 
after emerging from the lens crosses the axis at a point L'. 
The thickness of the lens is 1 cm. Determine the aberration 
F'L', where F' designates the position of the second focal 
point, for each of the following cases: (a) First surface of 
lens is plane and radius of curved surface is 50 cm.; (6) 
Second surface of lens is plane and radius of curved surface 
is 50 cm.; and (c) Lens is symmetric, radius of each surface 
being 100 cm. 

Ans. (a) /= =i= 100 cm., F'L' = =f 1 .13 cm. ; (5) /= 100 cm., 
FL'==f 0.29 cm.; (c) /=± 100.17 cm., F'L'==f 0.42 cm.; 
where in each case the upper signs apply to positive lens and 
the lower signs apply to negative lens. 

3. An incident ray crosses the axis of a lens at an angle di 
and meets the first surface at a point Bi, the angle of inci- 
dence being ai; the slope of the refracted ray B 1 B 2 , which 
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meets the second surface at the point B2 is 62, and the angle 
of incidence at this surface is a2. If the radii of the surfaces 
are denoted by ri and r2, show that 

^ ^ r2.sin (a«— 62)— ri-sin (ai — 6 1) 

j3iJD2 — n ^ ’ ' 

sm 62 

4. The chief ray of a narrow bundle of parallel rays is in- 

cident on a spherical mirror of radius 32 cm. at an angle of 
60°. Find the distance between the two image-points P' 
and Q' of the bundle of reflected rays. Ans. 24 cm. 

5. The chief ray of a nanw bundle of parallel rays is in- 

cident on a spherical mirror of radius r at a point B, the angle 
of incidence being 60°. Determine the positions of the image- 
points P' and Q'. Ans. BP'=r/4, BQ' = r. 

6. A narrow bundle of parallel rays in air is refracted at 
a spherical surface of radius r into a medium whose index of 
refraction is v^- II the angle of incidence is 60°, find the 
positions of the image-points P' and Q'. 

Ans. p' = 3r\/3/4, ^=r-\/z. 

7. A narrow bundle of parallel rays is incident on a spheri- 
cal refracting surface at an angle of 60°. If the meridian rays 
are converged to a focus at a point P' lying on the surface of 
the sphere, show that the angle of refraction of the chief ray 
is equal to the complement of the critical angle of the two 
media. 

8. The radius of each of the two surfaces of an infinitely 
thin double convex lens is 8 inches, and the index of refrac- 
tion is equal to \/3. The chief ray of a narrow bundle of 
parallel rays inclined to the axis at an angle of 60° passes 
through the optical center of the lens. Find the positions of 
the foci of the meridian and sagittal rays. 

Ans. The focal point of the meridian rays is 1 inch and 
that of the sagittal rays is 4 inches from the optical center. 

9. If in Young’s construction of a ray refracted at a spher- 
ical surface (§ 176) a semi-circle is described on the incidence- 
radius BC as diameter intersecting the incident and refracted 
rays in the points Y, Y', respectively, show that the straight 
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line YY' is perpendicular to the straight line CS. The point 
K where the straight lines YY' and CS meet is the center of 
perspective of the range of object-points lying on the inci- 
dent ray and the corresponding range of meridian image- 
points lying on the refracted ray (see § 186). Show that 

^nr.sin-a 




and that 


tan Z BKC — tan a -{-tan a'. 

10. If the chief ray of a narrow homocentric bundle of 
rays is incident on a plane refracting surface at a point B, 
and if a, a' denote the angles of incidence and refraction, 
show that 


n cos^a 


BQ'=!L.BQ, 

n 


where P (or Q) designates the position of the vertex of the 
incident rays and P' and Q' designate the positions of the 
image-points of the meridian and sagittal rays, respectively. 

11. In the preceding problem show that the straight line 
QQ' is perpendicular to the plane refracting surface. 

12. The position of the image-point P' of a pencil of me- 
ridian rays refracted at a plane surface may be constructed 
as follows: Through the object-point P (or Q) draw PQ' per- 
pendicular to the refracting plane and meeting the chief re- 
fracted ray in Q'; and from P and Q' draw PX and Q'Y per- 
pendicular to the incidence-normal at X and Y, respectively. 
Draw XG perpendicular to the chief incident ray at G and 
YG' perpendicular to the corresponding refracted ray at G'. 
Then the straight line PP' drawn parallel to GG' will inter- 
sect the chief refracted ray in the required point P'. Using 
the result of No. 10 above, show that this construction is 
correct. 

13. The chief ray RB of a narrow pencil of sagittal rays 
meets a spherical refracting surface at the point B and is re- 
fracted in the direction BT. Through the center C draw CV 
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parallel to BT meeting BR in V and CV' parallel to BR meet- 
ing BT in V'. If Q, Q' designate the positions of the points 
of intei*section of the sagittal rays before and after refraction, 
resi)ectively, and if BQ-g, BQ'=g', show that 
BV BV^_^ 

and that 

VQ.V'Q' = VB.V'B. 

(Compare this last result with the Newtonian formula fot 
refraction of paraxial rays at a spherical surface, viz., x,x' == 

jr^) 

14. The chief ray RB of a narrow pencil of meridian rays 
meets a spherical refracting surface at the point B, and is re- 
fracted in the direction BT. Through the center of perspec- 
tive K (see § 186 ; see also problem No. 9 above) draw KU par- 
allel to BT meeting BR in U and KU' parallel to BR meeting 
BT in U'. If the positions of the points of intersection of the 
meridian rays before and after refraction are designated by P 
and P', respectively, and if BP = p, BP' = p', show that 

BU BU'_ 

P P 

and that 

UP.U'P' = UB.U'B. 

(Compare this result with that of the preceding problem.) 

15. If J, J' designate the positions of the aplanatic points 
of a spherical refracting surface, and if 0, 6' denote the 
slopes of the incident and refracted rays BJ, BJ', respec- 
tively, show that 

sin 9 _n' 

srr“n 

where u denotes the magnification-ratio for paraxial rays. 

16. A. SteinheiUs so-called “periscope” photographic 
lens is composed of two equal simple meniscus lenses, both 
of crown glass, separated from each other with a small stop 
midway between. The data of the system, as given in Von 
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Rohr's Theorie und Geschichte des phoiographischen Objektivs 
(Berlin, 1899), p. 288, are as follows: 

Indices : ni = ru = /^5 == 1 ; — — 1.5233 

Radii: ri= — ^4= -j-17.5 mm.; r2= = +20.8 mm. 

Thicknesses: di = d3= +1.3 mm.; d% = 12.Q mm. 

Distance of center of stop from second vertex of first lens 
= +6.3 mm.; diameter of stop = 2.38 mm.; diameter of each 
lens = 11.32 mm. 

Employing the above data, determine (1) the position and 
size of the entrance-pupil, (2) the angular extent of the field, 
(3) the position of the second focal point F'; and (4) the 
point where an edge-ray directed towards a point in the 
circumference of the entrance-pupil and parallel to the axis 
crosses the axis after emerging from the system. 

Ans. (1) Distance of center of entrance-pupil from second 
vertex of first lens is +6.45 mm.; diameter of entrance- 
pupil is 2.53 mm. (2) The angular extent of the field is 
nearly 90° . (3) Distance of F' from last surface is A4F' = 

+90.946 mm. (4) The edge-ray crosses the axis at a dis- 
tance A4L6 = +90.432 mm. 

17. The abscissae of the points Mk4.i where a par- 
axial ray crosses the axis of a centered system of m spherical 
refracting surfaces before and after refraction at the ^th sur- 
face are denoted by Wk=AkMk, ^^k' = AkM]s.4_l. If the ray 
proceeds in the first medium of index Ui in a direction par- 
allel to the axis, it may be shown (c/. problems Nos. 16 and 
17, end of Chapter X) that the primary focal length of the 
system is given by the formula 


/= 


U^. Us 


Ur. 


I//.!/*/ . . . f/. 




where U ]/ Having calculated the 

path of the paraxial ray in the preceding problem, em- 
ploy the above formula to determine the focal length of 
Steinheil's ^^periscope.'^ Ans. /= +98.696 mm. 

18. The path of a chief ray which in traversing the air- 
space between the two lenses of STEiNHEiL'jrf periscope’’' 
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(see No. 16) goes through the center of the stop will be sym^ 
metrical witli respect to the two parts of the optical system, 
so that for such a ray we must have: 

C4' = ~ cj, Ci = — Cl, cz = — C2, C3 = C2' ; 

a4=ai', a/=ai, a/=a 2 ; 

06= 01, 04= 02- 

Show that if 03 =—30® for a ray which goes through the 
sto{>-center, the ray must have been directed initially at a 
slope-angle 0i = — 28® 2' 54.43" towards a point Li on the 
axis whose distance from the second vertex of the first lens is 
A 2 L 1 = +6-563 mm. 

19. The astigmatism of a narrow bundle of rays refracted 
through a centered system of spherical surfaces ^may be com- 
puted logarithmically by means of the following recurrent 
^ormulse; 

^ nk.sin(ak- ttkO 
rk.sin ak 


Ak=5^k-rin(ak— 0k), 


^k = 


^k . 

?ik+i.sin 0k + 1 ' 


Sagittal Section 

Q.'-Q.+D^ 


Meridian Section 

p / ^k’h'^k p Pk 

COS^ttk' ’ ’ 

where the symbols a, a', 0, n and r have their usual mean- 
ings and where P, P' and Q, Q' and D are the magnitudes de- 
fined in §§ 186 and 184. The calculations according to these 
formulae will be considerably simplified in the case of a chief 
ray which traverses a system like Steinheil^s "periscope" 
(see No. 16) which is symmetric with respect to the stop- 
center. For example, for this particular system we can write 
for a chief ray: 
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— Dij Dg — Z)2> — hi^ h’i — — h^y ^3“bj 

ai - ai'= — (a4-“ a/), a2 =-(a3— a/), 

ai— 01= a/- 05= a:— 04 , a^'- 02= a/— 0i= as— 03* 

Apply the above formuljB to the optical system of problem 
No. 16 to calculate the astigmatic difference (§ 186) of a nar- 
row bundle of emergent rays whose chief ray is the ray whose 
path was determined in problem No. 18; assuming that the 
bundle of incident rays was cylindrical, that is, Pi = Qi = 0. 

Ans. +6.453 mm. 

20. The refracting power of a glass lens of index n, sur- 
rounded by air, and of negligible thickness (d = 0), is de- 
noted by F, The refracting power of the first surface of the 
lens is denoted by Pi=(n~l)Pi. The lens is provided 
with a rear stop whose distance from it is denoted by 
z' = l / Z ', Using Seidel ^s formulae for the abolition of as- 
tigmatism (§ 193), show that the condition that this system 
shall give a punctual or stigmatic image of an infinitely dis- 
tant object (Ui = 0) is given by the following equation ar- 
ranged as a quadratic in Fi: 

aFi^ + jSFi + 7 = 0, 

where the symbols a, 7 are abbreviations used to de- 
note the following functions of n, F and Z': 



21. A plane object is set up in the primary focal plane of a 
thin lens (d = 0, i7i= — F) which is provided with a rear 
stop whose distance from the lens is - l/Z', as in the pre- 
ceding problem, a similar notation being used here. From 
the formulae in § 193, show that the condition of the abolition 
of astigmatism of oblique bundles in case of a single thin lens 
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with this arrangement of object and stop is given by the fol- 
lowing quadratic equation in Fr- 

aFi^ -f- jS/fa -1- 7 = 0> 

where Fa = — (n - l)i?2 denotes the refracting power of the 
second surface of the lens, and the functions denoted by the 
symbols a, /3, 7 have here the following meanings; 


a = 


n + 2 „ 


2n-t- 
(n-l)2 


ra_2dl_+_L 

n(n-l) 


Z' 


F, 


7 = 


fe ^-2') 


2 

F. 


22. If in Problem No. 20 the center of the stop is beyond 
the lens at a distance of 25 mm., show that for n = 1.52 the 
extreme limiting values of the refracting power are F = +7.78 
dptr. and F = —24.68 dptr.; and that for higher powers, 
either positive or negative, it is impossible to satisfy the re- 
quired condition. 

23. If in Problem No. 21 the center of the stop is beyond 
the lens at a distance of 30 mm., show that for n = 1.52 the 
maximum value of the refracting power of a convex lens 
which will give a punctual image of a plane object placed in 
tihe primary focal plane is F = + 12.72 dptr. 
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MISCELLANEOUS NOTES 

194. Rectilinear Propagation of Light (Eistorical). — The 
“motes in the sunbeam” showing the path of sunlight 
through dust-laden air, the forms of shadows, the passage of 
sunlight through windows and crevices, all the various proc- 
esses of sighting and aiming, together with many other 
common phenomena of similar nature, had satisfied the 
ancient philosophers that vision was performed in straight 
lines; and they had fiixed their attention upon those straight 
hnes, or rays, as the proper object of optics. It was generally 
supposed at first that light was some sort of fiery substance 
which had its source in the eye; but the opinions of the early 
Greek philosophers about all these questions and particu- 
larly about form and color are extremely vague. They 
were fond of speculations but had an aversion, it would al- 
most seem, to making experiments in support of their hy- 
potheses. Abistotle (384-322 B. C.) questioned whether 
the eye could be considered as the source of light. Geomet- 
rical optics can hardly be called a science before the time of 
Euclid (330-275 B. C.) and Abchimedes. In the work on 
Optics attributed to Euclid it is assumed as an axiom that 
the so-called rays of light proceed from the eye and are sep- 
arated by intervals between them, so that if an object lies 
in a gap where no rays fall on it, it is invisible to the eye in 
question. The art of perspective which reached a high de- 
gree of development among the Greeks is merely a corollary 
from the doctrine of rectilinear visual rays. This art was 
reinvented in modem times in the flourishing period of 
painting in Europe. According to Leonaedo da Vinci 
(1452-1519), if rays of light coming through a plate of glass 
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set in a picture-frame could leave their impresses on the 
glass, each ray making its own characteristic sign or mark 
on the glass where it passed, the picture of the scene thus 
produced would appear to the eye in correct perspective. 

However, there were some phenomena of common occur- 
rence whose explanation on the hypothesis of the rectilinear 
propagation of light continued to offer some difficulties. 
Thus, for example, when sunlight enters a dark chamber 
through a small aperture in the window-shutter and falls 
on the opposite vertical wall, it forms there a round spot of 
light, no matter whether the aperture itself is round or 
square or any other shape. Moreover, when the sun is par- 
tially eclipsed by the moon, the spot of light on the wall will 
be found to be then more or less crescent-shaped and similar 
in outline to the exposed segment of the sun ^s disk, but op- 
positely turned or inverted. During a partial eclipse these 
crescent-formed spots of light produced by sunlight shin- 
ing through the vacant spaces in the foliage of a tree can 
be seen scattered about on the pavement below. Why is 
it that the contour of the spot of light is similar in form to 
that of the light-source and quite independent of the form 
of the aperture? This was a question that perplexed Aris- 
totle and other natural philosophers for a long time to come. 
A correct explanation on the hypothesis that light goes in 
straight lines was given first by Matjrolycus (1494-1577) 
and afterwards by Kepler (1571-1630). A simple and in- 
teresting experiment which Kepler made to show how the 
effect on a screen is obtained by rectilinear rays coming from 
a luminous source through an aperture of any form may be 
described as follows: He mounted an object, for example, a 
book, on a high shelf to represent the luminous body; and at 
one of its comers he attached the end of a long cord which 
was drawn through an irregular hole cut in the top of the 
table. The other end of the cord had a crayon attached to it 
for drawing a figure on a vertical wall or blackboard at some 
considerable distance in the room beyond the table. Keep- 
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ing the cord stretched straight to represent a ray of light and 
guiding it by the edge of the hole with which it was always in 
contact, Kepler drew the outline of a closed figure. He con- 
structed a number of such diagrams, partly overlapping each 
other, for different points of attachment of the string to the 
object on the shelf; and he found that the contour of the 
figure which would envelop or circumscribe all these over- 
lapping closed curves was more and more similar to the form 
of the object on the shelf the farther the blackboard was 
moved away from it. 

In one of the chapters of his famous book called Magia 
naturalis Porta (1543-1615) describes the arrangement of a 
camera ohscura, which he invented; explaining how an in- 
verted image will be cast on the wall of a dark room by ad- 
mitting the light through a narrow opening in the window- 
shutter, and how the size of the image depends only on the 
distance between the aperture and screen. This is the 
'pinhole camera (§ 3). With a certain air of mystery as if he 
were revealing a great secret, the author proceeds then to 
tell how a brighter and more distinct image will be obtained 
by inserting a glass lens in the aperture, and adds signifi- 
cantly, There can be no doubt that the human eye is such 
a camera ohscura into which the light comes from outside.” 
It is not without interest to mention here that the eye of 
the nautilus which is a beautiful little marine animal that 
is often seen floating on the surface of the sea is of a very 
primitive type, consisting of a little hollow depression in the 
head which appears to act like a pinhole camera of large 
aperture, so that vision by means of this organ is probably 
blurred and extremely rudimentary in eveiy way. 

The theory of shadows was also an object of investigation 
by the Greek geometers. In the adjoining diagram (Fig. 
248) d=CC' denotes the distance of the center C' of an 
opaque globe or disk from the center C of a similar luminous 
body, and 2r = BD, 2r' = B'D' denote their diameters. The 
straight lines BB', DD' and BD', DB' intersecting the line 
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of centers CC' at A and A!, respectively, determine the limits 
of the umbra and penumbra of the shadow cast by the opaque 
obstacle (§ 4) and I = C'A denotes the length of the umbra 



B 

Fig. 248. — Shadow of opaque disk B'D' illuminated by lumi- 
nous disk BD. 


and I' = A'C' gives the corresponding dimension of the pe- 
numhra. From the two pairs of similar right triangles ACD, 
AC'D' and A^CD, A'C'D', the following expressions for I 
and V can be readily found: 



Fig. 249. — Shadow of opaque disk illuminated by infinitely distant luminary. 


Moreover, if we put Z CAD = co, Z C'A'D' = co', then 


tan CO = 


tan co' = 


and hence, taking account of the signs of these angles, 
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tan w — tanct;'== — 2r/d=2 tan0, 
where 0 = Z CC'D. 

When the luminary is infinitely distant (d = oo), DB' (or 
A^BO will be parallel to DD' (or D'A), and, similarly, BD' 
(or A'D') will be parallel to BB' (or B'A) ; and consequently 
the triangle AA'D' (Fig. 249) will be isosceles (a? = - co' = 0). 
However, when the luminary is the sun or moon, its angular 
diameter 20 is only about half a degree and therefore the 
penumbra will be scarcely perceptible unless the screen on 
which the shadow is cast is placed relatively far away from 
the opaque obstacle. For d = oo, we find the length C'A 
= A'C' = / . cot 0. 

195. Reflection of Light; Mirrors. — ^The law of the re- 
flection of light was probably known in very early times. 
From the symmetrical congruence of object and image in a 
plane mirror (§ 15) the fundamental relation of the equality 
between the angles of incidence and reflection was deduced 
by Euclid in the first proposition of his treatise on “Cat- 
optrics^’ (from the Greek “katoptron” meaning a mirror), 
which was the name given by the ancients to that part of 
Optics which treats of the behavior of light when it is re- 
flected from a polished surface of a metal or glass or from the 
smooth surface of a tranquil liquid. Euclid ’s methods and 
conclusions are not always free from objections by any means; 
but even so, his investigations of the properties of both plane 
and curved mirrors were original and remarkable in many 
ways. Although it is known that Akchimedes (who was 
born about 287 B. C.) made contributions to the science of 
Optics as well as to other branches of Physics and Geometry, 
his writings have not come down to us. The story of his 
having set fire to the Roman fleet by concentrating the sun’s 
rays on the ships by means of a huge concave mirror is per- 
haps no more than a fairy tale, and yet it may have a sub- 
stratum of truth enough to warrant a conjecture whether 
this renowned philosopher may not have been an optical 
as well as a mechanical engineer. Heeo of Alexandria, with 
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an insight deeper than Euclid ^s, derived the law of reflection 
of light from the principle of the shortest path (§ 38) as a 
striking instance of economy here as in so many other natural 
processes. The optical theories of Alhazen who lived in 
the eleventh century at a time when Arabian science was at 
the zenith of its extraordinary development as contained in 
his famous treatise on optics were far in advance of those of 
the Greeks. For example, his notions about the nature of 
vision, so far from being vague were exceedingly concrete and 
almost modern in many respects; and he was under no illu- 
sion about the rays emanating from the eye instead of from 
the object. He amplified the statement of the fundamental 
fact that the reflected ray is contained in the plane of inci- 
dence (§ 13) ; and besides the forms of mirrors treated by 
earlier geometers he investigated also cylindrical and conical 
mirrors. Two centuries or more glide by before there is any 
further progress in Optics worthy to be noted, and here we 
have to pause to mention at least that extraordinary and 
eccentric genius Roger Bacon (c. 1294) or Frier Bacon, 
as he was commonly called by his contemporaries in England 
and by many writers long afterwards. He was undoubtedly 
a man of prodigious learning and skill, but his scientific 
imagination was probably greater than his real scientific 
performance, and when he speaks of the possibility of having 
locomotives that are propelled by their own power and 
machines that can make flights in the air, it is not neces- 
sary to suppose that he had actually invented the ancestors 
of the modern automobile and aeroplane. Spectacles ap- 
peared in Europe in the thirteenth century, and Bacon was 
doubtlessly well acquainted with their various uses, just as 
he was familiar also with ordinary reading glasses and 
magnifiers; but there is little evidence to show that he in- 
vented these things. One item about his work may be men- 
tioned as adding a link to the chain of contributions to this 
particular branch of Optics and that is a book which he 
wrote entitled TrcicMus de specvMs; wherein a more complete 
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theory of the concave mirror (see Problem 23, p. 632) is to be 
found than in the works of any of his predecessors. About 
the same time Vitello (c. 1270), a native of Poland, com- 
posed a treatise on optics, based in large measure on Al- 
hazen’s book, but which contained also some original mate- 
rial. Apparently, he deserves the credit of having been the 
first to point out the peculiar focal advantages possessed by 
a parabolic mirror (§ 205). Finally, in order to complete this 
brief historical survey of the development of the science of 
Catoptrics it may be added that Portals Magia naturalis 
(alluded to in § 194) contains much discussion of the proper- 
ties of mirrors of various kinds, with perhaps what is the 
first accurate explanation of the images of an object that are 
to be seen in a pair of inclined mirrors (§§ 17, foil.). 

In connection with the theory of a pair of inclined mirrors, 
a problem of some practical importance is as follows: 

To comirud a pair of plane mirrors which will produce a 
given deviation of a ray which has been refl.eded once from each 
mirror ( see § 17). 



Fig. 250. — Deviation of ray by successive reflections from pair of inclined 
plane mirrors: deviation is same for pair of mirrors OM, ON and for 
pair of mirrors O'M' and O'N'. 


Draw two straight lines PK and EB (Pig. 250) intersect- 
ing in E to repr^ent the patiis of the ray before and after 
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the two reflections. Take a point Q anywhere on the straight 
line PK and through Q draw a straight line QR intersecting 
the straight line KS in a point R. Draw the straight lines, 
OM perpendicular to the bisector of the angle PQR and ON 
perpendicular to the bisector of the angle QRS, intersecting 
each other at 0 . Then if OM, ON represent the traces of the 
planes of the mirrors (both supposed to be perpendicular to 
the plane of the paper), the broken line PQRS will repre- 
sent the path of the light in going from P to S after being 
reflected from OM at Q and from ON at R. 

In the diagram the light after being reflected at the second 
mirror ON is represented as actually, that is, ^^really” going 
through the point K; and when this is the case the dihedral 
angle 7 = Z MON between the two mirrors is half the angle 
PKR. As long as these conditions are satisfied, the mirrors 
may be placed anywhere, the angle 7 being kept always the 
same; and the only other change in the diagram will be in the 
path QR which the light takes in going from the first mirror 
to the second. But it is possible to have also a different com- 
bination of plane mirrors which will accomplish the same 
result, as is shown in the same diagram by the pair of mirrors 
whose traces in the plane of the paper are the straight lines 
O'M' and O'N' which are constructed in the same way as 
OM and ON. In this case the path of the ray is represented 
by the broken line PQ'R'S, and the difference between the 
two cases consists essentially in the fact that here the point 
K is behind the second mirror so that the ray R'S now passes 
^^virtually” through K. In this case also the angle M'O'N' 
is not equal to 7 but to (180°— 7), where, as before, 7 = 
ZMON=iZPKR. 

When an object is placed in front of a compound mirror 
consisting of two plane mirrors so adjusted that the angle 
between them expressed in degrees is an exact multiple of 
180 °, the last image of one of the two series of images will 
coincide precisely with the last image of the other series, as 
explained in § 18 ; and the position of this final image can be 
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found simply by rotating the object around the common 
edge or geometrical line of intersection of the planes of the 
two mirrors through an angle equal to twice the angle made 
by the mirrors. A special case of much practical importance 
(for example, in the construction of reflection prisms) is a 
compound mirror in which the two plane mirrors are at right 
angles to each other (§20), so that the final image formed by 
rays which have been twice reflected has the same position 
and appearance as if the object had been rotated bodily 
around the edge through an angle of 180®, as shown in Fig. 31 
and represented also in Fig. 251. Now when a point of this 




Fia. 251. — Reversal of image formed by two reflections in a rectangular 
pair of plane mirrors. 

image is viewed, the actual rays that enter the eye may indeed 
be portions of two entirely different bundles, becaiise it is all 
the same here whether the rays proceeding originally from 
the corresponding point of the object fall partly on one of 
the mirrors and partly on the other, because ultimately they 
will all appear to come from the same point behind the 
compound rectangular mirror. It is this circumstance that 
is the e^ential principle in the modus opercmdi of so-raJled 
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roof-angle prisms such as are employed in parts of various 
modem optical instruments (particularly in many military 
fire-control instruments, such as panoramic telescopes, “anti- 
aircraft fire-control apparatus,” etc.) Amici’s roof-angle 
prism (Fig. 252) may be considered as an ordinary right angle 




isosceles prism (see Fig. 54) in which the hypothenuse face is 
replaced by two plane reflecting surfaces placed at right 
angles to each other and forming the roof of the prism; the 
faces of entrance and emergence being the gable-ends of 
this sloping roof. The rays suffer two reflections inside the 
prism first at one side of the roof and then at the other; and, 
consequently, an object (for example, the portion of a printed 
page) seen through a roof-angle prism will not appear “per- 
verted” like the image of the object in a single plane mirror, 
but merely inverted with respect to the edge of the roof. 
But if the roof-angle differs ever so little from a r%ht angle, 
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the effect will be a double or overlapping image; and hence 
such prisms are peculiarly hard to manufacture, because the 
right angle has to be exceedingly accurate for good results. 
If the incident rays fall perpendicularly on one of the gable- 
ends they will emerge perpendicularly to the other one, and 
the total deviation of the beam will be 90°. 

196. Dioptrics. (Historical). — ^The science of Dioptrics 
which is concerned with the behavior of light when it passes 
from one transparent optical medium to another made slow 
progress among the ancients; and although many of the phe- 
nomena of refraction were too striking not to be recognized 
and described, it is not xmtil after the first century of the 
Christian Era that we find in such writings of the Greek 
philosophers as have survived any well-directed efforts to 
find an explanation of these effects. In fact, the law of re- 
fraction itself remained to be discovered until after the in- 
vention of the telescope. The first data on the subject are 
to be found in the Optics of Ci^udius Ptolemy, the great 
Greek astronomer and geographer who flourished in Alexan- 
dria (138 A. D.) and whose epicyclic theory of the mechan- 
ism of the solar system is still given in modern text-books on 
celestial mechauics. One of the divisions of this work is on 
Dioptrics. The experiment with a coin in a basin of water 
(§26) is described there and explained; and the fact that a 
ray of light is bent in towards the normal to the refracting 
surface when the ray passes from one medium into a denser 
one, and away from the normal when the second medium is 
less dense than the first, is specifically stated perhaps for the 
first time. But unlike his predecessors, Ptolemy was not 
content with mere qualitative results, and a noteworthy 
thing about this work is that here we find almost the first 
attempt among the Greek scientists at making physical meas- 
urements,* He actually measured the refraction at different 

* R. A. Houstoun, “The Law of Refraction.*' Science Process, XVI 
(1922), pp. 397-407. The quotations in the text are from this valuable 
paper. 
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angles for at least three different pairs of substances, and al- 
though we do not know the kind of glass he used, some idea 
of the degree of precision of his experimental methods can be 
obtained by calculating ^Hhe numerical values of the indices 
of refraction from Ptolemy's data" which ''give means of 
1.311 for air to water, 1.485 for air to glass, and 1.109 for 
water to glass." “Ptolemy, of course," as Dr. Houstoun 
adds, “did not discover the law of refraction, and knew noth- 
ing of the index of refraction. He merely left his results 
in the form of tables. But he applied them correctly to the 
explanation of astronomical refraction, i, e., the apparent 
displacement of a star towards the zenith by the refraction 
of its rays in its passage through the earth's atmosphere." 

Alhazen (§ 195) was well aware that the density of the at- 
mosphere diminishes with increase of altitude above the 
earth's surface and, consequently, he inferred that the path 
of a ray of light proceeding from a star not directly overhead 
must be curvilinear after it entered the earth's atmosphere 
(§ 3). He argued also that on account of atmospheric refrac- 
tion the disks of the sun and moon near the horizon must ap- 
pear oval instead of circular, and like • ise that a star would 
be visible a short time after it had actually set below the hor- 
izon or before it had actually risen (§ 8). He investigated also 
the deviation of the refracted rays by making measurements 
similar to those of Ptolemy, and he noted the fact that tha 
refracted ray, like the reflected ray, lies in the plane of inci- 
dence. 

ViTELLO (§ 195) published tables of corresponding values 
of the angles of incidence and refraction from air to both 
water and glass, from water and glass to air, from water to 
glass, and from glass to water, which agree very closely with 
Ptolemy's results. About this time spectacles began to be 
used in Europe and magnifying glasses also. Several cen- 
turies later we find Porta (§§3, 194, 195) and Maijrolycus 
(§ 194) studying the properties of lenses. In one of his writ- 
ings MAtTEOLYcus shows that a ray of light issues from a 
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transparent plate bounded by two parallel plane faces in the 
same direction it had originally (§ 44). 

The beginning of the seventeenth century marks a notable 
epoch in the history of optical science. Already in 1604 
Kepler (1571-1630) had published in Latin a small volume 
on geometrical optics called ‘^Supplements to Vitello's 
Optics” which, together with his subsequent work on “Diop- 
trics” (1611), was by far the most original and systematic 
treatise on the subject that had been composed up to that 
time.* Meanwhile the invention of the telescope in 1609 
and the extraordinary discoveries which Galileo (1564- 
1642) had made with his new instrument stimulated the 
imagination and added a practical motive to the cultivation 
of optics as an applied science. In Milton ^s famous lines 
in which he compares the shield of Satan to the moon 

“ Whose orb 

Through optic glass the Tuscan artist views 
At evening from the top of Fesole 
Or in Valdarno, to descry new lands 
Rivers or mountains in her spotty globe,” 

we catch even now an echo of the universal acclaim that 
greeted the celestial discoveries of Galileo and his suc- 
cessors. Taking Vitello’s numerical data for air and water 
as the basis of investigation, Kepler attacked anew the prob- 
lem of refraction in his peculiar thoroughgoing fashion and 
sought to discover a general relation connecting the angles 
of incidence and refraction which would be satisfied, approxi- 
mately at least, by each of the pairs of corresponding values 
as given in the table. The nearest he could come to finding 
a law was to say that the deviation of the ray was apparently 
proportional both to the angle of incidence ( a) and to the 
secant of the angle of refraction (a'); which is equivalent 
to ihe following formula: 

a— a'«=C.a.seca', 

* Both of these works have been published in German in Ostwald's 
' Kiassiker der exakten Wissenschaften.’* 
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where C denotes a certain constant characteristic of the two 
media. The smaller the angles the better the agreement was 
found to be between the values as calculated by the formula 
and those obtained by actual measurement; but when the 
angles were comparatively large, the discrepancy was more 
and more marked. For very small values of a', there is no 
great error in putting seca'== 1, and then the formula be- 
comes: a— a' = (7.a or a'= (1— C)a. Now both Ptolemy 
and Alhazen had observed long before that so long as a 
and a' were small angles, they were in a constant ratio 

to each other, that is, a = na' or , where n denotes 

the constant which is now known as the relative index of re- 
fraction of the two media (§ 27). Comparing the two ex- 
pressions for a', we are able to translate Kepler's constant 
C into the following function of n, namely: 

n 

Although Kepler did not succeed in ascertaining the true 
law of refraction, it is little short of astonishing to read his 
writings and see what an insight he somehow contrived to get 
into the essential nature of this phenomenon and how surely 
and accurately he perceived the characteristic effects of prisms 
and lenses and optical combinations. He understood clearly 
the principle of total reflection (§ 36) and knew how to deter- 
mine the so-called critical angle”; and with unerring genius 
he conceived the combination of two convex lenses which 
constitute the astronomical telescope (§ 159) and which en- 
abled ScHEHSTER afterwards (c. 1614) to construct an instru- 
ment according to this theory. 

ScHEiNER had a remarkable talent for experimenting to- 
gether with an extraordinary grasp of optical laws. His 
famous book on the eye and vision called ^^Oculus sive funda- 
mentum opticum” published first in 1619 is extremely valu- 
able and interesting even to this day. In trying to trace the 
paths of the visual rays throu^ the various ocular media, he 
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was confronted always with the difficulty of not knowing pre- 
cisely how the rays were bent so as to form finally an image 
on the retina. He spared no pains to discover the exact law 
of refraction; and a book called Ars magna’^ published by a 
Jesuit writer named Kircher in 1646 contains Scheiner^s 
table of the corresponding values of the angles of incidence 
and refraction for air and water. 

The law of refraction, however, was at last discovered 
about 1621 by W. Snellitjs (§ 27), a professor of mathe- 
matics at Leyden, who died without publishing his manu- 
script on the subject. Huygens states that he had seen this 
manuscript, in which the correct geometrical construction is 
given for drawing the refracted ray. The modern form of 
stating the law in terms of the ratio of the sines of the angles 
of incidence and refraction (p. 66) was given first by Des- 
cartes (§ 28) in his Dioptrique published in 1637. 

197. Reflection Prisms. — ^In modern optical instruments 
glass “reflection prisms in which the light is reflected inter- 
nally at one or more of the plane faces are employed for man- 
ifold purposes, sometimes, for example, to erect an image 
which would otherwise appear inverted (as in the Porro 
prism-system, § 20), and sometimes also merely to change 
the directions of the rays so that the eyepiece of the instru- 
ment can be inserted at a more convenient place, etc. Par- 
ticularly in the case of a prism of this type, a very consider- 
able portion of the light path lies in the glass medium, and 
hence to minimize as far as possible losses of light by absorp- 
tion the optical glass used in the manufacture of these parts 
must be of the highest quality, that is, as transparent and 
tmiform as possible, and at the same time in order to reduce 
losses by reflection and also in order to obtain the requisite 
effects with the necessary precision the surfaces and edges of 
the prism must be executed by the optician with the greatest 
mechanical skill (§ 37). The reflecting faces are sometimes 
silvered. 
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A plane perpendicular to the parallel edges of a prisi^i will 
cut it in a principal section (c/. §48), which usually has the 
form of a polygon of three or more sides. Some of the faces 
of a prism may be ^'idle'' in the sense that they have abso- 
lutely no duty to perform so far as light is concerned, and 
their only raison d^Ure is that sometimes by shaping the prism 
in this way it is possible to use a smaller piece of glass which 
is not only economical of the material but also makes the 
prism as a whole take up less space in the optical instrument. 

According as the light in transit through the prism under- 
goes one or two or more reflections, the prism is called a 
''single reflection,'' "double reflection," "triple reflection" 


0 



Fig. 253. — Double reflection prism BCDE: deviation 45®. 


prism, etc. In the ordinary form of prism (Chapter V) where 
internal reflections are not considered at all but merely the 
refractions which the rays undergo on entering and leaving the 
prism, only these two refracting surfaces are concerned in pro- 
ducing the deviation of the light; but a reflection prism usually 
has at least as many as three active faces where the rays are 
deviated either by refraction or by reflection. However, 
even in a reflection prism only two of the faces may be in- 
volved, for the rays can have two adventures at the same 
face; as, for example, in the prism illustrated by the section 
BCDE in the above diagram (Fig. 253), which shows the 
case of a double reflection prism where the ray is transmitted 
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into the prism across the first face BE and then after being 
reflected from the second face CD is reflected again at the 
first face. In the diagram the ray is represented as crossing 
tiie first face perpendicularly and leaving the prism at right 
angles to the face BC. The two reflecting faces are inclined 
at an angle of 22"^ 30'. The actual form of a principal section 
is that of the quadrilateral BCDE with a right angle at E and 
an angle of 45° at B. The ray is deviated through 45° which 
is twice the angle between the reflecting faces (§ 17). 

Thus, in a reflection prism a ray must have at least three 
adventures^’ (as we called them above), one of refraction 
when the ray enters the prism, and two others consisting of 
an internal reflection and another refraction on leaving the 
prism (single reflection prism) or of two internal reflections 
(double reflection prism), in which latter case there will have 
to be another refraction also if the ray is to emerge back into 
the air again. And generally (as has been stated) these three 
first “adventures” or deviations will occur at three different 
faces j which are the important faces so far as the geometry 
of the prism and its optical effects are concerned. In a dia- 
gram of a principal section of the prism these three active 
faces will be shown as straight lines whose points of inter- 
section A, B, C detennine a triangle ABC. 

198. Single Reflection Prism. — Consider, first, the case of 
a single reflection prism as represented by the triangle ABC in 
Fig. 254; and suppose that a ray of light whose path in air is 
along the straight line PQ meets the side AB at Q; where it 
is refracted into the glass along the straight line QR meet- 
ing the side AC in R; reflected thence it falls on the side BC 
at S and emerges finally back into the air along the straight 
line ST. We proceed to show that the problem of tracing the 
path PQRST of a ray through a single reflection prism can be 
reduced to that of constructing the path of a ray through an 
ordinary prism, as shown in § 49. 

Locate the point B' which is symmetrical to B with respect 
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to the opposite side of the triangle ABC, and construct the 
triangle AB'C, which, obviously, is not only congruent with 
the triangle ABC but is in fact the image of the latter tri- 



angle in the common base AC regarded as being the trace of 
a plane mirror. Now if the quadrilateral ABCB' were the 
section of a glass prism, the ray after entering the prism 
would proceed along the straight line QRS' to the point S' 
in the side B'C and would emerge into the air in tne direction 
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S'T'; and it is quite a simple matter to construct the path 
PQS'T', as follows: 

Take a point V anywhere in the plane of the drawing; 
which, if convenient, may be (as in Fig. 254) the point of in- 
tersection of the straight lines AB and B'C. Draw VX, 
VY and VZ parallel to, and co-directional with, the straight 
lines AB, CB' and AC, respectively. Around V as center 
describe the arcs of two concentric circles with radii in the 



Fig. 255. — Single reflection prism: deviation 90®. 


ratio 1 : n, where n denotes the index of refraction of the 
glass; and draw the straight line VG in the same direction 
as that of the given incident ray PQ, marking the point G 
where VG meets the inner arc. Draw GE perpendicular to 
VX at E and meeting the outer arc at H. Draw HF per- 
pendicular to VY at F and meeting the inner arc at J. Draw 
<^' parallel to VH and S'T' parallel to VJ. 

As a matter of fact, however, the glass body do^ not ex- 
tend below the line AC; and the Eght, on arriving at the 
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point R is reflected (puitially or totally, as the case may be) 
along RS to a point S in the side CB which is symmetrical 
to S' with respect to the straight line AC. Thus, by taking 
the point C as center and striking an arc with radius equal to 
CS', the point S can be located and the straight line RS can 
be drawn. Determine the point 0 at the intersection of the 
straight lines S'T' and AC and draw the straight line OS 
which determines the path ST of the emergent ray. This 



path may be found also by drawing the straight line VK so 
that Z JVZ= ZZVK; because ST is parallel to VK. 

Conversely, being given two of the sides of the prism to- 
gether with the index of refraction of the glass, it is easy to 
construct the third side of the triangle ABC when the direc- 
tions VG and VK of the incident and emergent rays are pre- 
scribed in advance. 

Several special cases are shown in the accompanying dia- 
grams. For example, Fig. 255 is drawn for the case when the 
ray ST emerges in a direction perpendicular to that of the 
incident ray PQ, whereas in Fig. ^6 ST is parallel to PQ. 
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that is, the total deviation is zero. If the triangle ABC is 
isosceles (BA = BC), the quadrilateral ABCB' is a rhomb; 
and if also PQ is parallel to AC, ST will likewise be parallel 
to AC (Fig. 257). 

The total deviation of a single reflection prism is measured 
by the angle h = L GVK (Fig. 254) through which the di- 
rection of the incident ray has to be turned in order to l)ring 
it into the direction of the emergent ray. The internal angles 
at the vertices of the triangle ABC are denoted in the fol- 
lowing discussion by a, /3, 7 , thus: a= ZCAB, d== / ABC, 


B 



Fig. 257. — Isosceles single reflection prism: AB ~ BC; PQ and ST 
both parallel to the base AC. 

7 = ZBCA, so that if these angles (which are expressly defined 
so that they all have the same sense of rotation and are reck- 
oned as positive) are given in radians, then a + 0+y = tt. 
Evidently, also ZZVE;=a, ZYVZ=x— 7 . Draw NQ per- 
pendicular to AB at Q, MS perpendicular to BC at S, and 
M'S' perpendicular to B'C at S', the points designated by 
N,M and M' being all outside the glass. The angles of inci- 
dence and emeigence, denoted here by the symbols 0 and <p, 
respectively (neither of which is ever more than a right angle), 
are defined thus: 

0=ZNQP=ZEGV, y5=ZMST=ZT'S'M'=ZVJF; 
and are reckoned positive or native according as the 
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sense of rotation is the same as that of the angles a, 0, y 
or in the opposite sense, respectively. 

Now from the diagram it is evident that 

Z GVK = Z GVX+Z XVZ+Z ZVK; 

and since 

Z ZVK=Z JVZ=Z JVY+Z YVZ, 
it follows that 

Z GVK = Z GVX+Z XVZ+Z JVY+Z YVZ. 

If in this equation the symbols are introduced as defined 
above, noting that 

ZGVX=|-^, ZXVZ = -a, ZJVY=.p-|, 

ZYVZ = x— 7, jS = 7r— a— 7; 

we find the following convenient expression for the angle of 
deviation of a single reflection prism, namely: 

( 1 ) 

This formula might have been obtained also by consid- 
ering the total deviation S as the algebraic sum of the sepa- 
rate deviations produced at each of the three active faces of 
the prism. Thus, if the angle of refraction at the first face 
AB of the prism is denoted by so that according to the law 
of refraction, 

n. sin0'=sin^; (2) 

and if the angle of incidence at the emergent face BC is de- 
noted by so that in the same way 

n. sin sin <p; (3) 

tiien evidently d'=ZEHV, ^=ZVHF and 

( 4 ) 

Moreover, if denotes the angle of incidence of the 

ray when it falls on the reflecting face AC, that is if 
= Z QRA - Z CRS - Z S'RC = Z H VZ, 

then 
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( 5 ) 

The deviations of the ray at each of the three faces in succes- 
sion are (0'— 0), 2ri and and hence the total devia- 

tion is 

S= 0'- 

which after elimination of 0', t) and xf/ by means of equations 
(4) and (5) reduces immediately to formula (1) obtained 
above. 

Combining (3) and (4) so as to eliminate xp, we obtain 
a very useful formula for calculating the angle of emergence 
<p in terms of n, a, y 0', as follows; 

sin <p=n.sm {y--a— 0')* (6) 

This formula not only enables us to see clearly what we must 
know in order to determine the angle <p] but, taken in connec- 
tion with (2), it shows also that for a given set of values of n, 
d and (7— a) the angle (p has a perfectly definite value; 
and it should not be difficult for the student to show that this 
value of (p is precisely equal to the angle of emergence of a 
ray which traverses an ordinary prism whose refracting angle 
is equal to (a —7); provided it meets the first face of this 
prism at an angle of incidence equal to — B- In Fig. 258 
PQRST shows the path of a ray which traverses the single 
reflection prism whose section is ABC; and P'Q'RST shows the 
path of a ray which traverses an ordinary prism AV'B whose 
refracting angle AV'C = a — 7. If the angles of incidence 
of the two rays are equal but opposite in sign, the angle of 
emergence from each of the prisms will be the same. 

More important still is another conclusion which can be 
derived immediately from formula (6), namely: If for a 
given direction of the incident ray PQ, that is, for a given 
value of the angle B, the direction of the emergent ray is to 
be independent of the value of the index of refraction n, we 
must have 

7-a=0; 
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and this means that a single reflection prism will be achromatic 
(cf. § 169), that is, the demotion will be the same Jor all colors 


B 



Fig. 258. — Single reflection prism ABC: construction of 
path of ray. 

(m matter how n varies for different colors ^ p. 466), provided 
the triangle ABC is isosceles (BA=BC). For example, a ray 
of white light PQ entering an isosceles single reflection tri- 
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angular glass prism ABC, as represented in Fig. 259, will be 
split, say, into a red ray and a blue ray which will have differ- 


B 



Fig. 259. — Isosceles single reflection triangular glass 
prism ABC : showing how red and blue rays emerge 
from the prism parallel to each other. 


ent paths inside the prism but will emerge in the same direc- 
tion. In this case 

ip=-d, S = ^-2d, (T=a). 

When the incident rays are parallel to the base AC of an 
isosceles single reflection triangular prism ABC, as shown in 
Fig. 260, that is, when d = j8/2, the deviation vanishes (6=0). 
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Fig. 260. — Isosceles single reflection triangular prism ABC: 
AB = BC. 


The so-called reversion prism” of Dove is an isosceles single 
reflection triangular prism with the faces of entrance and emer- 
gence perpendicular to each other {j(3=7r/2, 5 - 0-“ ^-f7r/2). 
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The condition that a ray shall traverse a single reflection 
nrism without deviation is 

(5=0); 


as shown in Fig. 256. 

A particularly important practical type is the so-called 
constant deviation prism^^ which is designed so that the angle 



Fig. 261. — Pellin-Beoca constant deviation prism ABB'A': deviation 90°. 


of deviation is equal to the angle j8 between the two refract- 
ing faces; and for which, therefore, we have the following 
relations: 

e-v, ^=1 ( 5 =^). 


It appears from the above that the angles 0', t/' and rj which 
are made by the ray inside a prism of this description de- 



stant deviation prism: isos- 
celes right angle prism: 
5 = 90°. 


Fig. 262. — Single reflection constant de- 
viation prism: 5 = a = « 60®. 


Single Reflection Prism 
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pend entirely on the geometrical form of the prism* and are 
wholly independent of the optical material of which the prism 
is made, since the expressions for 
these angles do not involve the index N 
of refraction (n). The Pellin-Broca 
constant deviation prism which has 
the form of a quadrilateral ABB'A' 

(Fig, 261) has a right angle at B and 
hence the deviation is 90°. The in- 
terior angles at A, B' and A' are 75°, 

60° and 135°, respectively. Figs. 262, 

263 and 264 show principal sections 
of several common constructions of 
single reflection constant deviation ^ 

prisms (5 = /3) designed for rays constant deviation 
which enter and leave the glass bdefG: b=p= 

body at right angles to two of the 

faces ( 0 = ^|' = ^=t/^=0, 7 = a). In order to utilize com- 
pletely all the material of a single reflection constant de- 
viation prism, the design should be such that after refraction 





A C 

Ftg. 265. — Single reflection constant deviation prism: 

S = e = 2v. 

at the first face AB the rays should go over to the reflecting 
face AC in lines parallel to the emergent face BC, as shown 
in Fig. 265; which means that here ^ ( 


V =7 5 = 18=27 = 
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199. Double Reflection Prism. — After entering a double 
reflection prism across the face AB (Figs. 266 and 267), the 
ray is reflected first from the face AC and then reflected again 
either at a third face BC (as represented in both diagrams) 
or at the first face AB (as represented in Figs. 253 and 270) ; 
the path inside the glass being shown by the broken line 
QRST in Figs. 266 and 267, and QRUV in Figs. 253 and 270. 
In order to obtain the angle relations for a double reflection 
prism, a notation can be employed almost identical with that 
used in studying a single reflection prism (§ 198). The essen- 
tial difference between the two types of prism is that in the 


6 



case of the double reflection prism shown in each of the dia- 
grams, Figs. 266 and 267, the ray is reflected at the side BC 
of the triangle ABC instead of being refracted at this side; 
and, consequently, by merely putting n=-l (see §75) in 
equation (6) of § 198, we shall obtain immediately an expres- 
sion for the angle ip in the case of a double reflection prism, 
namely, 

V?=a-7-f-0'; 

as can be also obtained immediately from a consideration of 
either of the two diagrams, since ZQRA=ZCES=i 7 , ZEST 
=2(p and evidently 
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The deviations at each face in succession are Q), 27] 
and {t+2(p); and hence the total deviation 5 which is the 
algebraic sum of these partial deviations will be found, after 
eliminating t? and 6', to be given by the following expression: 

2 = 7r-|-^— 

This may be written also: 

S= 6'-- d-2y+27r 

from which, however, the last term can be dropped because 
2^ is merely equivalent to a complete revolution of 360*^. 


B 



The term 2y in this expression is due to the two reflecting 
surfaces which are inclined to each other at the angle y (see 
§ 17 ). 
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The ray ST which marks the path of the light after it has 
been reflected at the face BC is still inside the prism, and if 
the light is to emerge into the air, it must be refracted from 
glass to air at one of the plane faces. Suppose, for example, 
that the face of emergence is represented by the straight line 
XY (Fig. 2G7) which intersects the straight lines BA and BC 
in the points designated here by X and Y, respectively. If 

the angles of incidence and refrac- 
tion at this face are denoted by co, 
o)', then, by the law of refraction, 

n sin co=sin co'; 

and the total deviation of the 
emergent ray UV will be: 

A=S+co'—co, 
or 

A = (0'“ 0)+(co'-“Co)-27. 
Put m=ZYXB, and an inspection 
of the diagram (taking account 
always of the sense of rotation of 
each angle as defined) will show 

Fig. 268. — Pobro Prism, 7 = 2a that 

2^ = 90^ = 27 +co ™ 0'. 

Hence, in the special case when co= 0', we must have ijl ^2y; 
and since also in this case co'= Oj it follows that the total 
deviation A will be A = - 27 . Accordingly, if the straight 
line XY is drawn so as to make with the side AB an angle 
twice the given angle 7 between the two reflecting sides AC 
and BC of the triangle ABC, the deviation A will be constant 
for all rays that traverse the prism. A good example of a 
constant demotion double reflection prism is the quadrilateral 
prism ACYX shown in Pig. 269, a so-called Wollaston 
prism, in which the angle denoted by is a right angle (and 
hence angle 7=45°) so that the total deviation is 90°. 
Another illustration is the well known pmta prism (see Prob- 
lem 43, p. 148) the principal section of which has the form 
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cf a pentagon BXA'C'B' with the sides BX and XA' equal 
in length and also the sides A'C' and BB', ZBXA'=90'’j 
Z XA'C' = Z B'BX = 112° 30'. The ray is refracted into 
the prism across the face BX and reflected first from A'C' 
and then from B'B and finally emerges across the face A'X 
in a direction which makes a right angle with the direction 


A 



Fig. 269. — Wollaston Prism: deviation 90°. 


of the incident ray. The side B'C' is an “idle” face. (The 
dia g r am can be readily drawn from the description.) 

Allusion was made to another type of double reflection 
prism in which the ray is reflected back from the second face 
AO to the first face AB where it is again reflected; so that 
including the refraction on entering the prism across AB, the 
ray suffers three deviations at the two faces AB and AC, 
as repr^ented in Kg. 270 where the broken line PORUV 
shows the route the ray pursues. If ZCAB=a, ZQRA=ij. 
/.RUV=2(r, the following relations between these an^es 
are obvious from the %ure: 
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a+0'=2— i7 = cr-a; 
and the deviation is: 

5 = ( 0 '- d) +2i7+(2<r- Tr)=(T-a, 

or 

5= 0'- 0+2a. 

It is not by any means always easy to determine the best 
practical actual form of a double reflection prism such that 



Fig. 270. — Double reflection prism in whicli ray is reflected internally 
from the face at which it entered the prism. 

it will transmit the maximum part of a bundle of parallel 
rays incident normally on the entrance-face AB. If the two 
reflections take place at the faces AC and BC in succes- 
sion, then, since 0= the deviation will be § = "- 27 . 

Consider the ray which enters the prism at the corner A 
(Fig. 271) and proceeds inside the prism along the path 
shown by the broken line AEZ, where Z designates the point 
of intersection of the straight lines EZ and AC. Draw ZD 
perpendicular to AB at D; then AD is the part of the side AB 
which is actually utilized in the transmission of light through 
the prism; and accordingly the triangular portion of glass 
DBE, having no part in the optical performance, may be 
removed. Draw the straight line ZF meeting the side BC at 
F ; and draw FG parallel to EZ, and ZG perpendicular to FG at 
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G. It can easily be shown that ZG=AD. The most eco- 
nomical and efficient shape of the prism is represented bj 
one whose principal section has the form of the polygon 
ADEFGZA. The emergent face ZG will be a continuation of 



Fig. 271. — Double reflection prism ADEFGZA. 

the face AZ when the angle a is equal to twice the angle 
7 (a =27). 

The more complicated forms of optical prisms hardly need 
to be described in this book, especially as their effects can 
nearly always be ascertained by application of the same gen- 
eral methods as have been employed in the above analysis. 
The orientation of the image in a reflection prism is the same 
as the problem of an image in a plane mirror or in a combina- 
tion of such mirrors and involve the same questions as are 
treated in §§ 16, folk; although it must be admitted that it is 
not always easy to keep in mind the various rotations of the 
image that take place in a prism-system where there are nu- 
merous reflections. An excellent description of certain spe^ 
cial types of prisms which are essential parts of optical appa- 
ratus that is extensively used in modem warfare, in both army 
and navy, is to be found in a serviceable little volume on 
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“Elementary optics and applications to fire control instru- 
ments” published by the Ordnance Bureau in Washington, 
1922. The following papers may be recommended to the 
student: “Reflecting Prisms” by T. Y. Baker {Trans. 
Opt. Soc., XIX, 1918, pp. 113-119), and “On tracing rays of 
light through a reflecting prism with the aid of a meridian 
projection plot” by P. E. Wright {Jour. Opt. Soc. America, 
V, 1921, pp. 410-419). 

200. Optics in the Seventeenth Century. — ^There is evi- 
dence to show that the Chaldeans were acquainted with the 
use of magnifying glasses perhaps some six thousand years ago. 
It is not to be doubted that the focal properties of convex 
“burning glasses” were known in very remote times; but in 
the ancient world generally a glass lens appears to have been 
treated more as a philosophic toy for producing striking and 
often curious effects rather than as an aid to vision. The 
use of spectacles in Europe probably dates from about the 
year 1300. It is diflicult to estimate either how much or 
how little the early investigators of optics, individuals, for 
example, as widely separated as Roger Bacon (§ 195) and 
Leonardo da Vinci (§ 194), knew about the theory of lenses 
and their combinations. We do know that Madrolycus 
(§ 194) sought to explain the action of the crystalline lens in 
the human eye by analogy with a double convex glass lens 
and was acquainted with the use of spectacles for both near 
sightedness and far sightedness. An idea of the originality 
and extent of his researches is afforded by the fact that he 
investigated the caustic surface (§ 178) which arises when a 
cylindrical bundle of incident rays is refracted through a 
glass sphere. With the invention of the telescope and the 
(impound microscope probably about ten years later, the 
hope of bringing these instruments to greater perfection was 
perhaps the impelliog motive that directed men’s minds more 
and more to the study of optical laws. Even before the dis- 
covery of the law of refraction, both Kepler and Scheiner 
(§§ 194, 196) had succeeded in gaining clear conceptions of 
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the fundamental actions of lens-systems so that they were 
able to design and construct quite complicated optical com- 
binations. One of the problems in Kepler Dioptrics is 
“to show objects distinct, erect, and magnified by a system 
composed of three convex lenses, which is the principle of 
the so-called “terrestrial telescope’^ (§ 159) which was after- 
wards constructed by Scheinbr for his patron Duke Maxi- 
milian* of Tirol. Another one of Kepler's problems is to 
combine a concave lens with a convex lens so as to produce 
an enlarged image on a screen which will be greater than the 
image made by the convex lens alone; which has been pointed 
out to be the essential feature in the construction of the mod- 
ern telephoto-objective. Far more clearly and accurately 
than Maurolycus had done, Kepler also compared the 
crystalline lens in the human eye to a double convex glass 
lens whose posterior surface he imagined to be hyperbolic 
(instead of spherical) for the sake of giving better definition 
to the image. The image itself was real and inverted and 
focused on the retina; an hypothesis which Scheiner sub- 
sequently verified by experiments made with freshly enu- 
cleated eyes of sheep and oxen and in 1625 with a hiunan eye. 

The law of refraction, as has been previously stated (§§ 27, 
196), was announced first by Descartes who belonged to 
the next generation after Kepler and Scheiner, although 
the latter died in the same year (1650) as Descartes. 
Notable contributions to the science of Dioptrics were made 
by Descartes. He investigated mathematically the form 
which a curve must have in order that rays of light emanating 
from a point in one medium ^all be refracted at the curve 
accurately to a point focus in another medium which is the 
remarkable property possessed by the famous “ovals" 
which ever since have been called after the name of their 
discoverer. As a result of these studies he was led to try 
to manufacture certain special forms of aspherical lenses 
based on these curves, particularly lenses with elliptic and 
hyperbolic surfaces, in the e:^ectation that such types would 
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prove vastly superior to the ordinary forms of lapses (see 
§ 205). Kepler had already discovered (see § 205) that a 
hyperbolic refracting surface under certain conditions was 
free from spherical aberration along the axis (§ 178). Des- 
cartes is to be considered also as the genuine author of the 
explanation of the rainbow which for many generations had 
been one of the fascinating problems in optics and had exer- 
cised the ingenuities of Matjrolycus, Kepler and Antonies 
BE Dominis (about 1600) each of whom made some contribu- 
tions towards the final solution. In trying to find a philo- 
sophical explanation of reflection and refraction as a general 
principle of mechanics, Descartes was not so successful. 
This achievement remained to be accomplished by Fermat 
(1601-1665) who formulated the ''principle of least time’^ 
(§ 38) which may be considered as an extension of the prin- 
ciple of the shortest path employed by Hero of Alexandria 
in the deduction of the law of reflection (§ 195). 

As far as known, the first definite rule for calculating the 
focal length of a thin glass lens was given by Cavaleri in 
1647 and was equivalent to the formula: 


. 2ri.r2 


(n = 1.5); 


but he did not know the so-called abscissa-relation between 
conjugate foci see §89), although equiva- 

lent formulae were now soon to be discovered almost simul- 
taneously in various quarters, as we shall see. 

Huygens (§ 6) and Newton, who was the younger, are the 
two most illustrious names in the annals of natural philosophy 
in the generation succeeding that of Descartes. Optics 
was only one of the rapidly expanding territories of science 
which was enriched by their powerful labors. At intervals 
during nearly the whole of his busy life Huygens was at 
work on a treatise on Dioptrics which he died without ever 
completing and which in its unfinished form was published 
in 1703 ia the first posthiimous edition of his voluminous 
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writings. It has been republished recently (1916) by the 
Dutch Society of Sciences. Unfortunately, not a few of 
Huygens^ original and sometimes most valuable theorems 
in optics did not come to light until long after they were 
first obtained, and, consequently, he lost the priority of a 
number of important discoveries. The problem of conjugate 
foci both for a single spherical refracting surface and for an 
infinitely thin lens is contained in the following proportion 
which Huygens obtains in the first part of his Dioptrics^ 
namely: 

where the letters used here have the same meanings as in 
Chapter VI on the Reflection and Refraction of Paraxial 
Rays at a Spherical Surface”; and if in this formula A is 
written in place of C, the equation is equivalent to the ab- 
scissa-relation for the case of an infinitely thin lens as given 
on p. 229. Huygens obtained these results about 1653, and 
communicated them to the Royal Society of London in the 
form of an anagram in 1669. Meantime, in that same year, 
Dr. Isaac Babrow (1630-1677), a professor in Cambridge 
University when Newton was a student in Trinity College, 
had just published his Lectures on Optics” in which were 
to be found essentially the same theorems derived in a differ- 
ent way. Barrow's methods are long and involved as com- 
pared with the simple proportion by which Huygens sum- 
marized his results, but they are applicable to thick lenses 
also. On the other hand, Huygens had the idea of equiva- 
lent lenses which Barrow did not have. When Huygens ' 
Dioptrics was finally published in 1703, other writers, notably 
William Molyneux (1692) and Edmund Halley (1693) 
had given rules which were practically the same as those of 
Huygens. 

Huygens had the clearest ideas of the action of optical 
systems, nor did he ever lose sight of the essential fact that 
all instruments of this kind ware intended to aid vision and 
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therefore were to be used in conjunction with the eye. He 
treats of magnifying power and field of view, and he was 
fundamentally aware of the nature and importance of the 
so-called ^^pupils^' of the instrument (§ 134). His theory of 
the telescope is in every way quite as modern and complete 
as if it were embodied in an elementary text-book of to-day. 
There can be no question that the beautiful theorem which 
states that the apparent size of an object as seen through a 
lens-system (c/. § 157) will not be altered when the positions 
of the eye and object are mutually interchanged, and which 
is generally attributed to Robert Smith, had been discovered 
by Huygens a century before the publication of Smithes 
^^Compleat System of Opticks” in 1738. The construction 
that Huygens gives for the path of a ray refracted at a spher- 
ical surface (see Fig. 274) is practically identical with Young^s 
construction as given in § 176. Huygens was certainly the 
discoverer of the pair of so-called ^^aplanatic points'^ of a 
spherical refracting surface (§ 177). A large part of the 
Dioptrics is devoted to an investigation of spherical aberra- 
tion of lenses, and the results in many respects are in com- 
plete agreement with the modern theory of this complicated 
subject. The famous Treatise on Light” in which Huy- 
gens espouses the wave-theory and shows how the wave- 
front is constructed (§ 6) was written in 1678 but not pub- 
lished until 1690. In this work is contained also his theory 
of double refraction in Iceland spar, which had been de- 
scribed first by Erasmus Bartholinus in 1669. Another 
strange phenomenon which was soon noticed in this same 
substance and which belongs to the class of facts known as 
the polarization of light was discovered and investigated by 
Huygens. But it would take too long to enumerate in de- 
tail aU the advance in optical theory which we owe to this 
original and penetrating philosopher. 

Certain curious and obscure phenomena of light had been 
observed and investigated by F. M. Grimaldi (1613-1663), 
a Jesuit professor of mathematics in Bologna, which led him 
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to infer that light does not travel only by straight lines and 
by reflection and refraction but may have also under some 
circumstances a fourth method of procedure which he called 
diffraction (p. 14) and which Newton discusses in his '‘Op- 
ticks'’ (1704) under the name of "inflexion" of the rays of 
light. Similar observations were communicated to the Royal 
Society independently in 1672 by Robeet Hooke (1635- 
1703); who in his "Micrographia" (1664) had already de- 
scribed another series of remarkable investigations concerning 
the "fantastical colors" seen in thin transparent plates and 
films. It was these observations that led to Newton's ex- 
periments with the phenomena of the rainbow-colored rings 
which are produced when two glass lenses are pressed to- 
gether in close contact so as to enclose between them a film of 
air of varying thickness, and which are described in New- 
ton's "Discourse on Light and Colours" (1675). Hooke's 
optical researches and his own explanations were an antici- 
pation of the doctrine of interference which was destined to 
become famous long afterwards by the epoch-making work 
of Young and Feesnel (§ 7) and inclined him to adopt 
in an imperfect form the undulatory theory of light. Ac- 
cording to Robeet Smith it is to Hooke that we owe the 
famous datum about the resolving power of the human eye 
which states "that the sharpest eye cannot well distinguish 
any distance in the heavens, suppose a spot of the moon's 
body, or the distance of two stars, which subtends a less 
angle at the eye than half a minute; and that hardly one 
of a hundred men can distinguish it when it subtends a 
minute" (§ 10). 

Sir Isaac Newton (1642-1727) was bom the same year 
that Galileo died and lived well into the eighteenth century. 
His lectures on optics in Cambridge University in 1669-1671 
(published in 1728) and his first commxmication to the Royal 
Society in 1672 show that he was the real discoverer of the 
laws of astigmatism of oblique bimdles of rays (§§ 184, foil), 
which had been previously investigated also by Baeeow with 
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a certain measure of success. In the same year (1072) New^ 
TON sent another communication to the Royal Society de- 
scribing the celebrated experiments on dispersion of light 
(Chapter XIV) which were begun as early as 1666 and among 
other notable results had led to the invention of the reflecting 
telescope (cf. p. 480). A. whole series of hitherto puzzling 
phenomena concerning light and color were capable of satis- 
factory explanation on the assumption that there was an 
endless variety of light of .ifferent kinds or colors each hav- 
ing its own peculiar refrangibility or index of refraction for a 
given pair of media (see § 163). It is usually stated that 
Newton was the first to distinguish seven colors in the pris- 
matic spectrum (§ 160), but Maubolycus in the explanation 
which he gave of the circular arc of the rainbow (1575) calls 
attention to the “four principal colors” in it, namely, crocem 
(yellowish like saffron), viridis (green), cceruleus (sky-blue), 
and purpurem (purple) together with three other colors 
which he regards as transitions or connexiones. Newton’s 
investigations ranged over all the known phenomena of light 
including double refraction, polarization, etc.; but these are 
intricate questions and beyond the scope of this volume. In 
fact, the most notable advance in optics that marks the close 
of the seventeenth century (as the invention of the telescope 
and the microscope and the discovery of the law of refraction 
may be said to have given birth to the science of Geometrical 
Optics in the early part of this century) is the growth and 
development of theories as to the nature of light itself leading 
to bigger views and wider generalizations which belong rather 
to the more modem province of Physical Optics. The era 
made illustrious by the achievements of Huygens and Hooke 
and Newton a himdred years later was to be followed by the 
epoch of Young and Eresnei, and Feaunhofeb. But now 
the story becomes too complicated to be told in detail; and 
the student must consult special works on the history of 
modem optics in all its manifold developments in Ivofch theory 
and practice- 
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201. Combination of Two Thin Lenses. — The formula for 
the focal length of a combination of two thin lenses, as given 
on page 367, is: 

^ /1+/2-C' 

where fi, fi denote the focal lengths of the separate lenses 
and c = A 1 A 2 denotes the length of the air-interval between 
them. As long as the only condition imposed is that the focal 
length of the system shall have a certain prescribed value, 
this requirement can manifestly be satisfied by an endless 
variety of possible combinations in which two of the arbi- 
trary variables /i, /2 and c may be treated as independent 
while the third depends on the other two according to the 
above equation. In the following discussion in order to keep 
clearly in mind the variable character of these magnitudes, it 
may be helpful to substitute x, y and z in place of the symbols 
used above, and put 

/ 2 = 2 /; 

Any constant value may be chosen for the focal length of thj^ 
combination; for example, it is convenient to put / = 1, 
in which case all the other linear magnitudes will be expressed 
in terms of / as the unit of length. The results thus obtained 
can be applied immediately to any other case when / has a 
value greater or less than unity and is positive or negative; 
because all that is necessary is to multiply each linear magni- 
tude by this new value of /. The preceding formula may 
therefore be written: 


</-«■ (») 

Incidentally, it may be remarked that this equation is S 3 ntn- 
metrical with respect to x and y, as shown by the fact that it 
not altered when these letters are interchanged; and hence 
the focal length of a combination of two lenses remains un- 
changed when the system as a whole is reversed so that the 
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light goes through it from the opposite end. Now according 
as x^yoYz is regarded as the dependent variable, equation (1) 
may be written in three different ways, thus: 

But, in general, the optical system will have to fulfill some 
other requirement in addition to the condition of having a 
given focal length. Thus, for example, it may be demanded 
that the distance (a) of the second focal point (F') from the 
second lens, that is, the so-called ^^back focus” (§ 128) of the 
combination (a=A 2 F 0 shall have a certain value as com- 
pared with the focal length. This second condition leads to 
another equation which is obtained from the expression for 
A 2 F' given on page 367, and which in terms of the new sym- 
bols will appear here as follows: 

^=a, (/=1). (3) 

The variables x and z are therefore connected by the linear 
relation 

g=(l— a) x, 

which referred to a system of rectangular axes x, z represents 
a straight line going through the origin. If x and z are re- 
garded as the independent variables, the second of equations 
(2) gives the expression for the dependent variable y in terms 
of the other two variables. 

On the other hand, regarding x and y as the two independ- 
ent variables, we can combine equations (1) and (3) so as to 
eliminate the dependent variable z, thus obtaining the fol- 
lowing relation: 

xy^-ax^y^O; ( 4 ) 

which when plotted with reference to a pair of rectangular 
axes X, y will be found to represent a curve known as an equi- 
lateral hyperbola, one of whose branches goes through the 
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origin of the system of coordinates. The as>miptotes of the 
hyperbola are parallel to the axes of x and t/, and the center 
of the curve is at the point x=l^ y-a. The third of equa- 
tions 2) gives the expression for the dependent variable z in 
this case. 

Finally, if y and z are treated as independent variables, and 
accordingly if x is eliminated from equations (1) and (3), the 
following result will be obtained: 

yz'^{a-l)y-az=0; (5) 

which, referred to axes y, Zj likewise represents an equilateral 
hyperbola which goes through the origin and has its center at 
the point y^a, z-l—a. The first of equations (2) gives the 
corresponding expression for the dependent variable x. 

Thus three pairs of equations may be derived, which, al- 
though they are in fact identical with each other, having all 
been obtained from the same two original equations (1) and 
(3), are useful in these various forms depending on which 
two of the three variables x, y^ and z it is convenient to 
choose as independent variables to which more or less arbi- 
trary values can be assigned. Each of equations (3), (4) 
and (5) represents a family of curves, the differences between 
the curves in any one family being due to differences in the 
value of a. 

In the particular illustration which is used here, the ^'back 
focus a expressed in terms of the focal length of the com- 
bination is an arbitrary constant or parameter,^' the actual 
value of which has to be selected with reference to each pecu- 
liar problem as being the best value for that purpose. If, 
for example, we choose a=/=l, then according to equa- 
tion (3), either z — 0, which means that the two thin lenses 
must be placed in contact and that their focal lengths x, y 
may have any finite values provided their product is equal 
to their algebraic sum {xy^x-\-y)] or, else, we must have 
X infinite and y=a=l, that is, Ihe first lens must be afocal 
(like a plate of glass with plane parallel faces), whereas the 
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focal length of the second lens, which may be placed anywhere 
beyond it, must be unity. 

A telephoto-lens for photographing far distant objects 
consists essentially of a combination of a positive front lens 
with a stronger negative rear lens, placed at such a distance 
apart that the '^back focus of the system is much shorter 
than the focal length; so that the parameter a in this case 
is a proper fraction. For example, suppose /=! and a =0.2; 
and hence according to equation (3), If from 

practical considerations it is found that the best value to 
give z is 2 : =0.16, we must have a;=+0.2. Thus if the focal 
length of the combination is to be one meter, the two lenses 
must have focal lengths of +20 and —5 cm. and must be 
separated by an interval of 16 cm. This simple example may 
serve to illustrate how the formulae and particularly the 
graphs obtained by plotting these equations will help us to 
make the best choice of values for a practical solution of a 
problem of this kind; which is a process that has nearly always 
to be carried out in the preliminary design of an optical sys- 
tem, even if these values may subsequently require to be 
modified to a greater or less extent in virtue of other condi- 
tions. 

202. Types of Optical Instruments. — Optical instruments 
are usually classified as convergent or divergent (§ 120) ac- 
cording as the focal length of the system is positive (/>0) 
or negative (/<0); and the system is said to be ^‘afocaF' 
when the focal length is infinite, as in the case of a telescope 
when the instrument is in what is called sometimes normal 
adjustment. In a recent paper entitled ^^The classification 
of optical instruments^^ {Jour, Oft, Soc, America and Rev 
Sci, Indr,, VI, 1922, pp. 682-^7) Mr. T. Smith has proposed 
a new method of “division comprising five classes,'' which 
certainly has much to be said in its favor from the point of 
view of the practical designer of optical instruments, even if 
it should never be generally adopted. The basis of the new 
method depends essentially on the fundamental constants' 
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which according to Gauss’s theory (§§ 119, foil.) determine 
the character of the imagery produced by an optical system 
which is symmetrical aroxmd an axiu. 

Let the positions of the focal points of a centered system 
of spherical refracting surfaces surrounded by air on both 
sides be designated by F, F’; and let the vertex of the first 
surface be designated by A and the vertex of the last surface 
by B; and, moreover, let the point conjugate to A be desig- 
nated by A'. Put AF=a, BF=6 and BA'=k. Finally, if 
M, M' designate the positions of a pair of conjugate points 
on the axis, and if we put a;=AM, x'=BM', then, since 
(§ 123) 

FM . F'M'=FA . F A’= -f, 

where / (=— /) denotes the focal length of the system, the 
following equations may easily be derived: 


and 


xx'—ax'—bx+ak=0, 

db—ak+f^=0. 


Accordingly, when three of the steps denoted by a, b, k and/ 
are known, the other one can be found, and hence also the 
value of x' corresponding to any assigned value of x. Thus, 
for example, if the focal length of the system is given together 
with the positions of the three points designated by A', B and 
F', the character of the imagery can be completely ascer- 
tained. 

Mr. Smith's method of classifying optical systems is based 
therefore on the order of arrangement of the points A', B and 
F'. When an object-point starting at an infinite distance in 
front of the instrument moves along the axis steadily in the 
same direction as that of the incident light until it arrives at 
the vertex A of the first surface, the conjugate image-point 
starting at F' and moving always in one constant direction 
will finally reach the point A' conjugate to A. But this jour- 
ney must be performed in one direction only, that is, in the 
direction along the axis in which the image-point is compelled 
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to go by the nature of the imagery in each special case; and 
hence when A' is at a finite distance from F' in the direction 
of motion of the image, the distance which the image goes 
will be finite, otherwise it will be infinite because it has to 
pass through the infinitely distant point of the axis before it 
can reach its final destination at A'. For example, in the ac- 
companying diagrams (Figs. 272 and 273) the direction of the 
incident light, the so-called positive direction, is that indica- 
ted by the arrow; and here not only the object but the image 
also is supposed to move in this same direction; but no mat- 
ter how the diagrams are drawn the statements below will be 
found to be perfectly general and applicable to all cases. The 
horizontal line representing the axis must be thought of as 
extending to infinity in both directions, and that part of it 
which is drawn thicker than the other represents the portion 
of the axis which is traversed by the image when the object 
progresses from an infinite distance to the vertex of the first 
surface. In Fig. 272, the distance from F' to A' in the sense 

of the motion is a finite inter- 
val, and when this is the case, 
the points A', B, F' may be 
ranged along the axis in three 
possible orders as shown; on 
the other hand in Fig. 273, the 
image point has to pass through 
the infinitely distant point of 
the axis in order to go from 
F' to A', and again there are 
three possible orders of ar- 
rangement of the points A', B, 
F' as shown. 

Accordingly, optical systems 
may all be grouped under one 
or other of two main divisions, which in turn may be sub- 
divided as follows: 

The first group includes those optical systems for which 


fa) 


fb) 


(c) 


B 


“T 


p/ 

a' b 


B &! 

Fig. 272. — T. Smith’s classification 
of optical instruments. 
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the part of the axis traversed by the image is finite (Fig. 272) 
and in this case: 

1. If the step BF' is in the same direction as that of the 
incident light Q»0), the order in which the points occur is 
B, F', A', as in Fig. 272 (a); whereas 

2. If the step BF' is in the opposite direction to that of the 
incident light (6<0), the order in which the points occur may 
be either F', A', B (when k-BA' is negative), as in Fig. 272 
(6), or F', B, A' (when k =BA' is positive), as in Fig. 272 (c). 

The second group includes those optical systems for which 
the part of the axis traversed by 
the image is infinite (Fig. 273); ^ 

and in this case: 

1. If the step BF' is in the ^ ^ 

opposite direction to that of the ^ B 

incident light (Z><0), the order 

in which the points occxir is 

A', F', B; as shown in Fig. 273 ^ ^ , 

(a) ; whereas B A' F' 

2. If the step BF' is in the 
same direction as that of the 

incident light (6>0), the order (c) - , — ^ ^ 

in which the points occur may A' B F' 

Ka pi+IiAT* "R A' F' Fig. 273.— T. Smith’s clacssification 

be eitner ±5, a, ^ twnen of optical instruments. 

^fc=BA' is positive); as m 

Fig. 273 (6), or A', B, F' (when X:=BA' is negative), as in 
Fig. 273, (c). 

If the optical system is a single infinitely thin lens, the 
points A' and B coincide with each other and lie both on the 
same side of F'; so that an infinitely thin convex lens be- 
longs to the second division of the second group and an in- 
finitely thin concave lens to the second division of the first 
group. An ordinary concave thick lens will have the arrange- 
ment F', A', B as represented in Fig. 272 (6); and (to quote 
from Mr. Smith's original pai)er) it is because the negative 
lenses ordinarily used belong to this class, and not because 
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the power is negative, that all the images they form are vir- 
tual 

An optical instrument on the order of a telescope, that is, 
an afocal instrument (/=oo) constitutes a special case, be- 
cause in this case the focal point F' is itself the infinitely dis- 
tant point of the axis, and consequently the segment F'A' is 
necessarily infinite in this case. In the Kepler type of tel- 
escope (p. 456), prism binoculars, etc., A' lies beyond B in 
the direction of the incident light, so that all such instru- 
ments have either the arrangement P', B, A' (Fig. 272, c) or 
B, A', F' (Fig, 273, b); whereas in the Dutch telescope 
(p. 456) and similar constructions the order of these points is 
just opposite, that is, either A', B, F' (Fig. 273, c) or F', A', 
B (Fig. 272, 6). 

203. Formula for Refracting Power (Fi, k) of Centered 
System of k Spherical Refracting Surfaces. 

Let 

Fk=(nk+i— Uk) Ek 

denote the refracting power of the kth surface of a centered 
system of spherical refracting surfaces, where Ek denotes the 
curvature of the surface and nk, nk+i denote the indices 
of refraction of the two media on opposite sides of it. More- 
over, let Fi,k denote the refracting power of the entire sys- 
tem from the first to the kth surface, inclusive. This system 
may be considered as a compound system composed of two 
partial systems, one of refracting power Fi, k-i consisting of 
all the members except the kth surface and the other being the 
kth surface itself; and the formula of § 126 may be applied 
to obtain an expression for the refracting power Fi, k of the 
resultant system together with expressions for the positions 
of the principal points Hi, k, Hi, k'; provided the correspond- 
ing data in the case of each of the two component systems 
may be assumed as known. The principal points of the kth 
surface coincide with eadfi other at the vertex Ak of this 
surface (§ 119); and hence if the reduced interval (§ 126) be 
tween the two systems is denoted here by ak - 1 , that is, if 
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Hi.k-i'Ak 

^ 

nk 

then according to the formula for the refracting power of a 
combination of two optical systems, the following equation 
may be written immediately: 

F 1, k=Pl. k-l+Pk-'Sk-l.Pl, k-l.Pk; (1) 

and the position of the second principal point of the centered 
system of k spherical refracting surfaces will be given by the 
following expression: 

AkHi, k' Sk-i.Pi,k-i. 

nk+i Pi.k 

However, this latter formula can be put in a more convenient 
form; for, since 

AkHi, k'=AkAk4.i+Ak4.iHi, k', 

it follows that 


AkHi, k^ 

Hk+l 




where nk+i.Ck=dk=AkAk-ki denotes the axial thickness of 
the medium comprised between the kth and the (k4-l)th sur- 
faces. If this value is substituted in (2) above, the following 
recurrent formula will be obtained: 

k=-Sk~i.Pi, k-i+Ck.Pi, k- (3) 

In formulsB (1) and (3) we may give k in succession all inte- 
gral values from k=l to k=m, where m denotes the total 
number of surfaces. Here a difficulty will arise as to the 
meaning of the s 3 nnbols Fi, i and Fi, o which may occur when 
k is put equal to 1 or 2 in the formulae referred to; because 
without special explanation these symbols can have no mean- 
ing of themselves. It appears that in order that the formulae 
may be true for all the values of k above mentioned, we must 

Fi, 0=0. 

Thus, for example, if the values 1, 2, 3 are assigned to k in 
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succession and the three equations obtained in this way from 
equation (3) are combined, we find: 

S3.P1, 3=ci.Pi, 1~hC2.P1, 2+C3.P1, 3; 
which is sufficient to indicate the general rule as contained 
in the following formula: 

p = k-l 

5fc~.i.Pi, k-i=5J Cp.Fi.p, (4) 

p= 1 

where the expression on the right-hand side of the equation 
means that we must take the algebraic sum of all the prod- 
ucts obtained by putting p in succession equal to all whole 
numbers from p = 1 to p = k-l, inclusive. And if now this 
equation (4) is combined with equation (1), the following re- 
current formula will be obtained finally for the refracting 
power of a centered system of k spherical refracting surfaces, 
in terms of the refracting powers of the single surfaces and 
the reduced intervals between them: 

Pi, k==Pl, k-l+Pk [1 S Cp.Pi, p |, (5) 

where fc is to be given in succession all integral values from 
k = 2 to k = k. This elegant and useful formula was com- 
municated to the writer in 1920 by Professor C. W. Wood- 
worth of the University of California. 

These results can be expressed also in a different form by 
introducing the symbol Xi, k as a convenient abbreviation 
for the following function: 

Xi, k=l— fc-i; (6) 

whereby formulae (1) and (3) may now be written: 

i^i.fc=f'’i,k-i+Xk.Xi,k, ,7. 

Xi. k=Xi, k-l — Ck-l-f^ 1, k-1. 

For the value k=l, we must put Xi, i=l- These formulae 
(7), in a different system of notation, were given first by 
Mr. T. Smith in a “Note on Optical Imagery” published in 
Proc. Phys. Soc. of London, XXV (1912-13), pp. 239-244. 
thractieally, they are equivalent to formula (5), so that if the 



§203] 


Foimula for Refracting Power 


609 


value of F is known for each surface and the value of c for 
each medium, the refracting power of the system can be cal- 
culated. 

Incidentally it may readily be shown that the position of 
the second focal point (F') of a centered system of m spherical 
refracting surfaces is given by the following expression; 


A„.F 

Uni-J-l Fl, m 


(8) 


If the light is supposed to traverse the system in the re- 
verse sense (that is, to proceed through it from the opposite 
end), and if, corresponding to the symbols s and X, two new 
symbols t and Y are introduced, which are defined as follows: 


tk-l 


Ak— iHk, m 

. , 

Hk 


( 9 ) 


Pk— l,m— (19) 

evidently, another pair of formulge, similar to (7), can be 
obtained, namely: 


Fk— l,m — Ffc, ni“|“F k — l-Pk— 1, mj 
Pk— l,iii”Pk, na^Ck— l-F k, m* 


( 11 ) 


Here it should be noted that Pm, m=l. Equations (11) 
are useful, partly because they afford a check on the calcu- 
lation of Fi , m as obtained by equations (7), but especially 
also because by means of them the position of the first focal 
point (F) can be found, since we have here a relation analo- 
gous to (8), namely; 


AiF _ Pi.m 
ni Fi, m 


( 12 ) 


The convenience and utility of these formulae wiU be per- 
ceived best by performing an actual numerical calculation 
to determine the refracting power Fi, m and the positions of 
die focal points F, F' of a special system. For this purpose 
let us take the object-glass of a telescope in the form of a 
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triple eenieiited lens (in=4) made of two kinds of glass, 
The indices of refraction of the media (for light corresponding 
to the D-line in the solar spectrum) are given as follows: 
ni=n 5 =l (air); 112 =n 4 = 1.61358 (flint); ns = 1.51806 (crown). 
The radii of the surfaces are: 

ri = -f45.382; r 2 = +24.243; r3=~86.932; r4= -406.245; 
and the thicknesses and corresponding reduced thicknesses 
are: 

+0.500290, d2 = +1.005820; 

Cl =03 = +0.310050, C2 = +0.662569. 

(As a matter of fact, the precision indicated by using six 
places of decimals is far more than would probably be re- 
quired in practice; but for purposes of the present illustra- 
tion it is desirable to retain these figures just as they were 
originally obtained in the theoretical design of the object- 
glass.) 

The refracting powers of each of the surfaces must be cal- 
culated by the formula Fk=(nk+i — nk)2?kj (i?k=l/rk); and 
thus the following values are found: 

+0.013520; ^2= -0.003940; Fz= -0.001099; 
ip 4 = +0.001510. The calculation proceeds then by means of 
formulae (7) as indicated in the following scheme: 



xi.k 

Pk.Xl,k 

Fi.fc 

- Ck . Fl, k 

k = 1 

+ 1.000000 

+ 0.013520 

+ 0.013520 

- 0.004192 

k = 2 

+ 0.995808 

- 0.003923 

+ 0.009597 

- 0.006359 

k = 3 

I +0.989449 

- 0,001087 

+ 0.008510 

- 0.002639 

k = 4 

' +0.986810 

+ 0.001490 

+ 0.010000 



Each horizontal line in this table is the calculation of one 
surface as indicated by the value of k on the left-hand side. 
Each number in the first column (except the first number of 
all) is obtained by algebraic addition of the two numbers in 
the preceding line in the first and last columns; and, similarly, 
each number in the third column (except the first) is obtained 
by algebraic addition of the preceding number on the same 
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line and the preceding number in the same column. The 
last number in this column gives the value of the refracting 
power of the system, which here is found to })e Fi,4==0.01, 
so that the focal length of the object-glass is equal to 100. 

The scheme for the calculation of the system in the reverse 
sense, according to formulae (11), is as follows: 



1^.4 

FkFk.4 

Fk. 4 


k = 4 

+ 1.000000 

+ 0.001510 

+ 0.001510 

- 0.000468 

k - 3 

+ 0.999532 

- 0.001099 

+ 0.000411 

- 0.000272 

k = 2 

+ 0.999260 

- 0.003937 

- 0.003526 

+ 0.001093 

k - 1 

+ 1 000353 

+ 0.013526 

+ 0.010000 



The same value is obtained as before, viz. Fi, 4=0.01. The 
positions of the focal points are calculated by means of for- 
midje (8) and (12), which give: 


AiF = - 100.0353, A4F' = +98.6810. 

A good exercise for the student would be to calculate by 
this method the focal length, etc., of the object-glass given 
in § 181. He may also repeat the calculations in § 130 of 
Gullstrand^s schematic eye in this way. 

204. Trigonometrical Calculation of Ray Refracted at a 
Spherical Surface. — Instead of using the abscissa c=CL for 
one of the ray-coordinates, as in § 180, any other convenient 
linear parameter may be chosen for this purpose; and thus 
various systems of formulae may be obtained similar to that 
given on page 517 for the trigonometrical calculation of a 
ray refracted at a spherical surface. Suppose, for example, 
that the ray is determined by the angle 0 which it makes 
with the axis and the length of the central perpendicular GY 
(Fig. 237) let fall from the center C on the ray RB. If the 
length of this perpendicular is denoted here by p, that is, 
if p=CY (where this symbol must not be confounded with 
the same symbol p used in § 186), the exact definition of this 
new linear parameter is contained in the formula: 

p=— c.sin Qi 
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and if p' has the corresponding meaning with reference to the 
refracted ray, it may easily be shown that tiie following re- 
lations are true: 


sin a==p.R, sin a'=p'.R, n'^ =n.p; 

where i2 = l/r denotes the curvature of the surface and n, 
n', a and a' have the same meanings as in § 180. Accord- 
ingly, knowing the values of p, 6 for the ray before refrac- 
tion, we can obtain the corresponding values of p', d' from 
the above equations taken in connection with the invariants 
relation between the angles, namely: a' ~ 0' = a— 0. 

When the path of a ray has to be traced through a centered 
system of spherical refracting surfaces, the value of pk+i 
before refraction at the (k-M)th surface can be obtained 
from the value of p'k after refraction at the kth surface, by 
means of the following evident relation between these per- 
pendiculars: 

Pk+i=p'k +Uk.sin 0k+i, 

where ak=GkCk-fi denotes the distance between the centers 
of the kth and (k-{-l)th surfaces and is given in terms of the 
radii and the axial thickness by means of the following for- 
mula: 

ak=dk4-rk+i — rk. 


If the ray incident on the first surface is given by the two 
linear parameters (ci, hi), as is frequently the case (see p. 
520), where Ci = CiLi and hi denotes the distance of the 
incidence-point Bi from the axis, the slope (di) which has 
to be found in order to begin the calculation can be ascer- 
tained by means of the following formula: 


tan di= 

Ci=±= 


hi 


where the upper sign in front of the radical must be used if 
the first surface is convex and the lower sign if it is concave. 
This angle having been found, the length of the central per- 
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penciicular on the incident ray can be computed by means of 
the relation 

Pi=-CiAndi; 

and then we may proceed to trace the ray from one surface 
to the next by the system of formulae given above. 

Nearly always a numerical calculation of this kind in- 
volves tracing the paths of several rays through the system 
and at least one paraxial ray in order to obtain the magni- 
tude of the spherical aberration along the axis, as, for ex- 
ample, in the calculation given on pages 521, 522; which is 
usually a very satisfactory mode of calculation. However, 
there is a certain obvious advantage and convenience in cal- 
culating the paraxial ray and the so-called edge-ray side by 
side in parallel vertical columns, so that corresponding mag- 
nitudes for the two rays (particularly their intercepts on the 
optical axis) may be constantly compared with each other 
during the progress of the calculation as some kind of a check 
against gross errors which can easily be made by some inad- 
vertence or by an oversight perhaps in respect to an algebraic 
sign. Now any system of formulae for computing the path 
of an edge-ray can be used also for computing the path of the 
corresponding paraxial ray, because all that is necessary 
for this purpose is to substitute the angles d, 0' and a, a' 
in these formulae in place of the sines and tangents of the 
angles. So far as the paraxial ray is concerned, the actual 
numerical values which are assigned to these angles at the 
outset of the calculation are of no consequence whatever; 
just as in drawing diagrams to show the optical effects of 
paraxial rays, the actual slopes of the rays and the angles 
which they make with each other and with the other lines in 
the figures were of no importance and may indeed be wholly 
incorrect, so long as the points where these lines intersect the 
axis are all shown correctly; as was explained in § 70. 

If, therefore, the calculations of the paraxial ray and the 
edge-ray are to be made side by side for the sake of compar- 
ison with each other, and if it is true that it makes no differ- 
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enee what initial value is assigned to the slope 0i in case of 
the paraxial ray, then in order that the numerical results in 
the two columns may agree as nearly as possible, the value of 
6 1 which is chosen for starting the calculation of the paraxial 
ray should be put equal to the value of sin for the edge- 
ray. 

If the formulse given above are to be used, the scheme will 
be as follows: 


Paraxial Ray 


Edge-Ray 


a^'p.R, a'=p\R; 
0'= 0+a'~a; 

?>k+i =Pk'*f Uk.0k-M; 


n 

=£7P; 


sin a-p,R, sin a'=p'.i2; 
0'= 0+a'-a; 

pk+i=Pk'+«^k.sin 0k+i. 


In the special case when the incident ray is parallel to the 
optical axis (0i=O, ci=oo), the calculation starts with: 


Paraxial Ray Edge-Ray 

ai=hi.Ri; sin 


If a plane refracting (or reflecting) surface is included in 
the system of surfaces, then for this surface 72=0, p, p^ 
become infinite, and the formulae given above cannot there- 
fore be employed. Suppose the kth surface is plane, and that 
before refraction at this surface the edge-ray crosses the opti- 
cal axis at Lk and the corresponding paraxial ray crosses the 
optical axis at Mk; then the calculation here may proceed 
according to the following schane: 
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Plane Surface (i2k“0): 

Paraxial Ray Edge-Ray 

Symbols: 

^k-i'=Ck~iMk; Ck-i'=Ck~iLk; 

Wk=AkMk, Wk'==AkMk+i; t;k=AkLk, z;k'=AkLk+i* 


Formulse: 


f . 


Mk =2k-i'+?'k- 1 - cZk- 1; 


Wk'=2^' «k; 
Ok 




sin 0k' 


a;k=rk»-i'+rk-i--rfk-i; 
sin 0k+i=“^ siu 0k; 

Uk+l 

. tan 0k 
^ "“tan 0k+i 


A numerical example will illustrate more clearly the proc- 
ess of calculation in parallel columns which has been de- 
scribed above. A comparatively simple optical system will 
suffice for this purpose, consisting, let us say, of a single 
double convex lens surrounded by air (ni=n 3 ==*l; n2=1.5), 
with dimensions as follows: 

ri=-r2 = +40; di = +4. 

Assume that the rays emanate from a luminous point on the 
axis at a distance of 100 from the lens (t4i=t;i=AiLi = 
AiMi = -“100); and hence ri = -”140. Assume 

also that the edge-ray meets the first surface at a point whose 
height above the axis is equal to 10 (A i = +10). We find 
then that Ig tan 0i =8.994 5185+: and thereafter the calcu- 
lation proceeds as follows: 
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Paraxial Ray Edge-Ray 

Logarithmic Calculation 


Ig^l 

8.992 4114+ 

Ig sin0i 

8.992 4114 + 


IgCi 

2.146 1280 - 



hpi 

1.138 5394 + 



Ig ni/n2 

9.823 9087 + 



IgPi' 

0.962 4481 + 



IgJSi 

8.397 9400 +• 

Ig a/ 

9.360 3881 + 

Ig sina/ 

9.360 3881 + 

Ig 0.1 

9.536 4794 + 

Ig sintti 

9.536 4794 + 

Igai 

1.880 8136 - 

Igfli 

1.880 8136 - 

Ig 02 

8.214 2609 - 

Ig sin 02 

8.328 9660 - 


0.095 0745 + 


0.209 7796 + 

02 

+ 1.244728 

ai.sin02 

+1.620987 

Pi 

+ 9.171664 

Vi 

+9.171664 

P2 

+ 10.416392 

Pi 

+10.792651 

IgPi 

1.017 7173 + 

hPi 

1.033 1281 + 

Ig n2/n3 

0.176 0913 + 

Ig na/ns 

0.176 0913 + 

Igp/ 

1.193 8086 + 

hPi 

1.209 2194 + 

lgi?2 

8.397 9400 - 

lgJ?2 

8.397 9400 - 

Ig an' 

9.591 7486 - 

Ig sina2' 

9.607 1594 - 

IgOi 

9.415 6573 - 

Ig sina2 

9.431 0681 - 

IgPa' 

1.193 8086 + 

^gPi 

1.209 2194 + 

clg^s 

0.833 9167 - 

clg sin 03 

0.784 9957 - 

Igz/ 

2.027 7253 + 

lgC2' 

1.994 2151 + 


Angle Computation 


Si 

+0.098 2678 

01 

+ 5° 38' 21.96" 

Oi 

+0.229 2916 

a/ 

+13“ 15' 19.32" 


+0.327 5594 


+ 18“ 53' 41.28" 

-Oi 

-0.343 9374 

~ai 

-20“ 7' 0.99" 

02 

-0.016 3780 

02 

- 1“ 13' 19.71" 

CL2 

-0.390 6147 

az 

- 23“ 52' 25.89" 


-0.406 9927 


-25“ 5' 45.60" 

— Ct2 

+0.260 4098 

— az 

+ 15“ 39' 12.00" 

03 

-0.146 5829 

03 

- 9“ 26' 33.60" 
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Z2' =+ 106.5922 
-C2'= - 98.6768 
Tj^i/i.3=Zi — Ci — +7.9154 


1 


The example in § 181 should be calculated by the above 
method also. 

205. Cartesian Optical Surfaces (or Surfaces which are 
free from. Spherical Aberration 
along the axis). — An ordinary 
spherical refracting surface or 
spherical mirror exhibits the 
phenomenon of spherical aber- 
ration (§ 178) in case of a 
monocentric bundle of incident 
rays which all intersect in one 
point on the axis of S3anmetry 
of the system. It is doubtful 
whether Descartes was aware 
of the existence of the pair of 
so-called aplanatic points J, J' 
on the axis of a spherical 
refracting surface (§ 177), for 
which the spherical aberration 
vanishes. They were certainly 
discovered independently by 
Huygens prior to 1653 who con- 
stantly alludes to them in his 
Dioptrics (see Fig. 274) and at 
least once in his ‘^Treatise on ^ 

T • 1 . 51 TT 1 IT,.. Fig. 274. — ^Huygens’ diagram for 

Light. He showed how these showing construction of ray 

points could be utilized in de- refracted at a spherical sur- 

s^mg the form of a lens with g. ^produced from Fig. 27, 

^helical surfaces which would mxniofHtiTOBNs’ffluvres 
convert a wide-angle bundle <rf oompistes, p. 63. 
indd^t rays divei^g from a point J on the optical axis 
in front of the lens into ano&er m<moeentric bundle of emer- 


m 
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sent rays diverging also from an axial point J' on the same 
side of the lens as J, where J, J' are the positions of the pair 
of aplanatic points of one of the spherical refracting surfaces, 
and either J or J' is the center of curvature of the other sur- 



rjioniscnw: all rays emanat- 
ing from J emerge as if they 
had come from J'. 



Fig. 276. — “ Aplanatic ” concave me- 
niscus: all rays emanating from J 
emerge as if they had come from 


face, so that the rays must meet this latter surface normally 
eitlier on entering the lens or on leaving it, as the case may be. 
In both eases the practical form of an ''aplanatic lens” of this 
description will be that of a meniscus, either convex (Fig. 275) 

with the center*of the 
less curved face at J, 
or concave (Fig. 276) 
with the center of the 
less curved face at J'. 

A plane mirror is 
unique among optical 
contrivances by rea- 
son of the fact that 
no matter where the 
object lies, or whether 
Fig. 277.--Ellipsoidal minoir. it is ''real” Or "vir- 

tual, ” its image in a 
plane mirror is completely free from the so-called spherical 
aberrations (and from chromatic aberrations also). But one or 
two special forms of curved mirrors possess a property akin to 
this in a restricted way inasmuch as they are free from spher- 
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ical aberration along the axis for a single object-point in a 
certain definite position with respect to the curved surface; 
namely, an ellipsoidal mirror (Fig. 277), whose surface is a 
prolate spheroid generated by the revolution of a portion 
of an ellipse about its major axis, and a paraboloidal mirror 
(which may be considered as an ellipsoidal mirror with 
its center of symmetry at infinity) generated by the revolu- 
tion of a parabola about its axis. It can be shown that all 
rays emanating from one of the two foci of the generating 
ellipse of an ellipsoidal mirror will be reflected accurately 
to the other focus; and, similarly, rays emanating from the 



Fig. 278. — Parabolic mirror. 


focus of the generating parabola of a paraboloidal mirror 
(Fig. 278) will be reflected in a cylindrical bundle of rays all 
parallel to the axis of revolution, or, conversely, incident rays 
parallel to the axis will be reflected to the focus. Parabo- 
loidal mirrors are much employed in searchlights, locomo- 
tive and automobile headlighte and in some of the more 
expensive models of flashlights. 

Even before the law of refraction itself had been accurately 
ascertained, Kepler with his remarkable scientific instinct 
had discovered the form of a curved refracting mrface which 
produced an effect not unlike that obtained with a para- 
boloidal mirror. This surface was that of an hyperboloid 
generated by the revolution <rf an hyperbola about its trans- 
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verse axis; and is such that, when the relative index of refrac- 
tion of the two media has a certain value greater than unity, 
incident rays emanating from the farther focus of the hyper- 
bola and falling on the convex side of the surface will be re- 
fracted into the denser medium in a direction parallel to the 



Fig. 279. — Hyperbolic refracting surface. 


oj)tical axis as represented in Fig. 279. It can be shown also 
that a concave refracting surface having the form of a prolate 
spheroid (ellipsoid) will bend incident rays emanating at 
the far focus of the ellipse in the denser medium into a cylin- 
drical bimdle of rays in the rarer medium proceeding in a 



direction parallel to the major axis (Fig. 280). In each 
of these cases the actual dimensions of the surface and 
therefore the distance of the focus from the vertex will de- 
pend on the value of the relative index of refraction of the 
two media. 
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The several examples of reflecting and refracting surfaces 
of revolution which have been instanced above and all of 
which are characterized by having the power, under certain 
conditions, of transforming a monocentric or stigmatic bun- 
dle of incident rays into a similar bundle of emergent rays 
are merely particular cases of the so-called Cartesian Optical 
Surface called after Descabtes who first discovered the gen- 



eral equation applicable to all such surfaces and investigated 
their mathematical properties (§200). Descartes himself 
expended much effort in trying to devise convenient mechan- 
ical appliances for successfully grinding hyperboloidal and 
other aspherical optical surfaces, but even with the help of 
the best opticians of that day in both France and Holland 
he never practically succeeded with this task. He even im- 



agined that lenses with h3rperbolic surfaces combined in a 
telescope would enable him to perceive the very details on 
the surfaces of the moon and other celestial objects; but he 
would have been disappointed in this expectation, because 
a good optical image involves many other factors beside 
mere sharpness at one particular mathematical point. Mg. 
281 shows a double convex hyperboloidal lens such as Des- 
CAETES probably had in mind which is designed to unite rays, 
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emanating originally from a certain point on the axis, at an- 
other point equally distant on the other side of the lens. 



Figs. 282 and 283 show the forms of a piano-hyperbolic con- 
vex lens and a sphero-elliptic convex lens, respectively, which 



Fig. 284. — Plano-hyperbolic concave lens. 


will converge parallel incident rays to a real focus; and Figs. 
284 and 285 show the corresponding forms of concave lenses 



Fig. 285. — Sphero-elliptic concave lens. 


each of which will make a beam of parallel incident rays di- 
verge from a virtual focus after traversing the lens. 
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The problem of finding the form of surface CDE (Fig. 
286) which shall reassemble at a point B, rays coming from 
another point A”, the “summit of the surface” being at “ a 
given point D in the straight line AB/' is treated with great 
skill and thoroughness by Huygens in the last chapter of 
his famous TraPA de la lumihre (composed by Huygens in 
1678 and translated into English by Professor S. P. Thomp- 
son, London 1912) ; although Huygens himself realized that 
there was much difficulty in manufacturing aspherical sur- 
faces and doubted whether it was worth while to take the 
trouble, notwithstanding (as he says) that “it may occur that 



Fig. 286. — “ Aplanatic refracting surface: rays coming from A are refracted 
at the surface to B. 

some one in the future will discover in it [that is, in “the inven- 
tion ” of such surfaces] utilities which at present are not seen.” 

The problem, as above stated, consists in ascertaining the 
form of a surface of revolution which will bend rays, either 
by refraction or by reflection, from a given point L on the 
axis to another given point L' also on the axis (Fig. 287), 
when the position of the straight line LL' is known, the value 
of the relative index of refraction (n) of the two media being 
given also. Since the time taken by light to go from L to 
U is the same by all the actual paths between these points, 
according to Fekmat's Law (§38), the optical length (§ 39) 
from L to L' along the path LPL' is the same as that along 
the axis LAL'; that is, 

LP+n.PL «LA4-n.AL'. 
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Using the same symbols as are employed in Chapter XV for 
the corresponding linear magnitudes in case of a spherical 
refracting surface, let us write therefore: 

t;=AL, v'=AL', Z=PL, Z'=PL', 

with the understanding that these distances along the rays 
are to be reckoned positive or negative according as they are 


T 



measured with or against the direction of the light. Then 
the equation above may be expressed as follows: 

nZ'— Z=ne)'— z;=a, 

where a denotes the constant value of the optical length be- 
tween the two terminal points L and L'. This is the focal 
form of the equation of the famous “ovals of Descartes”, 
which is the name given to these curves in honor of their dis- 
coverer and on accoimt of their oval forms. The actual form 
and dimensions of the curve in any given case will depend on 
the value of the constant a. Thus, for example, when a = 0, 
the curve reduces to a circle (nZ'— Z=0) and the corre- 
sponding Cartesian surface will be a spherical refracting sur- 
face for which the pair of points L, L' are identical with the 
aplanatie points J, J'. Or, again, by putting n=— 1 (§75), 
we find that the equation of the generating curve of a mirror 
which will reflect rays from L to L' is Z'+Z=a constant, 
which is the characteristic property of an ellipse. 
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If the vertex A is taken as the origin of a system of rectan- 
gular coordinates whose abscissa-axis is the straight line join- 
ing L and L' and if x, y denote the coordinates of the point 
P, then 

and if I and V are eliminated from the equation rdf --l^nv'—v, 
the following equation of the fourth degree in x, y is ob- 
tained as the general equation of the meridian section of the 
Cartesian Surface: 

I 1) 2(nV— t;)a? J ^ 

4-4n(t/— nv') |(a'— n?;) (a;^-f 2 /^)+ 2 (n— 1) vv^x"^ =0 

In a paper by the writer entitled Aplanatic (or Cartesian) 
Optical Surfaces (Joum, Franklin Inst, 193 (1922), pp.^ 
609-626; also, 194 (1922), pp. 69-73) this equation is discussed 
in some detail and a method is given for making a simple 
geometrical construction of the required curve for any special 
case. 

With improvements in processes and machinery for manu- 
facturing optical surfaces, it is by no means unlikely that 
these Cartesian Curves will have a utility in certain special- 
ized forms of modern optical contrivances (condenser lenses, 
etc.). Real progress in optical instruments is certainly to be 
gained by the possibility of using aspherical surfaces of some 
kind, although these surfaces will be quite different from the 
Cartesian sxirfaces which have been described above. Sev- 
eral years ago Gullstrand published a monograph entitled 
“Ueber asphaerische Flaechen in optischen Instrumenten'^ 
(Stockholm, 1919, 155 pages) which is a masterly treatment 
of the entire subject from every point of view and contains 
both theoretical and practical suggestions which will undoubt- 
edly have much influence on the future of optical design and 
construction. 



626 


Mirrors, Prisms and Lenses [Ch. XVI 


MISCELLANEOUS PROBLEMS 


1. Kepler gave an approximate formula for the law of 
refraction which may be written as follows (§ 200) : 


a.' 

*^"’1— C-seca'’ 





whereas the true law as found afterwards is sina=n.sma'. 
Give a' a series of values (say, 5®, 10*^, 15^, etc.) and calculate 
by each of these formulae the corresponding values of the 
angle of incidence (a) for n=|: and plot two curves on a 
sheet of coordinate paper with same set of axes exhibiting the 
results. 

2. The principal section of a single reflection glass prism 
has the form of a triangle ABC, the rays entering and leaving 
the prism at the sides AB and BC, respectively, having been 
reflected meantime from the side AC. (1) Construct the 
path of a ray through the prism for which the total deviation 
is a right angle; and (2) construct the path of a ray which 
leaves the prism parallel to the side AC. 

3. The principal section of a double reflection glass prism 
has the form of a quadrilateral ABCD and is so designed that 
rays entering the prism across the face AD and being inter- 
nally reflected, first, at the face AB and then at the face BC, 
emerge across the face CD into the surrounding medium with 
a constant total deviation 5. Show that the angle CDA=6 
and angle ABC = 180^ —5/2. 

4. The principal section of a double reflection glass prism 
has the form of a triangle ABC, the angle at A being twice 
that at C. Rays refracted into the prism across the side AB 
are reflected internally at the sides AC and BC in succession, 
and emerge finally into the surrounding medium across the 
side AC. Show that the total deviation is equal to twice the 
angle at C. 

6. Show that the distance between the two princ’pal noints 
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of a thick lens of index n surrounded by air is (n— 1)- ad/N, 
where a and d denote the distances between lh(‘ etaiters and 
between the vertices of the two surfaces (a=CiC 2 , d=AiA‘ 2 ) 
and N = (n— 1) (na— d). 

6. Show that the greatest possible diameter of a convex 
lens of radii ri, n and thickness d is equal to 

'v/(2ri— d) ( 2 r 2 +d) ( 2 r 2 — 2ri+d) d 
?'2— ri+d 

7. The crystalline lens of Gullstrand’s schematic eye is 
a double convex lens of radii 10 mm. and 6 mm. surrounded 
by a medium of index 1.336. The thickness of the lens is 
3.6 mm. and its refracting power as found on p. 373 is 19.110 
dptr. Find the index of refraction of the equivalent lens of 
the same external form and of equal refracting power, but 
homogeneous in substance. 

Ans. 1.4087 (whereas the index of the lens-core in the 
schematic eye is 1.406). 

8. Let 0, O' and M, M' designate the positions of two pairs 
of conjugate points on the axis of a centered system of spheri- 
cal refracting surfaces; and put z = OM, 2 ' = O'M', Z=n/z, 
Z' = n'/z' where n, n' denote the indices of refraction of the first 
and last media. If m denotes the lateral magnification ratio 
(§ 124) for the pair of conjugate points O, O' ,and if y'jy is 
the value of this same ratio for M, M', where y, y' denote the 
heights of object and image at M, M'; show that the image- 
equations may be expressed in the following form; 

m*.^'=Z+m.F, m.y'.Z'=y.Z, 

where F denotes the refracting power of the system. And in 
the special case when the points designated by 0, O' are 
identical with the nodal points N, N', show that the image- 
equations referred to the nodal points may be written as fol- 
lows: 

y'-z' _ y-z 

n? n.n'* n' n 
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9. Find the positions of the nodal points of Gullstran'o ’s 
schematic eye, employing data in § 130. What is the dis- 
tance between them? Ans. 7.078 and 7.332 mm. from the 
vertex of cornea. 

10. Wollaston doublet is an eyepiece consisting of two 
thin planoconvex lenses with their plane faces towards the 
incident light. The focal length of the second lens is 3 times 
that of the first and the interval between them is 1.5 times 
the focal length of the first lens. Find the focal length of 
the combination. Draw a diagram of the system showing 
where an object must be placed in order that rays coming 
from any point in it will issue from the system all in the same 
direction. 

11. An automobile headlight is made by silvering the rear 
surface of a concave meniscus glass lens so as to make a 
'Hhick^' concave mirror. The radii and axial thickness of 
the lens are: 

AiCi=ri= —6,317 cm; A 2 C 2 =r 2 = — 8.440cm. ; 

AiA 2 =d= +0.676 cm. 

The index of refraction of the glass is 1.5. Find the positions 
of the vertex H and the center K of the equivalent ^Hhin^’ 
mirror (§ 132). 

Ans. AiH== +0.435 cm.; AiK=— 8.768 cm, 

12. An eye is accommodated to see distinctly an object 
placed at a point M' on the optical axis. A thin spectacle 
glass is placed in front of the eye at a point L; and now the 
eye without changing its accommodation can see an object 
at a point M. Show that FM : LM=LM : MM', where 
F designates the position of the first focal point of the inter- 
posed lens. What is the condition that the point F shall 
coincide with M'? and what is the condition that the point 
M' shall coincide with the second focal point of the lens? 

13. A man begins to be presbyopic (§ 149) when his near 
point distance (§ 151) is equal, say, to 22 cm. When he wears 
a certain thin spectacle lens at a distance of 12 mm. from the 
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first principal point of his eye, he can just see an object 
10 cm. away. What is the refracting power of the lens? 

A:^. About +6.56 dptr. 

14. Using the numerical data of Gtjllstrand^s schematic 
eye (§ 130), and supposing the crystalline lens has been ex- 
tracted (as in the operation for cataract), find the position 
on the axis of this so-called aphakic eye of the point which 
is focused sharply on the retina. And find also the refracting 
power of a lens which placed with its second principal point 
12 mm. from the vertex of the cornea will enable an aphakic 
eye to see distinctly an infinitely distant object like a star. 

Ans. 8 cm. beyond the vertex of the cornea towards 
which incident rays must converge in order to be united 
on the retina; refracting power of lens is +10.9 dptr. 

15. The following construction of the path of a ray re- 
fracted at a spherical surface is given in Isaac Baerow^s 
Lectures on Optics (1669) : Draw a straight line RB to rep- 
resent the path of a ray incident on a spherical surface at B; 
and draw the normal NN' passing through B and the center 
C. Through C draw a straight line parallel to RB meeting 
the surface in A, and on this line take two points X, Y such 
that AY : CY = XY : CX = n : 1, where n denotes the rel- 
ative index of refraction of the two media. (If the construc- 
tion here indicated is made correctly, the points X, Y will be 
found to lie both on the same side of C, and X will be be- 
tween C and Y.) Describe the arc of a circle around X as 
center which goes through Y and meets NN' in a point G. 
On the straight line CY find the point K such that CK=CG. 
The straight line BS which goes through K will be the re- 
fracted ray corresponding to the incident ray RB. Prove 
that this construction is correct; and draw four diagrams 
for cases when the surface is convex and concave and for 
n greater and less than unity. 

16. If the aplanatic points of the first surface of a glass 
lens surrounded by air are designated by J, J', and if the 
center of the second surface is at J', the ^ens will be a convert 



630 


Mirrors, Prisms and Lenses [CL XVI 


meniscus (Fig. 275) or a very thick double convex lens and 
will be free from spherical aberration with respect to the 
points J, J'. 

17. In trigonometrical calculations of the path of a ray 
refracted at a spherical surface (§§ 180, 204) a certain ex- 
pression connecting the sines of the angles a, 0 and a', d' 
occurs so frequently that it is convenient to employ a special 
symbol E by way of abbreviation, which is therefore defined 
as follows: 

E = (sin0' — sina') — (sinO — sina) . 

Show that E may also be expressed in the following form 
which is more convenient for logarithmic computation: 


J • CL — d • g/ 6 . 

E =4 sin — ?r-.sin .sin 


a'— a 

2 * 


18. If the lengths of the perpendiculars let fall from the 
center of a spherical refracting surface on a ray before and 
after refraction are denoted by p and p', respectively, show 
that n'. p' = n.pj where n, n' denote the indices of refraction 
of the two media. 

19. The points where a ray crosses the axis of a spherical 
refracting surface before and after refraction are designated 
by L, L', and c = CL, c' = CL' denote the abscissae of these 
points with respect to the center C. The refracting power of 
the surface is denoted by F. Show that 


C'^_C _F jE 

n^ m.n' n.p ^ 


where the s 3 mibols n, n', E and p have the same meanings as 
in Nos. 17 and 18 above, and C == n/c, C' = n'/c'. 

20. A paraxial ray and an edge-ray emanate from the same 
point on the axis of a centered system of spherical refracting 
surfaces. The paraxial ray crosses the axis at M and M' be- 
fore and after refraction, respectively, at one of the surfaces; 
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the corresponding points for the edge-ray are designated by 
L, L'. The center of this surface is designated by C, and the 
indices of refraction of the two media separated by this sur- 
face are denoted by n, n'. Put z = CM, = CM'; c = CL, 
c' = CL'; and Z = njz^ Z^ = n'/^?', C == n/c, C' =n7c^ By 
the aid of the formula found in the preceding problem, show 
that 

C-Z^ _C-Z E 
n'^ n.p ‘ 

(C —'Z and C' — Z' in this formula are measures of the 
spherical aberration along the axis before and after refrac- 
tion at the surface in question, so that if one of these magni- 
tudes is known the other can be found.) 

21. The points where a ray crosses the axis before and 
after reflection at a spherical mirror are designated by L, 
L'; the tangent to the surface at the point of incidence inter- 
sects the axis in a point designated by T; and the center of 
the mirror is designated by C. Show that 

A . J 2 

TL - TC’ 

and therefore that the spherical aberration along the axis is 
proportional to the distance of T from the vertex of the mir- 
ror. In case of a paraxial ray how will the formula apply? 

22. A ray of light falls on a spherical mirror at a point B 
(ZBCA=<^), where A and C des^nate vertex and center 
of the mirror. A straight line is drawn through C perpendic- 
ular to the axis of the mirror, and the points where the inci- 
dent ray and the corresponding reflected ray intersect this 
line are designated by K and K'. If the angle of incidence 
is denoted by a, show that 


CK^_ CQs(a-^) 
CK cos {a+(p) 
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23. The radius of a spherical mirror is r = AC. A ray 
crosses the axis before and after reflection at L and L' 
(c = CL, d = CL'). Show that 

^ 2c.cos^ + r ’ 

where <p = ZBCA, as in preceding problem. How will 
this formula be modified when the incident ray is parallel to 
the axis? In this latter case show that the point L' will lie 
farther from C than halfway between C and A, except when 
f ho ray is a paraxial ray when L' will be exactly midway be- 
fwoen C and A. When the incident ray is parallel to the 
axis, can the reflected ray cross the axis at the vertex of the 
mirror? can it cross the axis at a point on the other side of the 
vertex from the center? Explain. (The answers to all these 
questions had been found by Rogeh Bacon in the thirteenth 
century; see § 195). 

24. Employing the formula obtained in the preceding 
problem, show that the spherical aberration along the axis 
of the mirror is given by the following expression; 

4 c®r .sin* ^ 

(2c + r) (2c.cos ^ + r)’ 

Under what conditions will the aberration vanish? 

25. A cemented glass lens surrounded by air is composed 
of three different kinds of glass of indices n 2 , ns and n 4 
(m = ns = 1) such that the value of ns is the geometrical 
mean between the values of na and n 4 . The two outside 
surfaces are plane (Ri = i 24 = 0); whereas the two inner 
surfaces are concentric with each other with their curvatures 
in the ratio of the indices nj and ns, or more accurately: 

^ 

~ ns* 

Show that a bundle of incident rays parallel to the axis wiU 
issue from the lens in the same direction, and that under the 
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given conditions this lens is entirely free from spherical ab- 
erration. 

26. A ray is refracted at a curved surface separating two 
media whose indices of refraction are denoted by ii; n'. If 
the normal to the surface is drawn through the point of in- 
cidence P, and if a straight line is drawn intersecting the nor- 
mal at G and the incident and refracted rays at L and L', 
respectively, show that 


n 


,GL' 

PL' 



27. A ray crosses the axis at an angle 6 and is incident on 
a spherical refracting surface at an angle a. If the curva- 
ture of the surface is denoted by iJ, and if the length of the 
perpendicular from the vertex on the ray is denoted by e, 
show that sina = sind + e.R. Write the corresponding for- 
mula for the refracted ray; and show also that 

e' cosa' 4 - cosd' 
e ^ com + COS0 


28. The radii and thickness of a meniscus lens made of 
glass of index 1.51 and surrounded by air are : n ~ -10, 
r 2 == -'8.4, d = +1. The lens is provided with a front stop 
with its center at a distance equal to 1 from the vertex of the 
first surface. The chief ray coming from an infinitely distant 
point crosses the axis at an angle of 35°. Find the astigmatic 
difference (§ 187) along this ray. 

Ans. P 3 Q 3 1.306. 

29. In the preceding problem^ suppose the thickness of 
the lens is changed to d = +1.5, everything else remaining 
the same as before. Find the astigmatic difference now. 

Ans. P 3 Q 3 = “11.333. 

30. In No. 28, suppose the stop is 5 times as far away, 
everything else remaining the same as before. What effect 
is produced on the astigmatism? Ans. P3Q3 =—17.013. 

31. In No. 28, suppose the index of the glass is changed to 
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1.61; everything else remaining the same as before. What 
effect is produced on the astigmatism? Ans. P 3 Q 3 = + 1.506. 

32. The data of Petzval^s famous photographic por- 
trait objective, as given by Von Rohr, are; 

(Distances expressed in mm.) 

Radii: 

= + 52.9; r2 = —41.4; rz- + 436.2; 7*4 = 4- 194.8; 

= +36.8; Tq = +46.5; = — 149.5. 

Thicknesses: 

dj = + 5.8; d 2 = + 1.5; dz ~ + 46.6; d^ = + 2.2; 

^5 == + 0.7 ; dg = + 3.6. 

Indices of Refraction (ni>); 
ni = n 4 = Hq =n 8 = 1 (air); n 2 = n 7 = 1.517; 
ns = ns = 1.575. 

Find the focal length of the lens and the positions of the focal 
points, Ans. / = 100; F = —74.5; A 2 F' = + 58.6 



CHAPTER XVII 


THE MICROSCOPE 

206. Introduction. — Modern optical instruments date back 
to the nearly simultaneous inventions of the telescope and 
the microscope by spectacle-opticians early in the seventeenth 
century. The magic lantern which at first was little more 
than an ingenious and entertaining toy was invented not 
long afterwards. A new era began with the discovery of 
photography in the first half of the nineteenth century which 
was soon followed by the invention of the daguerreotype 
process and the development of the photographic negative 
less than a hundred years ago. The art of photography gave 
an entirely new incentive to the design and construction of 
optical instruments for all kinds of pictorial representations 
and reproductions. So various and manifold are the uses of 
optical instruments today in all the arts and industries as 
well as in scientific investigations that it would be difficult 
to enumerate them and still more difficult to classify them. 
Besides microscopes, telescopes and photographic lenses, 
there are all kinds of special appliances such as lanterns, 
search-lights, field-glasses, range-finders, periscopes, stereo- 
scopes, ophthalmometers, ophthalmoscopes, moving-picture 
apparatus, etc,, and almost innumerable scientific instru- 
ments (refractometers, spectroscopes, photometers, spectro- 
photometers, interferometers, polariscopes, etc.). It would 
take a separate volume to give anything like an adequate 
description of the principal typ^ of optical instruments. 
For a general survey of the subject no better book can be 
recommended than Professor M. v. Rohr's admirable com- 
pendium on Die optischen Imtrurnente (4th ed., Berlin, 1930), 
although this slender volume is by no means intended to 
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633 


Mirrors, Prisms and Lenses 


[§ 207 


cover the whole field. Each form of optical instrument is 
designed for a special purpose, and so a photographic lens, 
for example, that is intended to project an image on a flat 
surface for reproduction has little in common with a tele- 
scope or a microscope that has to be applied to the eye of the 
observer. No one optical instrument is typical of all the 
others. In order to show how the general principles of geo- 
metrical optics as explained in the preceding chapters of this 
book are applicable to the theory of optical instruments, the 
microscope has been selected for treatment in this chapter 
as being perhaps as good a single example as could be taken 
for that purpose. 

I. The Magnifying Glass (or Simple Microscope) 

207. The Purpose of a Microscope. — Everybody is aware 
that the coarser details of an object can be perceived more 
clearly when it is close to the eye because then the various 
parts of the object subtend larger angles than they do when 
the object is far away. In order to discern minute details, 
a near-sighted person will sometimes remove his spectacles 
and hold the object so close to his eye that one wonders how 
he can see it distinctly at all; but as a matter of fact for this 
particular purpose his eyesight is superior to that of an 
individual whose vision is normal or emmetropic. For while 
it is true that the nearer the object is to the eye, the larger 
the angle it subtends, yet if the object is closer than the near 
point of accommodation (§ 148), the eye cannot be focused 
to see it distinctly. To a certain extent the visual acuity 
under these circumstances can be enhanced by viewing the 
object through a narrow hole or slit whose width is less than 
the diameter of the pupil of the eye; which has the effect of 
diminishing the size of the blur circles on the retina and is 
therefore practically equivalent to shifting the near point a 
little closer to the eye than it really is. But this device is a 
rather poor makeshift at best, not only because the image is 
dim and the field contracted, but chiefly because if the width 
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of the aperture is less than a millimeter, the resolving power 
of the eye is lowered to such an extent by the diffraction- 
pattern which is always obtained with a narrow aperture 
that the purpose is entirely defeated. 

The experiment of trying to read the letters on a printed page 
through a small aperture made by piercing a hole with a fine 
needle in a sheet of dark paper is very instructive. As the size 
of the hole is reduced by using smaller and smaller needles, the 
illumination of the printed page should be steadily increased to 
compensate for the narrower beam of light that is admitted 
through the hole. When the diameter of the latter is below one 
millimeter, the outlines of the letters begin to be less and less 
sharp; until when the diameter is no more than one-fifth of a 
millimeter, they will be too blurred to be distinguished distinctly 
at all, and when the aperture is still further reduced, the entire 
page assumes a uniform grayish complexion. The appearance of 
an intensely bright source of light, for example, a star, as seen 
through a tiny round hole is that of a disk with a bright spot 
in the center surrounded by a series of concentric colored rings, 
each of which is blue or green on its inner margin and red or 
orange on the outer side (§ 230). In the theory of the compound 
microscope, as we shall see (§ 216), these diffraction-effects have 
a very important bearing on the resolving power of the microscope. 

The magnifying power of a transparent body with convex 
curved surfaces must have been known from very ancient times; 
otherwise, it is difiicult to account for the numerous specimens 
of fine handiwork (engraving, gem-cutting, etc.) that are found 
in museums of the arts of ancient civilization. The cuneiform 
characters on the tablets found by Layaed in the ruins of Nineveh 
are so minute in some instances as to be illegible to the naked 
eye, and they must have been engraved with the help of a mag- 
nifier. 

An optical instrument which, being focused on a tiny ob- 
ject, produces a magnified virtual image at a convenient 
distance for distinct vision is called a microscope. The ob- 
ject will always be close to the microscope and therefore 
not far from the observer's eye at the other end of the in- 
strument; whereas the image subtending a large angle (nj') 
will be formed at a comparatively great distance, preferably 
infinitely far away if the observer is emmetropic. 
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208. Simple Microscope; Magnifying Power. — A simple 
microscope or magnifying glass of low power often consists of 

a single convex lens, 
which is sometimes 
mounted in a little 
circular frame or rim 
to protect it from be- 
ing broken and in or- 
der that it may be 
carried conveniently 
in the pocket like a 
watch. The small ob- 
ject MQ (Fig. 288; cf, 
also Fig. 180, p. 411), 
placed between the 
lens and its anterior 



Fig. 288. — Single convex lens -used as magni- 
fying glass. Object MQ= 2 / placed be- 
tween lens and its anterior focal plane ; vir- 
tual, erect, magnified image = O' 
center of pupil of observer’s eye; Z AO'Q' 
= w'; 0'M' = /. 


focal plane, is reproduced by a virtual, erect and magnified 
image M'Q', which will be farther away the nearer the object 
is to the focal plane. The observer, looking through the 
glass, adjusts it with 


reference to the ob- 
ject to suit his con- 
venience, that is, so 
as to see the image 
distinctly and with as 
little effort as possible. 
The pupil of his eye 
with its center on the 
optical axis at O' is 
the common base of 
the narrow cones of 



Fig. 289. — Simple convex lens used as magni- 
fying glass. Object MQ in anterior focal 
plane of lens, image at infinity. Diameter 
of lens exceeds diameter of pupil of eye 


rays which proceed from the points of the virtual image. 
If the object lies in the anterior focal plane, as represented 
in Figs. 289 and 290, the image will be infinitely far away, 
and the bundles of rays entering the eye will be cylindrical. 
The visual angle (ca' == Z AO'Q') subtended at the eye by 
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the image M'Q'= 2 /' in the magnifying glass will be generally 
much greater than the angle that would be subtended by 
the object MQ= 2 / at the conventional “distance of distinct 
vision” denoted by I (p. 452), that is, by the angle whose 
tangent is, —y :l. The magnifying power (§ 158), being de- 

1 



Fig. 290. — Simple convex lens used as magnifying glass. Object MQ in 
anterior focal plane of lens, image at infinity. Diameter of pupil of eye 
exceeds diameter of lens {p'>h). 

fined as the ratio between (the tangents of) these two angles, 
is given therefore by the formula: 



which, as we have seen (p. 454), may be put in the more con« 
venient form: 

M = Z{F-Z'(l-e.F)}, 

where F—ljf denotes the refracting power of the glass, 
denotes the reciprocal of the distance = O'M' of the image 
from the eye, and e denotes the distance of the eye from the 
lens or rather from the second principal point (H') of the 
lens (c = H'0'). The image, as stated above, is usually far 
from the eye, and hence the magnitude denoted by Z' is 
correspondingly small and generally negligible; so that the 
absolute magnifying power of the glass, as distinguished from 
the individual magnifying power which depends on the state 
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of accommodation of the eye (p. 454), is given by the simple 
formula: 

M = IF, (Z'=0); 

that is, the absolute magnifying power is directly proportional 
to the refracting power of the microscope. Hereafter when 
the term magnifying power is used without qualification, it 
should be understood to mean the absolute magnifying 
power as thus defined. 

If m denotes the lateral magnification (§ 124) or ratio of 
the size of the image to that of the object {m-y ^ : y), then 

x' x' 

where = denotes the distance of the image from the 
posterior focal plane or second focal point (FO of the lens 
and /, f denote the focal lengths of the lens (/ +/ = 0) . Since 
x' s' ^ where s' O' denotes the distance of the eye 

from the second focal point of the lens, the formula above 
may be written: 

z' 4“ s' z! 

m== j approximately, 

since s', being usually very small, may generally be neglected 
in comparison with z' . In the special case when the distance 
of the eye from the image is equal to the distance denoted 
by Z, that is, for the condition z' — —1, the magnification-ratio 
may be denoted by m, and accordingly 

m=j=Z.F=M. 

In other words, the magnifying power of the glass is equal 
to the magnification-ratio when the distance of the eye from 
the image is equal to the conventional distance denoted by 
1; the usual value of which is 1=250 mm. 

The diameter (2h) of an ordinary magnifying glass of low 
power usually exceeds the diameter (2p') of the pupil of the 
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eye; and in this case (p'<A) the pupil of the eye is the 
aperture-stop of the system, and the lens itself acts as field- 
stop, and therefore the observer views the image just as if 
he were looking at it through a round hole whose contour 
was the same as that of the rim of the lens (Figs. 288, 289 
and 291). On the assumption that the object is uniformly 
illuminated, only the central portion of the image will appear 
uniformly bright, and the brightness gradually fades from 



Fig. 291. — Field of view of magnifying glass. Diameter of pupil “2p'; 
diameter of glass —2h. Case when p'>h. 


U' to (Fig. 291) in case the image extends that far from 
the axis. If y-ZAO'G is the semiangular diameter of the 
central part of the field of view of the image-space corre- 
sponding to the region of maximum brightness, and, sim- 
ilarly, if 7 i = ZAL'G, 72 = ZAJ'G are the semiangular 
diameters of the regions corresponding to the points in the 
image-plane marked V' and W', respectively, evidently 


A— p' h 

tauyi= — ^ tan 7 =—“? tan 72 = ^ ^ 


(p'<A), 


where p' = 0'C', h = AG and e=AO'. The smaller the pupil 
of the eye, the less the distinction between these three 
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regions; and if the eye could be considered as a mere point 
( 2 )^ = 0 ), there would be no difference between them at all, 
and the points U' and W' would coincide with each other 
at the intermediate point V'. 

The aperture of the cone of effective rays proceeding from 
the axial object-point M is measured by the angle (2r)) 
subtended at M by the diameter BC of the entrance-pupil; 
and hence if the center of the entrance-pupil is desig- 
nated by 0, tan 17 = 00 :MO (§ 136). Since 0, O' are a 
pair of conjugate points on the optical axis, and therefore 
0'C':0C=/;F0, wefind: 

tan77=j-|^^ (p <h). 

Since the points designated by M and F are never very far 
apart in a magnifying glass, the second fraction in this ex- 
pression will not differ much, if at all, from unity; and con- 
sequently the measure of the aperture of an ordinary mag- 
nifying glass of low power may be taken as 2 p' being 
therefore entirely independent in this case (p'<h) of the 
diameter of the lens. 

On the other hand, the higher the magnifying power of 
the glass, that is, the shorter its focus, the smaller will be 
its diameter; and so with a high power glass for which the 
diameter of the pupil exceeds that of the glass (p'>/i), the 
case is just the reverse of that described above, that is, the 
glass acts as the aperture-stop and the pupil of the eye as 
the field-stop (Figs. 290 and 292). Using the same notation 
as before, we find now: 

tanyi= — - tany=^j tan (p'>h) 

where yi=ZO'L'C', y=ZO'AC' and y 2 = ZO'J'C^ (Fig. 
292). For a lens of very small diameter there is hardly any 
difference between these three regions of the field of view. 
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The aperture in this case is the angle {2r}) subtended at M 
by the diameter of the lens, that is, 17 = Z AMG, and on the 



Fig. 292. — Field of view of magnifying glass. Diameter of pupil =s2p'; 
diameter of glass =^2h. Case when p'>h. 

supposition that M lies nearly, if not exactly, in the anterior 
focal plane (as must be the case), we find that 

tan7j=j? 

that is, the aperture here is entirely independent of the width 
of the pupil of the eye. 

The above formulae may be easily modified for the case 
when the magnifying glass has a special field-stop. The 
mobility of the eye in its socket (p. 452) can increase con- 
siderably the extent of the field of view of a simple microscope 
of low power; and when this important factor is taken into 
account the chief rays of the bundles entering the eye will 
be those rays that are directed, not to the center O' of the 
pupil, but to the point which with respect to the glass is 
conjugate to the center of rotation of the eye. On the sup- 
position that the air-interval between glass and eye as meas- 
ured along the axis is, say, one centimeter in length, the eye- 
pivot (Z) will be about 25 mm. from the vertex of the last 
surface of the glass. 
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209. Useful Forms of Magnifying Glass. — The require- 
ments for a good magnif 3 dng glass depend essentiahy on its 
power. Generally speaking, the faults of the image in the 
center of the field in a glass of low power are not so important 
as the faults for points that are farther from the optical axis; 
whereas it is just the reverse in the case of a high power glass. 
A single convex lens (which of course is not achromatic) is quite 
satisfactory for many ordinary purposes where a low magnifi- 
cation is all that is needed; the best form being usually plano- 
convex with the flat face towards the eye, because, although 
the spherical aberration along the axis is more than it is for 
such a lens turned the other way, the average quality of the 
mage over the entire field will be better if the rays leave the 
iens at its plane surface. Provided the magnifying power 
does not exceed 8-fold (or the refracting power is less than 
32 dptr.), a plano-convex lens used in this fashion will give 
a fairly good image over a field of about 12° in angular 
diameter; but for a larger field both the astigmatism and 
the distortion would prove objectionable. A magnifying 
glass consisting of a single lens may be “bent^^ (exactly as 
in the case of a modern meniscus spectacle lens which is 
free from astigmatism over a comparatively wide field) into 
a form that will practically abolish astigmatism, provided 
the center of rotation of the eye (Z) is placed at the point on 
the axis beyond the lens for which the curvatures of the 
two surfaces have been computed. This particular problem 
was investigated by CoDDnsroTON more than a century 
ago (1829). 

A glass for reading conveniently the small divisions of a 
vernier scale is placed usually so close to the scale that the 
slightly magnified image is not far enough from the eye to 
be seen distinctly unless the eye is at quite a little distance 
from the glass; and for this particular purpose the best form 
of the lens will be either double convex or plano-convex with 
the flat surface next the scale. 

With higher powers the optical and mechanical diJficulties 
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in the way of making a magnifying glass consisting of a 
single lens are soon found to be almost insurmountable, 
although up to about a hundred years ago much ingenuity 
was expended in this direction. Not only are such lenses 
necessarily very minute in size, and the 
field of view very narrow, but the faults 
of the image even on the axis are apt to 
be exceedingly confusing and annoying. 

In his Dioptrice etmeteora Descaktes 
describes a form of magnifying glass 
which was very popular in his day. It 
consisted of a single lens and was called 
a ^^flea glass’^ (^^perspicilia pulicaria ex 
uno vitro/’ Fig. 293). The small plano- 
convex lens (A) with its plane face to- 
wards the observer’s eye (H) was 
mounted in a little case. The other 
side of the case turned towards the 
light formed a concave mirror which 
was intended to converge the light to 
its focus at E and thus to illuminate 
the microscopic object that was fastened 
on the point of the needle or peg G. 

Although this little piece of apparatus 
was not much more than an optical toy, 
many interesting observations of insects 
and tiny structures were made with it. 

The celebrated Father Scheiner had 
one of these “flea glasses” which he 
carried about with him to use as a mag- 
nifying glass; and when he died in a little village where he 
had rested on a journey, the peasants believed he was a sor- 
cerer because the image of the flea in his “flea glass” ap- 
peared to them to be a devil or evil genius of some kind. 

Nearly three centuries ago Anton Van Leeuwenhoek 
(^1632-1723), a man of extraordinary scientific ability and 



Fig. 293. — Early form of 
magnifying glass, so- 
called “flea glass” as 
described by Des- 
cartes in his Dis- 
cours de la mithode, 
section entitled La 
dioptrique. (Diagram 
is reproduced from 
picture on page 126 
of edition published 
in Leyden in 1637.) 
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practical ingenuity, by far the greatest amateur micro- 
scopist of his day, succeeded in grinding and polishing glass 
lenses of such short focus that the microscopic discoveries he 
made with them seem now almost incredible. By the fine 
observations he made as well as by the praise of his con- 
temporaries we know that the lenses and mechanical ap- 
pliances of Van Lebuwenhoek^s microscopes must have 
been excellent. 

For a long time the solid sphere was the favorite form 
of high power magnifying glass; but as it is very hard to 
grind a glass sphere of exceedingly small diameter, Robert 
Hooke, whose ingenuity was never at a loss, devised (1665) 
a clever method of obtaining tiny globules of molten glass. 
Occasionally one of these molten drops proves to be excellent 
for microscopic use, and Hookers method was soon much 
in vogue. About a hundred years later the process was so 
improved by Father Giovanni Maria della Torre of 
Naples that he succeeded in obtaining globules of glass less 
than half a millimeter in diameter in some instances (p. 396). 
Theoretically, their magnifying power was between 400 and 
500, but, aside from the faults of the image, it is hard to 
comprehend how anything can be seen distinctly through 
such a tiny bit of glass. Drops of liquid (water) were likewise 
used for magnifying purposes. Sir David Brewster (1781- 
1868), pointing out the high index of refraction of certain 
precious stones, recommended the manufacture of small 
lenses of garnet or diamond; but the high cost of these gems 
and the difficulty of grinding and polishing them were suffi- 
cient reasons against using such material. 

However, the notion of a lens in the form of a glass sphere 
was based on a sound principle, for on the assumption that 
the diameter of the sphere is less than that of the pupil of 
the eye, entrance-pupil and exit-pupil both lie in the central 
transversal plane, and consequently all faults for points of 
the image that are not on the axis (astigmatism, distortion, 
chromatic difference of magnification, etc.) will be auto- 
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matically corrected. Moreover, for reducing the spherical 
aberration along the axis a solid sphere has much in its favor 
as compared with other forms. On the other hand, with a 
solid sphere the so-called ^'working distance^' or interval 
between the object and the glass is very slight and incon- 
venient, never exceeding a quarter of the diameter of the 
sphere for n = 1.5, and being still less for a higher value of 
the index of refraction. Early in the eighteenth century 
simple microscopes, which had magnifying powers as high 
as 400 and which in some instances were provided with 
special illumination devices, were made with a single small 
glass sphere and used to advantage. 

Dr. Wollaston (1766-1828), who was quick to perceive 
the advantages of a glass sphere above mentioned, conceived 
the simple and ingenious idea of dividing it into two hemi- 
spheres separated by a plate of metal with a circular hole in 
it, whereby the angular diameter of the field was increased 
to about 20®. Commenting on this construction, Brewstee 
suggested that it could be improved by filling up the central 
aperture with a cement of the same refractive power of the 
lenses, or what is far better, by taking a sphere of glass and 
grinding away the equatorial parts, that is, by cutting a 
deep groove in the sphere so as to limit the central aperture. 
CoDDiNGTON proposed what was practically the same idea 
perhaps a little earlier than Brewster, namely, a lens in 
the form of a narrow glass cylinder the curved ends of which 
were the two opposite portions of one and the same spherical 
surface. The so-called Stanhope lens was outwardly similar 
to CoDDiNGTON^s construction, except that the curvature of 
the surface next the object was less than that of the surface 
next the eye; the result of this difference of curvature being 
that the working distance was so small that the glass was 
practically in actual contact with the object. 

210. Practical Types of Simple Microscope. — For con- 
venience of description the term simple microscope may 
be used to apply to those forms of magnifying glass that 
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are composed of more than one single lens; although ordina- 
rily this distinction is not observed. In some respects a simple 
microscope consisting of two or more lenses Las decided ad- 
vantages, first, because for a given power the curvatures of 
the surfaces do not have to be so great as in a single lens, 
and this circumstance alone tends to reduce the spherical 
aberration along the axis; second, because the astigmatism 
for points off the axis can be largely compensated by a 
suitable choice of the curvatures of the several surfaces; and, 
lastly, because by regulating the interval between the lenses 
and also by using different varieties of optical glass an 
achromatic combination is possible. 

Like Huygens’s ocular (p. 502), Wollaston’s doublet 
(1821) is a combination of two separated plano-convex 
lenses whose plane faces are both turned towards the object. 
The focal lengths of the lenses are in the ratio of 1 : 3, the 
stronger lens being the one nearer the object. Both the 
Wilson doublet and the Fraunhofer, doublet were likewise 
composed of two separated plano-convex lenses, but with 
their curved faces towards each other. In the Wilson type, 
which resembles Ramsden’s ocular (p. 502), the interval be- 
tween the lenses is greater than it is in Fraunhofer’s con- 
struction, but the working distance is not so great in the 
former as in the latter. Various other special forms of simple 
microscope were made by Zeiss, Steinheil and other op- 
____ ticians not only in Germany but espe- 
cially in England. Until about the 
^ middle of the last century nearly all 
microscopic research and investigation 
were carried on by means of simple 
microscopes which in some instances had 

Fig. 294.—Steinheil’s ^ POWer of 200. 

apianatic magnify- Steinh eil’s aplanatic magnifying glass 
ing glass. (Fig. 294) consists of a middle sym- 

metric double convex crown glass lens cemented between 
two equal flint glass lenses, the data for which (as given in 
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A. Gleichen’s Lehrbuch der geometrischen Optiky Leipzig & 
Berlin, 1902, S. 365) are as follows: 


ni = n5==l; ns = n4= 1.61440; n 3 = 1.51856 
(these values being for the Fra^unhofeb D-line) ; 
radii: ri= -r 4 = 0.762; r 2 = — r 3 = 0.339; 
thicknesses: = 0.056; c ?2 = 0.185; 

focal length equal to unity. 

For M = 10 the working distance of this glass is 21 mm., 
and the diameter of the object may be as much as 
15 mm. 

A peculiar type of simple microscope, invented first by 
Ch. Chevalier (1839) and afterwards in a modified form 
by Brucke, consists 
essentially of an an- 
terior convergent 
system with a diver- 

o'ent system next Fig. 295. — Chevalier-Brucke type of simple mi- 
^ croscope (compound system). 

the eye (Fig. 295). 

Before the inverted image is formed by the convergent 
system, the rays are intercepted by the divergent lens; and 
the final image, much magnified by the latter lens, is formed 
at a convenient distance for observation. As compared 
with an ordinary magnifying glass of the same power, the 
working distance is much increased. Thus for moderate 
powers, between, say, M = 6 and M = 10, this interval may 
amount to between 7 and 3 cm. The Chevalier-Brucke 
microscope really is a small compound microscope with a 
negative ocular, a sort of ' ^ Dutch microscope as it might 
be called by analogy with the Dutch telescope (p. 456). 

No matter how admirable and ingenious a simple micro- 
scope may be, its range and efficiency are necessarily much 
restricted, if for no other reason merely by the fact that it 
is essentially a single compact optical system with little or 
no flexibility, and this is especially true of the higher mag- 
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nifying powers. A limit is soon reached in this direction on 
account of the impracticably small dimensions of the lenses. 
Another obvious disadvantage is the steady diminution of 
the working distance of the magnifying glass with increase 
of power. This unavoidable proximity of the object is not 
only very inconvenient, but may sometimes damage the 
glass and perhaps be dangerous also to the observer's eye, 
because the illuminated object under a microscope is not 
always harmless. A simple microscope also has other very 
definite optical limitations, as will be explained in the fol- 
lowing section. 


II. The Compound Microscope 

211. General Characteristics of the Instrument. — In 

addition to the fact that the magnifying power must have a 
certain prescribed value, an essential requirement of a good 
microscope is that the image shall be bright; which means 
that after making due allowance for losses of light by reflec- 
tion and absorption a sufficient amount of radiation must be 
transmitted from the object at one end of the instrument to 
the eye at the other end. In order to insure that there shall 
be no lack of light to start with, the object itself is often 
highly illuminated by an auxiliary illumination-system spe- 
cially made for this purpose; but even so, to be reaUy effi- 
cient, the microscope should have a large aperture so as to 
admit freely wide-angle bundles of rays coming from all 
parts of the object.- On the other hand, tiny as the micro- 
scopic object usually is, its dimensions are not inconsiderable 
as compared with the short focus of a microscope of high 
power, and therefore, instead of the field of view being narrow 
and contracted as it might be natural to suppose, it is really 
comparatively quite extensive. Now a simple microscope 
cannot be made to satisfy both of these requirements, wide 
aperture and broad field, at the same time. In fact, in 
accordance with the fundamental laws of optical imagery, 
there is no way of accomplishing this double result except 
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by resorting to a compound optical system composed of at 
least two separate and distinct members each of which has 
a special dioptric duty to perform. The great superiority of 
the so-called compound microscope over even the best simple 
microscope of equal magnifying power is due mainly to this 
^ Hearn work'^ or efficient cooperation and division of duty 
between its component parts, namely, the objective or an- 
terior group of lenses at the end of the tube next the object 
and the ocidar consisting of a series of lenses at the other 
end of the tube next the eye. Besides the other advantages 
an incidental convenience of this arrangement is that the 
same objective can be combined with a different ocular to 
obtain an entirely different magnifying power, as is some- 
times much to be desired. Moreover, to a limited extent the 
magnifying power can be altered by merely altering the in- 
terval between the objective and the ocular, although in 
high power instruments this interval is generally fixed. Not 
only is the compound microscope more flexible or adaptable 
than a simple microscope, but since the optician has so many 
more factors at his disposal, the quality of the image ob- 
tained with a compound microscope can be enormously im- 
proved with respect to the correction of chromatic and 
monochromatic aberrations for both the central and the 
peripheral parts of the field of view. In fact the extraordinary 
development and improvement of the compound microscope 
mainly during the last century,’^ which is due especially to 
the efforts of Fraunhofer (1787-1826), Amici (1786-1864), 

* Like the telescope, the compound microscope was invented by 
spectacle-makers during the early part of the seventeenth century, but 
it made very little progress at first. According to the data of J. Chr. 
Sturm (1676) a compound microscope which he used had a double 
convex lens of focal length 23.7 mm. for objective and an ocular of two 
plano-convex lenses with a focal length of 47.4 mm.; the optical tube- 
length was A = 216 mm., so that the magnifying power was M=48 
(A. K5NIG, Geometrische Optih, Leipzig, 1929, p. 390). Fig. 296 is an 
illustration of a compound microscope used by Robert Hooke, prob- 
ably made about 1667. 
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J. J, Lister (1786-1869) and Abbe (1810-1905), is certainly 
one of the most successful and remarkable achievements of 
applied optics. Its characteristic feature as compared with 
other optical instruments is its unusually large aperture. 
Thus for instance the relative aperture {2h :/) of the ob- 
jective of an astronomical telescope, as measured by the 
ratio between its diameter and its focal length, seldom ever 
exceeds about l-15th; the objective of a small Dutch tele- 
scope may have a relative aperture equal to l-3rd; and 
some modern photographic objectives often have very large 
relative apertures, perhaps never as much as one-half. On 
the other hand, the diameter of the effective aperture of the 
objective of a compound microscope of high power often 
exceeds its focal length, that is, 2p :/ is greater than unity; 
the angular diameter (217) of the aperture being about 180° 
in some remarkable instances. 

The working distance between the object and the objective 
depends on the type of construction of the latter as well as 
on its focal length. With a low power objective the working 
distance may be a little in excess of the focal length, but as 
a rule when the objective has a high power, the working 
distance is a smaller and smaller fraction of the focal length 
as the latter is more and more reduced, and for the strongest 
objectives it is hardly ever more than 0.1 mm. 

The tube of the microscope containing the objective and 
the ocular is ordinarily mounted on a firm iron stand and 
pointed vertically downwards at the object, which is sup- 
ported on a little horizontal bracket or platform just below 
the objective. The preliminary preparation of the micro- 
scopic object or specimen for examination under the micro- 
scope is often a matter of much importance in the art of 
microscopj^, requiring both patience and skill. For instance, 
it may be a section of a bit of animal tissue so thin that it is 
translucent and can therefore be illuminated from below 
by transmitted light, as is often the case. The texture or 
structure of the object under the microscope is apt to be so 
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fine and delicate that diffraction-patterns are produced in the 
image; and these diffraction-effects, as we shall see (§ 216), are 
of fundamental importance in determining the resolving 
power of the microscope as distinguished from its magnifying 
power. In order to protect the fragile specimen as much as 
possible, it is inserted ordinarily between two thin strips of 
glass, the lower one with the tiny object on it being called 
the slide.” The upper strip or cover glass” may not be 
more than 0.2 mm. thick, but thin as it is, the optical effect 
of this little interposed plate of glass must be taken in ac- 
count in the painstaking computation of a high power micro- 
scope objective. Sometimes the object is immersed in a layer 
of water or glycerine, and sometimes it is embedded or 
^Trozen” in a hard transparent substance such as Canada 
balsam. Abbe regarded the object under the microscope 
as being resolved by the instrument into optical cross- 
sections,” only one of which could be exactly in focus at a 
time; because the depth of focus of a compound microscope 
in the object-space is so very slight that those parts of the 
object that do not lie exactly in the focus-plane (p. 400) 
will be so blurred and out of focus in the image-space that 
they cannot be perceived at aU. 

The objective of a compound microscope is a convergent 
optical system of comparatively short focus whose duty it 
is to project a sharply defined and faithful image of the ob- 
ject by means of wide-angle bundles of rays. Incidentally, 
this is not an easy task to perform, and it means that the 
objective must be very carefully designed for this purpose. 
In the weaker types the objective may be a simple achromatic 
combination, but a high power microscope objective is a 
complicated system composed of a number of lenses. In 
consequence of the small dimensions of the object, the slopes 
of the chief rays that go through the center of the aperture- 
stop (§ 139) are comparatively slight before entering the 
objective. The image-rays issue from the objective in 
bundles of much narrower aperture and form a real inverted 
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image at a relatively great distance from the objective. The 
rays may be intercepted by the first lens of the ocular system 
before this intermediate image is actually formed; but 
whether this is the case or not, this image serves as the object 
with respect to the ocular which acts like a magnifying glass 
and forms a bright virtual image, much magnified and far 
enough away to be convenient for observation. The exit-pupil 
of the microscope, which can generally be seen as a small 
round disk floating in the air just above the ocular, is the 
common base of the very narrow cones of image-rays that 
issue from the ocular as if they had actually come from the 
distant points of the virtual image. The observer should 
place his eye at the exit-pupil of the microscope and focus 
the instrument to suit his vision, which is accomplished by 
shifting the entire tube up or down until the interval between 
the object and the objective is exactly right for clear and 
convenient vision. The instrument is provided with a special 
fine-screw adjustment for this purpose. If the observer's 
eye is emmetropic, he probably will not wish to exert his 
power of accommodation, and in that case the instrument 
will be focused so that the image is infinitely far away and 
the object lies therefore in the anterior focal plane of the 
microscope. Under such circumstances the narrow bundles 
of rays entering the eye will be cylindrical; and the real image 
formed by the objective which serves as object for the 
ocular will lie in the anterior focal plane of the ocular. 

In the ordinary form of compound microscope, such as 
that above described, the ocular is convergent, and in all 
that follows we shall assume that this is the case.* One 
advantage of a convergent or positive ocular is that the 
intermediate real image is formed in the tube of the instru- 
ment where it is accessible and where, for example, a scale 

* Howev'er, in some special types the ocular of a compound micro- 
scope is negative. As was noted above, the peculiar Chevalier-Bruckb 
type of simple microscope may be considered as a compound micro- 
scope with a negative ocular. 
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can be inserted for measurements. The ocular in this case, 
as we have said, acts just like a simple magnifying glass, 
and the field of the ocular usually has an angular diameter of 
from 30° to 40°. 

The astronomical telescope (p. 456) is likewise a com- 
bination of an objective with a positive ocular, which how- 
ever differs essentially from the compound microscope with 
respect to the interval A = Fi'F 2 between the posterior focal 
point (Fi') of the objective and the anterior focal point (F 2 ) 
of the ocular; for when a telescope is in normal adjustment, 
these two focal points are coincident (A = 0), whereas in 
the compound microscope the interval A^ called the optical 
tube-length,^^ is usually between 6 and 10 inches. The ob- 
jective is screwed to the tube at its lower end, and the actual 
tube-length as measured from the shoulder of this screw to 
the draw-tube for the ocular at the upper end is somewhat 
longer than A. Ordinarily it is 16 cm. or over 6 inches, al- 
though English microscopes are longer and have a tube- 
length of about 10 inches. 

212. The Ray-Procedure in the Compound Microscope. — 

A general idea of the modus operandi and procedure of the 
rays in a compound microscope can be derived from Fig. 297 
in which objective and ocular are each represented as con- 
sisting of a combination of two thin lenses. Inside the ob- 
jective between the optical centers Ai and A 2 of the two 
lenses, a stop is inserted with its center on the axis at the 
point designated by K, which acts as the aperture-stop 
(p. 399), The diameter DKE of this stop is the image of 
COB in the first lens of the objective, and therefore COB is 
the diameter of the entrance-pupil (p. 400) of the microscope. 
Similarly, if D'K'E' is the image of DKE in the second lens 
of the objective, it will be the image of COB in the combina- 
tion of the two lenses; that is, D'K'E' is the diameter of the 
exit-pupil of the objective. Finally, the image of D'K'E' 
formed by the ocular, which will be the image of COB formed 
by the entire microscope, will be the corresponding diameter 
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C'O^B' of the exit-pupil of the microscope. With a positive 
ocular this will be a real inverted image whose center O' 
lies on the axis a short distance beyond the optical center 
(A4) of the eye-lens. 

In the diagram a single cone of rays is shown which 
emanates from a point Q at a little distance from the axis 
(^=MQ) and very close to the front lens of the objective 
(MAi working distance). The slope of the chief ray QO is 
measured by the angle co = Z MOQ, which is a comparatively 
small angle; whereas the aperture-angle (Z CQB) is under the 
circumstances a very large angle. This wide-angle cone of 
rays is transformed by the objective into a much narrower 
bundle converging to a distant point R on the other side of 
the axis; but before the rays actually meet in this image- 
point, they are intercepted by the first lens of the ocular, 
the so-called “field-lens” whose optical center is the point 
on the axis designated by As, and diverted to a nearer point R' 
lying closer to the axis, where a real image is formed inside 
the ocular between the field-lens and the eye-lens. In fact, 
as shown in the diagram, the point R' lies in the anterior 
focal plane of the eye-lens, and consequently the bundle of 
rays diverging from R' finally issues from the eye-lens as a 
narrow cylindrical bundle of rays coming from the infinitely 
distant image-point Q' and passing through the exit-pupil 
B'O'C' into the eye of the observer looking at this image 
through the microscope; the apparent size of the image 
being measured by the angle co' = Z M'O'Q', which is the angle 
made with the axis by the chief ray passing through O'. 

In the diagram it is assumed, of course, that the imagery 
is ideal and that there is perfect colhneation or point-to- 
point correspondence between object-space and image-space 
such as cannot be realized by any actual optical instrument. 
It is merely accidental that the entrance-pupil in Fig. 297 
lies a short distance beyond the objective, because it was 
convenient to make the drawing that way. The size and 
position of the aperture-stop which controls the dudHs are 




from the front lens of the objective (MAi being the so-called “working distance 
The image-point Q' is represented here as being at infinity. L MOQ = w, zl = 
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determined always by the special purposes for which the 
instrument is intended. Sometimes it is important to meas- 



Fig. 298. — Diagram of mechanical construction of ordinary compound 
microscope, Bausch & Lomb model (reproduced from catalogue of the 
Bausch <fe Lomb Optical Company). 

ure the image in the microscope, in which case a transparent 
micrometer-scale may be inserted at the proper place in the 
tube; and then in order to get a reliable measurement free 
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Fig. 299. — Chart showing ray-procedure in a modern type of compound 
microscope (reproduced from catalogue of Bausch & Lomb Optical Com- 
pany). 
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from errors of parallax, the objective must be telecentric 
on the side of the object (§ 144), and consequently the 
aperture-stop must be in the posterior focal plane of the 
objective, that is, its center K must coincide with F/. An 
incidental advantage of such a telecentric objective is that 
the chief rays coming from the various points of the object 
will all be parallel to the optical axis, and the apertures 
of all the cones of rays will be equal. Usually the posterior 
focal point (F/) of the objective of a microscope of high 
power falls inside this system not far from one of the posterior 
lenses, so that the rim of this lens automatically acts as 
aperture-stop for a telecentric objective, and it is not neces- 
sary to insert a special stop for the purpose. Generally 
therefore it can be taken for granted, without danger of 
being far wrong, that the objective is telecentric with its 
exit-pupil in the posterior focal plane; and then the entrance- 
pupil will be at infinity, and the exit-pupil of the entire 
microscope, where the pupil of the observer’s eye should be 
placed, will lie in the posterior focal plane, that is, the center 
O' of the exit-pupil will coincide with the focal point F'. 
Even when the objective is not exactly telecentric, these 
two points are never very far apart. 

While the aperture of the compound microscope is con- 
trolled by the objective, and is sometimes dependent to a 
certain extent on the source of light and the auxiliary system 
of illumination, the field of view is generally regulated by the 
ocular. It is customary to insert a stop in the ocular (or in 
front of it) at the place where the real image P'R' (Fig. 297) 
is formed; and then the entrance-port of the microscope will 
lie in the same transversal plane as the object MQ, that is, 
in the focus-plane; whereas the exit-port will be in the distant 
image-plane. 

The two charts (Figs. 298 and 299), copied by permission 
from the microscope catalogue of the Baijsch & Lome Op- 
tical Company, show the mechanical construction of a mod- 
ern laboratory microscope, and the procedure of the light 
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through it in the formation of the virtual inverted image. 
The latter is here represented as being at the conventional 
distance Z=250 mm. (instead of at an infinite distance, as in 
the schematic diagram Fig. 297) ; and consequently for this 
particular focusing of the instrument the observer’s eye must 
be accommodated for this distance in order to see the image 
distinctly. 

213. Metric Relations in the Compound Microscope. — 

The formulae for a combination of two optical systems as 
given in § 125 are applicable immediately to the compound 
microscope composed of a convergent objective and a con- 
vergent ocular. The ocular is always surrounded by air on 
both sides, but the first medium of the objective (whose 
index of refraction will be denoted by n) is sometimes differ- 
ent from air (in the so-called ^'immersion systems” as dis- 
tinguished from the ^Mry systems” for which n=l); and 
hence if /i, //, / 2 , f 2 and /, f denote the focal lengths of ob- 
jective, ocular and compound microscope, respectively, then 
by § 122 these magnitudes have the following relations: 

/i+n'./i' =/24 -/ 2 =/+n./^ == 0. 

If therefore the positions of the various focal points are 
designated similarly by Fi, F/, F 2 , F 2 ' and F, F', and if, 
as above, the optical tube-length is denoted by A=Fi'F 2 , 
the general formulae for a compound microscope may be 
written: 

n.±'ih = -~, h2r /=— n.j - — 


For a dry system (n = 1) in which the objective is surrounded 
by air on both sides, we have : 


FiF- 






If we bear in mind that the focal length (/i) of the objective 
is comparatively small while the interval A is essentially 
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positive in sign and very large, the first of these formulae 
shows that the two focal points Fi and F are always close 
together, although F is a little farther from the objective 
than Fi, which is never very far from the front lens. In 
Fig. 297 the axial object-point M coincides with F, and it is 
never more than a short distance from it, usually between 
F and Fi. The posterior focal point (F') of the microscope 
lies always a little distance beyond the posterior focal point 
(F 2 ') of the ocular, as shown by the second formula. The 
third formula shows that the focal length (/) of the microscope 
is never large, and always negative for a positive ocular. 

On the assumption that the real image PR (Pig. 297) 
formed by the objective lies in the anterior focal plane of 
the ocular, and therefore that Fi'P = Fi'F 2 =A, the lateral 
magnification of this image, that is, the ratio mi = PR : MQ, 
will be directly proportional to A, since 

A 

mi= — ; 

Ji 

and since in a high power microscope the objective must be 
calculated for a given value of A in order to obtain a satis- 
factory image, the value of mi wiU likewise be fixed and 
invariable. 

If the magnifying power, as defined in § 158, is denoted by 


, ^ tan co' , 

M= Z, 

y 


where (as above stated) co'=ZM'0'Q' denotes the visual 
angle subtended by the image at the center of the exit-pupil, 
the absolute magnifying power (as distinguished from the 
so-called individual magnifying power, p. 454), or the value 
of M for the case when the image is infinitely distant will 
be M= — Iff. The fact that when / is negative, as it is in a 
compound microscope with a positive ocular, the value of M 
is negative also, has no significance except to indicate that 
the virtual image here is inverted. Ordinarily the negative 
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sign is omitted, although it is important to keep it in mind 
when the numerical value of M has to be inserted in an alge- 
braic formula for purposes of calculation. Obviously the 
absolute magnifying power of a compound microscope is 
given by the formula: 



which may also be expressed in terms of mi as follows: 


M=^ 


n 


I 

'f2 


where for a dry system n= 1, Since mi is usually constant, as 
above stated, this latter formula shows how the magnif 3 dng 
power of the microscope will be changed simply by using 
an ocular of different focal length (/ 2 ). 

The diameter (2y) of the field of view as measured in the 
focus-plane diminishes as the magnifying power (M) in- 
creases, for 

^ 2Ltan co' 


An ordinary Huygenses ocular has an angular field of view 
of about 30®, that is, co' = 15®, say; consequently, putting 
Z=250 mm. and discarding the minus sign, we find that 
2y=(134/M) mm., approximately. Of course, for a larger 
value of co' the field will be correspondingly increased. 

214. The Numerical Aperture. — The efficiency of an 
optical instrument is closely connected with the aperture- 
angle (2r)) subtended by the entrance-pupil at the axial 
object-point M, because in a certain sense this angle is a 
measure of the quantity of radiation that is transmitted 
through the instrument from M to the conjugate point M' 
(neglecting losses of light by reflection and absorption). If 
25 = 0M denotes the distance of the object from the center 0 
of the entrance-pupil, and if p = BO = OC denotes the dis- 
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tance of the object from the center 0 of the entrance-pupil, 
then (§ 136) 

p= — 2 . tan rjj 

where r) = Z OMC = Z BMO ; and hence we see that the magni- 
tude of the aperture-angle depends on the diameter of the 
entrance-pupil and on the interval between it and the object. 

However, there are two principal reasons why the aperture- 
angle alone is not sufficient as a measure of the quantity of 
radiation that is transmitted through the instrument. In the 
first place, according to Lambert^s (1728-1777) cosine-law 
of radiation, on the assumption that the luminous object is a 
small plane element (MQ) perpendicular to the optical axis, 
the intensity at a point Y in the plane of the entrance-pupil 
is less than the intensity (7) at the center, being equal to 
/.cos 6, where ^ = ZOMY; in other words, the quantities of 
light delivered at the different points of the entrance-pupil 
are not all equal, but diminish with the increase of the dis- 
tance from the axis. The other reason why the aperture- 
angle by itself is not a measure of the amount of radiation 
is because, other things being equal, the amount of radiation 
is proportional to the index of refraction (n) of the medium 
in which the luminous object is situated; as we shall now 
proceed to show. 

There is a fundamental difference between the so-called 
GAXjssian imagery by means of narrow bundles of paraxial 
rays, for which the Smith-Helmholtz equation (§ 118) must 
be satisfied, namely, 

n'.^'.tan 6' =n,y.%BJx 

and the imagery produced by wide-angle bundles of rays 
which must satisfy Abbe’s sine-condition (§ 182), namely, 

0'=n.2/.sin 0 , 

as was pointed out on p. 524. In both of these formulae y, y' 
denote corresponding dimensions of object and image; 6, 0' 
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the slopes of a pair of conjugate rays crossing the axis at 
M, M', respectively; and n, n' the indices of refraction of 
the first and last media. A preliminary requirement or sine 
qua non to the fulfilment of the sine-condition is that all 
rays coming from the axial object-point M shall be re-united 
at the conjugate image-point M'; in other words, with respect 
to this pair of points — the so-called pair of aplanatic points — 
the optical system must, first of all, be free from spherical 
aberration along the axis (§§ 178, 179). Soon after Abbe 
began to study the theory of the microscope with a view to 
improving the optical design, he found that in order for any 
optical instrument of wide aperture to produce a sharply 
defined image even of a tiny object lying in a transversal 
plane, the system must comply with the sine-condition or 
condition of aplanatism as formulated above; and that con- 
sequently a good microscope, and above all the objective, is 
subject to this fundamental law. 

The aperture-angles 7j = ZOMC, — subtended 

at M, M' by the semidiameters of the two pupils are the maxi- 
mum values of the slope-angles denoted by 6, 6^; and if they 
are substituted for 0, and if at the same time the image 
(M'Q^=2/0 is supposed to be formed in air, as is always the 
case in a microscope (n'=l), the formula for the sine- 
condition becomes: 

. / 1 . 
sim7 =~n.sm7/, 

where :y denotes the (constant) value of the mag- 

nification-ratio for the pair of aplanatic points. Now while 
the angle r] is generally a large angle in a microscope, the 
angle ij' is always very small so that we may put sin r]^=r)'; 
and consequently 

, n.sin 71 

7 ? = - 

' m 

This formula shows that the quantity of radiation conveyed 
in any meridian plane of the symmetrical instrument through 
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the exit-pupil to the image-point— or, rather let us say, into 
the observer's eye supposed to be placed at the exit-pupil — - 
is proportional, not simply to the sine of the aperture-angle 
in the object-space, but to the product n.sin 17 , which Abbe 
called the numerical aperture (A) . So far as the concentration 
of rays is concerned, two optical systems whose numerical 
apertures, according to the definition 

A = n.sin 77 , 

have the same value for both systems will be equivalent to 
each other. On the supposition that the microscopic object 
is surrounded by air (n=l, A^sinTj), the greatest possible 

value of the numerical aper- 
ture would be unity (rj = 90°). 
On the other hand, if the ob- 
ject were immersed in a liquid 
medium, for example, in water 
(n=1.33, A=1.33.sin tj), and 
if the aperture-angle in this 
case were equal to the critical 
angle of the liquid (p. 80), that 
is, equal to 48*^ 35' in the case 
of water, the numerical aper- 
ture would also be equal to 
unity, although the aperture- 
angle itself would not be much 
more than half of what it was 
in the other case. The value 
of A cannot exceed that of no 
The objective of a micro- 
scope is called a ^'dry system^’ 
when the medium between the 
object and the first lens is air. In a so-called immersion 
system'^ the interval between the cover-glass and the ob- 
jective is filled with a transparent liquid. In the accom- 
panying diagram (Fig. 300), if M designates the position 



Fig. 300.— Numerical aperture of 
microscope objective. Diagram 
shows path of ray traversing sev- 
eral intervening media before en- 
tering objective. 
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of the object on the optical axis of the front hemispher- 
ical lens of a microscope objective, embedded perhaps in 
some medium like Canada balsam of index n, and if ^ de- 
notes the slope of a ray proceeding from M in this me- 
dium, the subsequent path of the ray in traversing the 
cover-glass (nO and the intervening medium (n 2 ) between 
it and the first lens of the objective is shown by the broken 
line, the successive portions of which are inclined to the 
axis at the angles denoted by 0, di and 6^ C='^); and since 
the refracting surfaces are a series of parallel transversal 
planes (§ 44), evidently the numerical aperture is 

A=n.sin ^ = ni.sin ^i = n 2 .sin 6^, 

If the index of refraction of any one of these media is equal 
to unity, that is, if there is a layer of air between the object 
and the objective, the objective is a dry system whose 
numerical aperture cannot possibly exceed the value unity. 
On the other hand, if there is no intervening medium whose 
index of refraction does not exceed that of air, the objective 
is an immersion system, and the numerical aperture may be 
greater than unity. In the special case when n — ni = n 2 == ns, 
where ns denotes the index of refraction of the front lens, 
the objective is a “homogeneous immersion system.’’ — ^A bbe 
designed a simple contrivance called an apertometer for 
finding directly the numerical aperture of the objective. 

215. Brightness of the Image. — ^If the distance of the 
image from the exit-pupil of the microscope is denoted by 
z' = 0''M! and the radius of the exit-pupil by p' = B'0' = 0'C', 
then p' = —z' j or p^=—z'.rj', since we may put 
tan 7]' =r}\ Consequently, if A denotes the numerical aper- 
ture and m the magnification-ratio, then 



Now m=x' :fj where denotes the distance of the 

image from the posterior focal plane of the optical instrm 
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ment, and since the latter is never far from the exit-pupil 
of a compound microscope, we are justified here in substi- 
tuting in place of x'; and thus we find that 

p' approximately; 

in other words, for a given magnifying power (M=““Z//0, 
the diameter of the exit-pupil (2p0 is directly proportional 
to the numerical aperture of the microscope. 

In Robert Smith’s Compleat System of Opticks published 
in Cambridge nearly two centuries ago (1738) the general 
law was enunciated that the apparent brightness of an object 
(or image) as seen by the eye depends essentially on the area 
of the pupil that is filled with light. Now on the assumption 
that the pupil of the observer’s eye is placed in the exit-pupil 
of the microscope, only part of the pupil will be filled with 
light, because the diameter (2po) of the latter cannot pos- 
sibly be greater than 2p'] and hence if B denotes the bright- 
ness of the image in the microscope, and Bo denotes the 
brightness of the object as seen directly without the inter 
position of the instrument, then 

Bo^VW ' 

or 

B = /32.Bo, 

where /3=p':po is a proper fraction {0Si) denoting the 
ratio between the diameters of the exit-pupil of the micro- 
scope and the pupil of the eye. Obviously, therefore, the 
brightness of the image in the microscope can never surpass 
the natural brightness of the object itself; which is a general 
law applicable to all optical instruments. 

Since p'= /3.po = A./, as was found above, the absolute 
magnifying power of the microscope as defined in terms of 
the conventional distance (Z) of distinct vision, may evidently 
be expressed in the following form: 
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which shows how, other things being equal, the magnifying 
power is proportional to the reciprocal of the fraction de- 
noted by jS; in other words, magnifying power and brightness 
of image (as measured by /3^) vary inversely, so that in order 
to get brightness, we must sacrifice magnifying power, and 
vice versa. Suppose, for example, that the diameter of the 
pupil of the eye is 2po==4 mm. (which may be taken as the 
average size of the pupil in ordinary daylight vision), and 
put 1=250 mm. as usual; and, finally, assume that the numer- 
ical aperture of the objective of the microscope is A = 1,25. 
Substituting these values in the above formula (and dis- 
carding the minus sign as being of no importance so far as 
the numerical calculation is concerned), we find under these 
circumstances that M = 625 : 4/3. Accordingly, if the bright- 
ness of the image is to be equal to that of the object (on the 
assumption that none of the light is lost en route through 
the instrument), we must put /3^ = 1, which gives M = 156.25, 
as the highest power we can use; but if we are satisfied with a 
brightness that is one-fourth that of the object (/3^=|-), the 
magnifying power may be double as much as it was before, 
namely, M = 312.5. In order to increase the magnifying 
power, it is possible that we shall be content with a much 
less brightness of image, say, only one-sixteenth the bright- 
ness of the object then M = 625. 

216. Resolving Power of a Microscope. — It must be kept 
constantly in mind that the so-called rays of light (§ 5) have 
no real physical existence, being merely the directions in 
which the luminous radiation is propagated. Geometrical 
optics takes for granted the common notion of every-day 
experience that light travels in straight lines, without stopping 
to inquire hov’' this happens and without raising any ques- 
tion as to the nature of light; it clings to a few fundamental 
facts as its basis and leaves all theories of light (corpuscular, 
undulatory, electromagnetic, quantum theories) severely 
alone. Thus it asserts that rectilinear rays proceed independ- 
ently from a luminous point in all directions in a homogene' 
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ous, isotropic medium. But as a matter of fact, according 
to the wave-theory of light and Huygens’s construction 
of the wave-front (§ 6), each point on a ray may be con- 
sidered as a new source sending out rays in every direction; 
and consequently every point on the wave-front must con- 
tribute its quota to the luminous effect that is produced at 
any specified place lying in the path of the advancing wave. 
All the phenomena of interference and diffraction that are 
studied in such detail in physical optics are deliberately 
ignored in geometrical optics, and therefore the conclusions 
of the latter may sometimes be very misleading to a student 
who is not at the same time familiar with the other domains 
of the science of optics. 

A traveller at night looking at an arc-light through the 
wire screen in the window of a Pullman railway-coach per- 
ceives a luminous rectangular cross which is due to dif- 
fraction of light through the tiny intervals in the wire- 
mesh. Similar phenomena, sometimes including striking 
color-effects, will invariably be noticed whenever the details 
(narrow slits, grating spaces, etc.) that are responsible for 
diffraction have dimensions of the same order of magnitude 
as the wave-lengths of light. Now the illuminated object 
that is examined under a microscope often has an exceedingly 
fine texture, so that all the conditions are present for the 
production of diffraction-spectra or colored patterns. Ac- 
cordingly, Abbe’s theory of the formation of the image in a 
microscope rests on a broader foundation than that of the 
rectilinear rays of geometrical optics and takes account of 
the fundamental conceptions of interference and diffraction. 
Without attempting to discuss these questions here, we must 
call attention to a formula which is of special importance 
because it affords a measure of the resolving power of a 
microscope in terms of the numerical aperture (A) and the 
wave-length (X) of the light by which the object under the 
microscope is illuminated. Resolving power must not be 
confused with magnifying power, for it may be possible to 
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see more through a microscope of moderate magnifying power 
than through one of higher magnifying power, simply be- 
cause the resolving power of the former exceeds that of the 
latter. The resolving power of an optical instrument is 
measured by the smallest interval (d) between two details 
of an object that can be just detected as separate from each 
other in the image. In order that the diifracti on-disks due to 
such a pair of closely adjacent structural elements in the 
object shall not overlap each other and be confounded to- 
gether in the image, the interval between the elements may 
not be less than 



The general validity of this formula which is a simple conse- 
quence of the theory of diffraction will be assumed here 
without proof. If for convenience of calculation the maximum 
value of the numerical aperture of a microscope is taken 
as 1.5 (although in some oil-immersion systems the value of 
A may be a little in excess of this number), we may say that 
no microscope, no matter how powerful, can resolve details 
in an object that are closer together than about one-third 
of a wave-length of light; and consequently no microscope 
will ever reveal to the eye the ultimate particles of matter 
that are ever so much smaller than this limit. In ordinary 
daylight vision the brightest part of the spectrum is the 
yellow-green light corresponding to a wave-length of about 
570 mix; and if we put X = 0.00057 mm. and A = 1.5, according 
to the above formula 0.00019 mm., which may therefore 
be regarded as about the smallest interval that can possibly 
be seen in a microscope by ordinary daylight illumination. 
Mere increase of magnifying power will not reveal any finer 
details simply because they are not there to be seen, the 
image itself is “empty.^^ 

If the angle subtended at the center of the exit-pupil by 
the image of the least perceptible interval d in the object 
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is denoted by e, the magnifying power of the microscope, as 
defined on p. 453, evidently is 



the minus sign being omitted as being irrelevant for the pur- 
pose of the present discussion. After substituting for d its 
value in terms of A and X, we obtain therefore 

„ , 2A.Le 
M-— 

as the critical value of M for the given resolving power. The 
minimum value of the angle e to be used in this formula 
depends on the keenness of vision of the observer whose eye 
is supposed to be placed at the exit-pupil of the microscope. 
The conventional value for an eye with so-called normal 
visual acuity that is generally adopted is e = l^ (p. 21), but 
as this value is much too small for the tiniest details that 
can be readily detected in the image in the microscope by 
the average individual, it is better to err on the safe side 
and give e a value from two to four times as large as the 
conventional value. Accordingly, let us put e=2', that is, 
€=0.00058178 radian, 1=250 mm., and X = 0.00057 mm. 
(yellow-green light); in which case a perfectly simple and 
definite numerical relation must exist between the magnifying 
power of the microscope and its numerical aperture for a 
given resolving power, namely, M = 510.A, approximately. If 
for a given numerical aperture the magnifying power is below 
the value of M as obtained by this formula, the microscope 
will not reveal the finest details of the object that can pos- 
sibly be seen; and on the other hand, if the magnifying power 
exceeds this value of M, nothing is gained by it. Thus on the 
assumption that the extreme maximum value of the numerical 
aperture of a microscope is A =1.6, the limit of resolution 
(for € = 20 will be reached when the magnifying power is 
around 800. 
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Beyond that limit it is useless to try to increase the magnifying 
power unless we resort to light of shorter wave-length; as is 
actually done in microphotography in which ultraviolet light is 
used of wave-length less than 0.0003 mm. Although these 
waves are too short to affect the eye, they act more powerfully 
on the sensitive surface of a photographic plate than the longer 
waves corresponding to the visible region of the spectrum; the 
chief difficulty about using them being that ultraviolet light is 
strongly absorbed by nearly all kinds of optical glass. This diffi- 
culty can be overcome by making the lenses of the microscope 
out of quartz, especially as the objective is designed in this case 
for monochromatic light and does not have to be achromatic. 
With a glycerine immersion-system of numerical aperture 1.3, 
the resolving power as measured by the least perceptible interval 
is found to be d= 0.000106 mm. for X=: 0.000275 mm. 

Before leaving the subject of the resolving power, it may 
be recalled that the brightness of the image in a microscope 
is dependent on the size of the exit-pupil, whose diameter is 

^ 2Ai 

2p =2A.f=-^ 

(neglecting the minus sign as usual). Thus for a given 
numerical aperture, the brightness of the image diminishes 
as the magnifying power is increased; which is an additional 
reason for not using a higher magnifying power than is 
actually needed. When the magnifying power has the proper 
value corresponding to the numerical aperture, the diameter 
of the exit-pupil will be 



that is, it depends simply on the wave-length of the light 
and the value of the angle e. Thus for X = 0.00057 mm. and 
€=2', the diameter of the exit-pupil turns out to be very 
little less than one millimeter. 

217. Optical Requirements of the Objective of a Micro- 
scope. — The real (intermediate) image formed by the ob- 
jective of a high power microscope of large aperture should 



674 


Mirrors, Prisms and Lenses 


[§ 217 


be as nearly faultless as it is possible for human ingenuity 
to contrive, not simply because it is primarily intended to 
be an accurate and faithful picture of the object, but because 
any blemishes in it are likely to be accentuated by the 
magnification of the ocular. The construction of a microscope- 
objective that fulfils this severe requirement with a reason- 
able degree of perfection is a task of much difficulty and 
demands the highest skill both on the part of the engineer 
who conceives and designs the complicated optical system 
and on the part of the optician who executes it. Let us try 
to obtain a clear idea of the optical problem in its various 
aspects. 

For simplicity, we shall begin by supposing that the light 
used in forming the image made by the objective is strictly 
monochromatic light corresponding to a definite wave-length, 
for example, yellow sodium light. Then the first requirement 
is that, with respect to the prescribed position of the object, 
the objective must be an aplanatic optical system in the 
strict sense of that term (§ 182 ); which embraces two con- 
ditions, namely, first, that the system must be free from 
spherical aberration along the axis so that rays emanating 
from the axial point of the object shall all intersect puntually 
at the corresponding place in the image, and, second, that 
Abbess sine-condition shall be rigorously fulfilled, which 
means literally that all the images made by rays coming 
from each separate zone of the objective must coincide ex- 
actly with the image made by the paraxial rays coming from 
the central zone. Without pausing to discuss this require- 
ment further, suffice it to say that it is quite impossible to 
make an objective that is perfectly aplanatic even for light 
of one single wave-length. 

However, as a matter of fact, instead of being illuminated 
by monochromatic light, the object under the microscope 
will generally be illuminated by daylight or artificial light 
comprising a vast number of different wave-lengths. Conse- 
quently, if the colors in the image are to duplicate those in 
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the object as closely as possible, and above all not show any 
colors that are not in the original, the objective must cer- 
tainly be free from chromatic aberrations; that is, besides 
fulfilling the condition of aplanatism above mentioned, it 
must likewise fulfil the condition of achromatism. Let us 
analyze exactly what this involves. In the first place, a 
definite pair of colors or wave-lengths must be carefully 
selected with a view to the purpose for which the microscope 
is to be used, so that the system will be achromatic with 
respect to these two colors, for example, red and blue not far 
from the two ends of the visible region of the spectrum; on 
the assumption that the instrument is to be used in con- 
junction with the eye and that therefore so-called optical 
achromatism (§ 168) is desirable. Accordingly, the first 
requisite in this case is that the objective shall focus at the 
same point in the image all the red and blue paraxial rays 
issuing from the axial point of the object. Under these 
circumstances, provided the several lenses in the objective 
are made of suitable kinds of optical glass, that is, glass 
that has been judiciously selected from the numerous varieties 
that are available at present (p. 484), paraxial rays of other 
colors (yellow, green, violet) will cross the optical axis very 
nearly at the same place as the point of intersection of the 
red and blue rays. However, in spite of the utmost pains to 
prevent it, a so-called secondary spectrum is almost certain 
to be left uncompensated, which, small as this error usually 
is, may prove very annoying in an objective of wide aperture. 

We have still to consider the color-faults of the image 
due to rays that lie outside the narrow region of the paraxial 
rays. When we supposed at first that the spherical aberration 
along the axis was abolished for some intermediate color 
(yellow) between red and blue, it did not follow that the 
optical system would therefore be free from spherical aberra- 
tion for light of other colors; on the contrary, in this case 
the system would most likely be spherically under-corrected 
Cp. 514) for the (red) rays of longer wave-lengths and spher- 
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ically over-corrected for the (blue) rays of shorter wave- 
lengths. Consequently, the objective must be corrected also 
for the fault of chromatic difference of spherical aberration, 
as Abbe termed it. Even then one last error remains to be 
eliminated, for although all the different colored images of 
the object should lie now in one and the same transversal 
plane, there will still be overlapping of one image by another 
unless they are all of precisely the same size. This so-called 
chromatic difference of magnification cannot be perfectly cor- 
rected even if the sine-condition were satisfied for light of each 
separate wave-length, because the value of the magnification- 
ratio itself is different for different wave-lengths. 

It is, therefore, idle to suppose that a microscope-objective 
could be designed to be completely free from all error; and 
if it could be done, it would be beyond the power of any 
optician to grind the lenses and adjust and center them 
exactly according to the most rigid specifications. The best 
we can hope for in such a case is a compromise that will be 
reasonably satisfactory for all practical requirements. The 
small residual errors that cannot possibly be eliminated 
are blemishes in the image, aberration-disks or spots where 
the rays have failed to meet exactly in the ideal image-point; 
but if their dimensions are less than the width of the image 
of the least perceptible detail (d) in the object (§ 216), the 
imperfections of the image will be, so to speak, beneath 
notice and therefore practically non-existent. Thus accord- 
ing to V. Rohr, these aberration-disks in the image made 
by the objective of a fine microscope may be compared to 
the tiny pebbles in a piece of mosaic- work in which the details 
of the pattern cannot be recognized unless the pebbles them- 
selves are comparatively much smaller than the dimensions 
of the details. 

Since no optical system can have more than one pair of 
aplanatic points (p. 524), the optical tube-length (A) of 
a microscope with a high power objective cannot be varied, 
and consequently the actual dimensions of the aberration- 
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disks or faults in the intermediate image projected by the 
objective in (or near) the anterior focal plane of the ocular 
will depend simply on the objective, not on its focal length 
(//). On the other hand, the dimensions of the least percepti- 
ble details in this image, being equal to A.d///, are inversely 
proportional to the focal length of the objective and can 
therefore be made to have a prescribed value by giving the 
objective the proper focal length. Thus with a given type 
of objective, the focal length can be reduced until the per- 
ceptible details in the image are made to appear decidedly 
larger than the aberration-disks that are inherent in this 
type of construction. Accordingly, when the image is viewed 
by an ocular of the proper power, the details of the object 
will come out distinctly, while the aberration-disks will still 
be below the limit of visibility. A convenient way of testing 
the degree of perfection of the optical construction of a given 
type of objective consists in ascertaining the ocular magnifi- 
cation or additional magnifying power that the image will 
bear. 

218. Types of Microscope Objectives. — The early forms 
of high power objectives in the compound microscope were 
generally the result of the practical experience of skillful 
opticians without much aid from theory. From about 1820 
Amici^s objectives were made by careful optical computa- 
tions. In his objectives, as is usually the case today in all 
high power microscopes, the front lens was a small glass 
hemisphere with its plane face close to the object. In order 
to utilize as much as possible the property of the pair of 
aplanatic points of the spherical surface (§ 177), the hemi- 
sphere was sometimes augmented by the addition of a thin 
glass plate which was cemented to the plane face, or a lens 
of this form was made all out of one piece of glass. It was 
customary to correct the spherical aberration at the plane 
surface and the chromatic under-correction of the front 
lens by a pair of doublets each composed of a plano-concave 
flint glass lens cemented to a double convex crown glass lens, 
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as represented in Fig. 301; and with constructions of this 
kind Amici obtained (about 1830) objectives with apertures 
of 2r] = 100°. One of his minor difficulties was to make ob- 
jectives compensate for the aberration which is due to the 
cover-glass (§ 211) that is interposed between the object and 

the microscope and which depends 
on the thickness of the cover- 
glass. 

The influence of the cover-glass 
was ingeniously counteracted by 
a simple device invented by the 
English optician A. Ross in 1838 
which consisted of a screw-collar 
attached to the tube of the mi- 
croscope, whereby the upper part 
of the objective can be slightly 
shifted and adjusted enough to 
allow for the aberration due to 
the thickness of the particular 
cover-glass that happens to be in 
use. 



Fig. 301. — Illustration of a sim- 
ple form of microscope ob- 
jective. 


The principle on which objectives of wide aperture are 
constructed is to offset the unavoidable errors of both 
spherical and chromatic aberration in one part of the system 
by deliberately introducing opposite compensating errors in 
the other part; and, consequently, as has been stated before, 
the objective as a whole is usually a complex optical system 
composed of several groups of lenses which have to be ground, 
adjusted and centered with extraordinary care and precision. 

In the most powerful modern microscopes a drop of liquid 
is inserted to span the narrow interval between the cover-glass 
and the plane surface of the small front lens of the objective. 
Thus instead of the two focal lengths being equal and op- 
posite (/i'= —/i), as in the so-called dry objectives, the focal 
lengths of an immersion objective are unequal (/i=— n./i', 
where n denotes the index of refraction of the liquid). In 
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the first immersion systems made by Amici about the middle 
of the last century the liquid used was water, but other 
liquids (oils) are used more frequently nowadays. One 
obvious effect of the interposition of the liquid medium is to 
annul or at least partly overcome the injurious influence of 
the cover-glass and also at the same time to reduce the losses 
of light by reflection; but the main advantage consists in 
the increase of the numerical aperture and the accompanying 
increase of the resolving power. 

The efficiency of the microscope was improved in many 
ways by Abbe. He found that oil of cedar wood had an index 
of refraction (n = 1.51414) and a dispersive power 49.0) 
very nearly the same as for glass, and in 4879 he designed for 
Carl Zeiss an objective with a focal length of one-twelfth 
of an inch and a numerical aperture of 1.25, in which by 
using homogeneous immersion the object was to all intents 
and purposes optically in the same medium as that of the 
front lens of the objective; and consequently the property 
of the aplanatic points of the hemispherical surface could 
now be utilized for the widest possible aperture. Moreover, 
if the hemispherical front lens was succeeded by an aplanatic 
meniscus lens of the type shown in Fig. 275 or perhaps by a 
series of such lenses, the angular aperture of the bundle of 
rays coming from the axial object-point could be successively 
reduced. The effect of this arrangement is to convert the 
wide-angle bundle of incident rays into a much narrower 
monocentric bundle, thereby making it much easier for the 
last lenses of the objective to produce the required spherical 
and chromatic corrections. 

The new varieties of Jena optical glass (p. 482) were 
advertised in 1885; and the following year new types of ob- 
jectives called apochromats, both dry systems and immersion 
systems, were brought out by the firm of Carl Zeiss. De- 
signed and computed by Abbe, and executed with the greatest 
pains and ingenuity, these objectives not only showed no 
secondary spectrum but were spherically corrected for two 
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or three different wave-lengths. Fig. 302 represents the type 
of construction of an oil-immersion apochromat. Subse- 
quently, Abbe utilized the remarkable optical properties ol 
the mineral fluospar (p. 485), for which n= 1.43391 and 



Fig. 302, — An apochromat oil-immersion microscope objective. 


P — 95A (low refraction with high dispersion) to construct a 
series of objectives which were called semlapochromats. 

219. The Ocular. — On the assumption that the image 
made by the objective is a faithful reproduction of the object, 
the task that remains to be performed by the ocular system 
is a comparatively simple one. Generally (as has been pre- 
viously stated) the ocular is composed of two parts, namely, 
the field-lens towards the objective, which acts like a con- 
denser and increases the field of view of the instrument, and 
the eye-lens next the eye at some little distance from the 
field-lens. On account of the feeble divergence of the bundles 
of rays, the spherical aberrations along the axis are of such 
minor importance that they can be ignored entirely, and 
errors of astigmatism and distortion can be easily reduced to 
such a degree that they will not be noticeable. On the other 
hand, achromatism with respect to the focal length (/ 2 ) of 
the ocular (see p. 488 and § 173) is an essential requirement, 
because, while it does not make much difference whether the 
various colored images seen through the ocular all lie exactly 
in the same far off transversal plane, it is very important that 
these images should all have the same apparent size, that is, 
subtend the same angle co' at the center O' of the small exit- 
pupil where the observer views the image as through a little 
round hole or window. On the assumption that field-lens 
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and eye-lens are both single thin lenses made of one kind of 
glass, the condition of achromatism in this sense of the term 
is that the interval (c) between the two components shall 
be equal to the arithmetical mean of their focal lengths 
(p. 502); that is, c= (a-h5)/2, where a and h denote the focal 
lengths of field-lens and eye-lens, respectively. 

The two historic types of ocular that are still used today 
with various modifications are Huygens’s ocular (Fig. 218), 
which is the older type and goes back to the beginning of 
the eighteenth century (1703), and Ramsden’s ocular 
(Fig. 219), which was introduced about eighty years later. 
(The so-called ^^Ramsden circle” or “eye-circle” is the exit- 
pupil of the microscope.) In each of these typical construc- 
tions both lenses are plano-convex and made of the same 
kind of glass. In Huygens’s ocular the curved surfaces are 
both turned the same way towards the objective, whereas 
in Ramsden’s ocular the curved surfaces are opposite each 
other. 

In the original form of Huygens’s ocular the relations 
between the focal lengths a, h and and the distance c be- 
tween the two lenses were expressed by the following pro- 
portions: 6 :/2 : c : a = 2 : 3 : 4 : 6. In the modern form of 
this ocular the numerical ratios are different, namely, 
6 :/2 : c : a = 6 : 8 : 9 : 12, so that here the distances of the 
focal points (F 2 , F 2 ') of the ocular from field-lens and eye- 
lens are ^ c and f c, respectively; as may be easily verified. 
Since the real image made by the objective falls inside 
Huygens’s ocular between the field-lens and the eye-lens, 
this image is a virtual object with respect to the ocular, and 
consequently this type of ocular is not suitable for the in- 
sertion of cross-hairs and scale for measurements of the 
image, because the image of the scale and accessories would 
be formed by the eye-lens alone and not by the ocular as a 
whole. 

In Ramsden’s ocular, where a=6 = c=/ 2 , the thin plano- 
convex lenses are in the focal planes of the combination; 



682 


Mirrors, Prisms and Lenses 


f§ 219 


and one trouble, therefore, about this arrangement is that 
the image made by the objective falls so close to the field' 
lens that particles of dust on the surface of this lens or flaws 
in the glass itself will be magnified by the eye-lens and con- 
fused with the image as seen in the microscope. This diffi- 
culty is remedied in practice by reducing the interval between 
the two lenses so that as a matter of fact c is a little less than 
the focal length of each of the two equal lenses, and although 
the condition of achromatism is no longer satisfied exactly, 
the error is not serious. For example, if c=-| a, the real image 
made by the objective will be formed in front of the field- 
lens at the distance from it, and accordingly with this 
arrangement there is no difficulty (as there is in Huygenses 
ocular) about inserting cross-hairs and scale in the tube at 
the place where this image is formed. 

Kellnek's so-called orthoscopic ocular (1849) is an im- 
proved form of Ramsden’s ocular (a=b=c==f 2 ) in which the 
eye-lens is an achromatic doublet and the field-lens is a thin 
double convex lens. Gundlach's ^^periscopic'^ ocular is also 
of the Ramsden type, in which the eye-lens is a triplet and 
the field-lens is a doublet. 

The simple chromatic correction obtained with oculars 
of these types is ample unless the objective is of high power, 
and then the unavoidable chromatic difference of magnifica- 
tion inherent in the objective itself must be taken in account. 
In other words, if the image presented to the ocular for 
magnification has color-faults in it, it is incumbent on the 
ocular to correct them if possible, otherwise the faults wiU 
be merely accentuated. This trouble is encountered even 
with apochromatic objectives that are as achromatic as it is 
possible to make them; and in order to overcome it, Abbe 
calculated a special form of compensation ocular essentially 
more complicated than the simple types of ocular that are 
generally used. Intentionally designed to have a certain 
chromatic difference of magnification opposite to that of the 
objective, this type of ocular has a shorter focal length for 










Fig, 303. — Human retina, whorl fibers, magnified 300-fold. Microphoto- 
graph of section of retina of human eye, reproduced by courtesy of 
Mr. Max Poser. 

1. Internal limiting membrane 6. Outer reticular layer 

2. Layers of fibers of optic nerve 7. Henle’s fiber layer 

3. Layer of ganglion cells 8. Outer nuclear layer 

4. Inner reticular layer 9. External limiting membrane 

5. Inner nuclear layer 10. Layer of rods and cones 

11. Pigmentary epithelium 




Rg. 304. — Human retina, fovea centralis, magnified 300-fold. Microphotograph of section of 
retina of human eye (fovea centralis), reproduced by courtesy of Mr. Max Poser. 
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red light than for blue light. The principle of the method 
can easily be illustrated by a numerical example by the aid 
of the formula for the magnifying power of the microscope, 
namely, 

M=m4, 

/2 

where mi= A /// denotes the value of the magnification-ratio 
for the image made by the objective and Z=250 mm. If, for 
example, mi = 50 for red light and =52 for blue light, and 
if the focal length (/ 2 ) of the compensation ocular is 25 mm. 
for red light and 26 mm. for blue light, evidently the mag- 
nifying power of the microscope will have the same value 
M = 500 for both red and blue light. 

220. Microphotography and Other Applications of the 
Microscope. — Concerning the mechanical construction of the 
compound microscope and its adjuncts (stand and accessory 
contrivances for convenience of manipulation and focusing), 
and especially concerning the various illumination-devices 
(for transparent and opaque objects) that have an important 
bearing on the theory of the formation of the image, the 
student must be referred to books and special articles on 
the microscope where these subjects are treated in more or 
less detail. For lack of space it is impossible to give here 
any description of the many applications of the microscope 
(binocular microscope, polarization microscope, etc.) and of 
the special constructions for mineralogy and other fields 
of scientific research. For lecturing purposes and demon- 
strations the objective may be used in conjunction with an 
ordinary ocular or preferably with a special type of ocular 
for projecting the magnified image on a transparent or 
opaque screen where it wiU be visible to an assembly of 
spectators. The efiiciency and usefulness of the microscope 
have been enormously extended in recent years by the 
applications of photography. In microphotography where 
it is very important to have a fiat image focused on the 
sensitive plate, it is better to use a special concave (negative) 



684 


Mirrors, Prisms and Lenses [§ 220 

ocular. For ultraviolet light (X=275 m/x) the Zeiss mono- 
chromatic objectives (1904) made of amorphous quartz 
(nD= 1.45846, z^=67.7), which does not absorb these short 
waves as ordinary glass does, bring out details in the photo- 
graph that could never be seen at all in looking through a 
high power microscope; because on account of the short 
wave-length of the light used for obtaining the photograph 
the resolving power is between two and three times as great 
as it can possibly be for direct vision with the eye. 

No better illustration of the extraordinary possibilities and 
usefulness of the photographic process can be given than the 
reproductions (Figs. 303 and 304) of two beautiful micro- 
photographs of parts of the retina of a human eye which 
were made by Mr. Max Posee of the Baijsch & Lome 
Optical Company of Rochester, N. Y., with one of their 
apochromats of focal length 4 mm. and numerical aperture 
0.85. 

In conclusion, we can merely allude to the method of 
dark-field illumination whereby it is possible to perceive de- 
tails even below the limit of the resolving power of the 
microscope, just as the motes in a sunbeam that are invisible 
by ordinary illumination can be made perceptible by dif- 
fraction. We cannot discern the forms of these excessively 
minute objects, all we can do is to detect their presence in 
the field. This method of illumination was utilized by 
H. Siedentopf in his ultramiaroscope^ in which the image is 
a diffraction-pattern whose form and size enable the observer 
to make certain inferences as to the dimensions of the object. 
With sunlight illuminations the presence of particles in 
colloidal solutions as small as four-millionths of a millimeter 
has been detected by this instrument. 



CHAPTER XVIII 


NOTES ON PHYSICAL OPTICS AND PHYSIOLOGICAL OPTICS 

221. Index of Refraction. — Instead of referring to the 
velocity of light (v) in an optical medium, it is customary in 
geometrical optics to use a number (n) called the index of 
refraction which is inversely proportional to v and is defined 
as follows: 


c 

n=-, 

V 

where c denotes the velocity of light in vacuo and is equal in 
round numbers to 3.10^° cm. /sec (see § 33). On the supposi- 
tion that the light is monochromatic (corresponding to a def- 
inite place in the spectrum), the value of n depends only on 
the medium; but in general the medium itself is variable 
and consequently the value of n may not only be different 
at different places in the same medium, but at any given 
point it may be different in different directions. Thus, for 
example, consider a point P whose position in the medium 
is defined by its Cartesian coordinates (x, y, z)j and also a 
certain direction from P defined by its direction-cosines 
(a, y ) ; then in the most general case the index of refrac- 
tion at the point P is a function not only of {x, y, z) but also 
of (a, jS, y). The medium is said to be homogeneous when the 
value of n does not depend on the position of the point P, 
that is, when n is independent of y and z; and it is said 
to be isotropic when the value of n at any point in the medium 
is the same in all directions, that is, when n is independent 
of a, /3 and y. For example, the earth^s atmosphere is an 
isotropic medium, but it is not homogeneous, because the 
index of refraction diminishes as we ascend from sea-level 
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to the higher levels of the atmosphere. On the other hand, 
crystalline media are examples of homogeneous media that 
are not isotropic. Finally, ordinary optical glass is a medium 
that is both homogeneous and isotropic. 

The index of refraction depends also on the color of the 
light or its wave-length in vacuo. The accompanying table 
taken from a recent paper on Modern optical glass'' by 
T. Smith (Trans, Opt, Soc,, XXXII, 89) gives the wave- 
lengths of the spectral lines used in the 1926 List of the 
Parsons Optical Glass Company (1 m/x = 10~® mm.). 


Notation 

Color 

Spectrum 

Wave-length in mfJ > 

b 

Red 

Helium 

706.519 

C 

Red 

Hydrogen 

656.279 =fc 6 

D 

Yellow- 

Sodium 

589.295:^=298 

d 

Yellow 

Helium 

587.562 

e 

Green 

Mercury 

546.073 

F 

Blue 

Hydrogen 

486.133 

g 

Blue 

Mercury 

435.834 

G' 

Violet 

Hydrogen 

434.046 

h 

Violet 

Mercury 

404.656 


I. Double Refraction 

222. Double Refraction in Iceland Spar. — In most of the 
problems of geometrical optics it is generally taken for 
granted that the optical media are not only homogeneous 
but isotropic, and that therefore the index of refraction has 
the same value at all points of a medium and for all direc- 
tions of the rays, depending only on the wave-length of the 
light. Thus when light is refracted across a boundary surface 
between two such media we need only to know the direction 
of the incident ray in order to tell that of the refracted ray, 
in accordance with the law of refraction (n'.sin a' =n.sin a). 
The restriction imposed by this underlying assumption is 
indeed so rigorous and narrow that in order to comply with 
it in practice the optician is obliged to make his lenses and 
prisms almost exclusively of a purely artificial material 
known as optical glass which, as has been explained (§ 166), 
is manufactured for the purpose with the utmost patience 
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and skill. The transparent solids found in nature are mostly 
gems and precious stones of comparatively few varieties, 
none of them very abundant, as is implied by the designation 
we have just used; and in most instances they are not suit- 
able for optical instruments. Almost without exception they 
have a crystalline structure, more or less homogeneous but 
anisotropic; and generally when a ray of monochromatic 
light falls on one of these crystals, there will be two refracted 
rays instead of one. This phenomenon known as double 
refraction was noticed first (1669) by Erasmus Bartholinus, 
who observed it in the case of the mineral called Iceland 
spar which exhibits the effect beautifully. Not long after- 
wards Huygens began to investigate the new phenomenon 
and brought his great genius to bear on all its curious and 
interesting relations; and one of the most famous chapters 
in his Traits de la lumiere (1690) is devoted to the description 
and explanation of his experiments on the passage of light 
through Iceland spar. It is a masterly treatment of the whole 
subject as far as the facts had been ascertained at that time, 
and the construction of the wave-surface in the crystal as 
Huygens originally proposed it nearly two hundred and 
fifty years ago is given in all the elementary text-books of 
optics today. As one of the two refracted rays was found to 
obey the ordinary law of refraction, it was called the ordinary 
ray, to distinguish it from the other or extraordinary ray 
which follows an entirely different law. Knowing already 
that the form of the wave in an isotropic medium like glass 
was spherical, Huygens naturally assumed that the ordinary 
wave in the crystal was spherical also and therefore prop- 
agated with the same speed in all directions. The extraor- 
dinary wave certainly was not spherical, and Huygens 
assumed that it was spheroidal and had the form of an ellip- 
soid of revolution. If it is merely a question of the directions 
of the two rays in Iceland spar, this theory that the refracted 
wave consists of two concentric sheets, a sphere and a 
spheroid, affords a complete and satisfactory explanation of 
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all the observed effects; but it leaves us entirely in the dark 
as to the incident ray undergoes double refraction at all, 
and why one of the two rays follows the ordinary law. 
Huygens’s ingenious and careful experiments led him 
strongly to suspect that the light that had passed through 
the crystal was somehow strangely different from the in- 
cident light because, although in general both rays were 
again doubly refracted when they traversed a second rhomb 
of Iceland spar, yet for certain special positions of the second 
rhomb with respect to the first, this was not the case, and 
neither of the two rays was doubly refracted the second time. 
At the conclusion of his treatise on light Huygens tells us 
that he was much perplexed by this truly marvellous phe- 
nomenon,” as he calls it. It would be entirely beyond the 
scope of this book to describe here these interesting experi- 
ments or to discuss the important bearing they have on the 
wave-theory of light. Both Huygens and Newton seem 
to have been more or less dimly aware of the fact of the 
polarization of light which was discovered long afterwards 
by Malus in 1810 and led Fresnel in 1821 to adopt the 
far-reaching hypothesis of transverse vibrations in the 
luminiferous ether. 

223. Huygens’s Construction of the Wave-Surface in 
Iceland Spar. — Iceland spar, which is a clear transparent 
form of calcite (CaCOs) belonging to the rhombohedral sys- 
tem, is said to be a uniaxial crystal because there is a certain 
specific direction in it called the optic axis that is distinguished 
from all the other directions by the fact that when a beam 
of light traverses the crystal in this unique direction, the 
two waves, ordinary and extraordinary, proceed with equal 
speed, and consequently if a ray of light is transmitted 
through the crystal parallel to the optic axis, it will not be 
divided into two rays, as is otherwise the case, because in 
any other direction the speeds of the two waves are different. 
The optic axis is not a fixed line, it is merely a fixed direction 
in the crystal. Uniaxial crystals are classified as positive or 
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negative, according as the extraordinary ray is bent towards 
the axis or away from it; thus quartz, which is likewise a 
uniaxial crystal, is positive, while Iceland spar is negative. 
Many crystals have two optic axes and are therefore biaxial; 
and in these crystals neither of the two rays obeys the or- 
dinary law of refraction. The two sheets of the wave-surface 
in a biaxial crystal are in fact more complicated than the 
sphere and spheroid that are characteristic of a uniaxial 
crystal; and the student who desires to pursue the subject 
further must consult special treatises on physical optics 
where Fresnel’s wave-surface in a double refracting medium 
is fully described and explained by mathematical analysis. 
In the following description of Huygens’s method the 
crystal always has reference to Iceland spar. 

When the advancing wave reaches a point on the surface 
or in the interior of the crystal, this point straightway be- 
comes a new center of disturb- 
ance from which two waves 
are propagated onwards in 
all directions. One of these 
waves, being spherical, 
spreads out with constant 
speed just as if the double 
refracting medium were iso- 
tropic, as was stated before; 



whereas the other wave, be- Fig. 305. — Form of wave-surface in 


ing spheroidal, proceeds with 
different speeds in different 
directions. In Iceland spar 
(and all other negative uni- 
axial crystals) the sphere is in- 


principal section of a negative uni- 
axial crystal, such as Iceland spar. 
Circle inscribed in ellipse, optic 
axis of crystal being parallel to 
principal axis minor of ellipse, 
Semiaxes of ellipse: CA = a, 
CB = 6, a > &. 


scribed in a prolate spheroid generated by the revolution of an 


ellipse around its shorter principal axis which is parallel to the 


optic axis of the crystal. Thus if the equation to the ellipse is 




ia>b). 
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the sphere may be considered as generated by the revolution 
of the circle 

around the diameter that coincides with the shorter axis of 
the ellipse (Fig, 305). The semiaxes of the ellipse denoted 


r 10. 306 . — Huygens s construction of wave-front m Iceland spar. The plane 
wave AB is incident on the plane surface ZL of the crystal; the optic 
axis of the crystal being in the plane of incidence (plane of diagram). 
AC is the incident ray; CO is the ordinary refracted ray and CE the 
extraordinary refracted ray. CQ and CT are the normals to the or- 
dinary and extraordinary wave-fronts within the crystal. 


here by a and h are proportional to the greatest and least 
velocities of light in the crystal. 

If the surface of the crystal is a smooth, polished, plane 
refracting surface, and if the incident wave is plane also 
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(p. 13), the construction is very simple. The straight line AC 
(Fig. 306) represents the path of a ray that is incident on the 
surface at the point C in the straight line ZZ which is the 
trace of the surface in the plane of the diagram; and, sim- 
ilarly, the straight line BL drawn parallel to AC represents 
the path of another incident ray in the same plane of inci- 
dence, which intersects ZZ at a point L some distance be- 
yond C. Thus at the instant when the incident wave arrives 
at C, its position is shown by the straight line CD per- 
pendicular to AC at C and to BL at D. From this moment C 
is the center of two disturbances in the crystal, and during 
the time the wave takes to travel in vacuo a distance equal 
to DL, the disturbances spreading out from C in all direc- 
tions in the crystal will have been propagated to all points 
lying on two concentric surfaces of revolution whose traces 
in the plane of the diagram are the two generating curves, 
namely, the portions of circle and ellipse as shown in the 
drawing. The line perpendicular to the plane of the diagram 
at the point L is the line of intersection of two planes, one 
of which is tangent to the sphere and the other tangent to 
the spheroid; and these planes are the planes of the two 
refracted waves in the crystal at the moment when the 
incident wave arrives at the point L on the refracting surface. 
The traces of the planes are the straight lines LQ and LP 
tangent to the curves at Q and P. The two refracted rays 
corresponding to the incident ray AC are shown by the 
straight lines joining C with the point Q on the sphere and the 
point P on the spheroid. 

The diagram is drawn for a special case, for the point P 
where the tangent-plane touches the spheroid generally does 
not lie in the plane of incidence (plane of the diagram); 
whereas the point Q where the other tangent-plane touches 
the sphere is always in the plane of incidence. In other 
words, the ordinary ray CQ lies in the plane of incidence, 
but the extraordinary ray CP as a rule does not lie in this 
plane. The plane of incidence in the diagram coincides with 
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a principol section of the crystal made by a plane containing 
the optic axis; and when the optic axis lies in the plane of 
incidence, the section of the spheroidal sheet of the wave- 
surface is the generating ellipse, and in that case the incident 
ray AC and the two refracted rays CQ and CP all lie in the 
same plane, that is, in a principal section of the crystal. 

In Fig. 307 (which is merely a particular case of the pre- 
ceding diagram) the incident rays are normal to the surface 



Fig. 307. — Huygens’s construction of wave-front in Iceland spar; for the 
special case when the plane wave AA is incident normally on the plane 
surface ZZ of the crystal; the optic axis of crystal being in the plane of 
incidence (plane of diagram). AC is the incident ray (perpendicular to 
ZZ); CO is the ordinary refracted ray (undeviated) and CE the ex- 
traordinary refracted ray (deviated). CQ and CT, both perpendicular 
to ZZ, are the normals to the ordinary and extraordinary wave-fronts 
QQ and PP within the crystal. 

of the crystal, and therefore the ordinary wave QQ and the 
extraordinary wave PP are both parallel to the incident 
wave; but although the ordinary ray CQ continues in the 
crystal along the same straight line as the incident ray AC, 
the extraordinary ray CP generally pursues a different direc- 
tion and will not even lie in the plane of incidence unless this 
plane happens to be in a principal section of the crystal, as 
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shown in the drawing. The figure brings out clearly another 
striking difference between the attitudes of the two rays 
with respect to the wave-surface, which should be carefully 
noted. As is the case always in an isotropic medium (p. 91), 
the direction of the ordinary ray CQ is along the normal to 
the wave-front QQ; but, as a rule, the direction of the extra- 
ordinary ray CP is not the same as that of the normal CT 
to the wave-front PP. Accordingly while the ordinary wave 
advances in the direction of the normal CQ, the extraordinary 
wave appears to be jerked to one side and proceeds through 
the crystal, not in the direction of the normal CT, but in the 
direction of the ray CP. 

The student is advised to draw similar diagrams for other 
special cases besides those shown in Figs. 306 and 307; par- 
ticularly for the case when the optic axis of the crystal is 
parallel to the refracting surface and also for the case when 
it is perpendicular to this surface. 

224. The Variable Index of Refraction of the Extraordinary 
Ray in Iceland Spar. — From what was said above concerning 
the attitude of the two rays with respect to the wave-surface 
in the crystal, it follows that a distinction must be made in 
the case of the extraordinary wave between the ray-velocity 
along the ray CP and the wave-velocity along the normal CT 
(Figs. 306 and 307). The index of refraction is defined to be 
the number given by the ratio n=c!v, where c denotes the 
velocity of light in vacuo and v denotes the velocity in the 
medium in question (§ 221). So far as the ordinary wave is 
concerned, this definition is perfectly simple, because the 
velocity of this wave is constant and equal to the least 
velocity of light in the crystal; and consequently n is con- 
stant also. But in the case of the extraordinary wave, the 
question arises as to what is meant by v in the formula 
jx^cjv] does V here denote the ray-velocity or the wave- 
velocity? 

This point can easily be settled by reference to Fig. 306. 
Evidently if a denotes the angle of incidence of the incident 
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ray AC and a' the angle of refraction of the extraordinary 
ray CP, then Z LCD = a and Z CLP = a'; and since the two 
right triangles CDL and CTL have the same hypothenuse CL, 
we obtain: 

sin a _DL_c_ 
sina'“CT“y““- 

This result shows that v, which is proportional to CT^ denotes 
the wave-velocity. 

When the 'plane of incidence coincides with a principal 
section of a uniaxial crystal like Iceland spar, the velocity 
(z;) of the extraordinary wave in any particular direction is 
found to be a comparatively simple function of the angle <p 
between this direction and the fixed direction of the optic 
axis. If indeed we put 2 ; = CT, the angle (p is the angle be- 
tween the axis minor of the ellipse and the central perpendic- 
ular on the tangent; and consequently by the well-known 
properties of this curve, 

v^ = a^.sin^ ^+6^cos^ ip, {a>h), 

where (in accordance with our previous notation) a and h 
denote the two principal semidiameters of the generating 
ellipse of the spheroidal sheet of the wave-surface. For 
example, in the direction parallel to the optic axis (<ic> = 0), 
the velocity of propagation of the extraordinary wave is 
least and equal to that of the ordinary wave ( 2 ; = 6), as has 
been pointed out before; whereas in the direction perpendic- 
ular to the optic axis (^ = 90°), the velocity is greatest (v^ a). 
The maximum and minimum values of the index of refraction 
of Iceland spar for sodium light are found to be 1.6584 and 
1.4864 corresponding to v=h and v=a, respectively. 

226. Wollaston’s Prism. — ^When a plane wave is incident 
normally on a plate of Iceland spar with plane parallel faces, 
and the plane of incidence is in a principal section of the 
crystal, the ordinary and extraordinary waves will be sepa- 
rated by a parallel displacement, and will emerge in the 



Wollaston^s Prism 
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same direction. Sometimes it is desirable for the emergent 
beams to be far apart, but this involves a fairly long path 
inside the crystal, and large pieces of Iceland spar suitable 
for optical use are hard to obtain and are expensive. In 
Wollaston’s prism the two waves undergo an angular dis- 
placement and emerge therefore in different directions; which 
has obvious advantages for some purposes. This prism 
(Fig. 308) consists of two equal right-triangle prisms made 



Fig. 308. — Wollaston’s prism wMcli produces an angular separation be- 
tween the ordinary and extraordinary rays. The shading of the drawing 
indicates the directions of the optic axes in the two halves of the prism, 
the optic axis in the left-hand portion being in the plane of the diagram 
and the optic axis in the right-hand portion being perpendicular to 
that plane. The directions of the vibrations (planes of polarization) 
are also indicated on the emergent rays. 

of Iceland spar and united along the common hypotenuse 
face into a single block which does not have to be very thick. 
The refracting edge of the first prism is perpendicular to the 
optic axis of the crystal, whereas the refracting edge of the 
other prism is parallel to the optic axis. Thus in the drawing, 
where the direction of the optic axis is indicated by the 
shading in the usual way, the optic axis of the first prism is 
in the plane of the paper, and that of the second prism is 
perpendicular to this plane. The two waves traverse the 
first prism along exactly the same path, only the ordinary 
wave, being slower, is retarded behind the extraordinary 
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wave. According to the theory of the polarization of light, 
the vibrations in the ordinary wave are parallel to the optic 
axis of the crystal, while those of the extraordinary wave are 
perpendicular to this direction; and consequently on enter- 
ing the second prism, the rdles are reversed; that is, the 
ordinary wave in the first prism becomes the extraordinary 
wave in the second prism, and vice versa. Therefore the 
wave that was faster in the first prism will be slowed down on 
being refracted into the second prism, and so in this case 
the rays will be bent towards the normal; whereas in the 
other case which is exactly opposite the rays will be bent 
away from the normal. Accordingly, the two waves will 
emerge from the Wollaston prism in divergent directions, 
and so may be widely separated. This is an exceedingly 
convenient device for this purpose and is utilized, for ex- 
ample, in the modern clinical form of Helmholtz’s ophthal- 
mometer, in which the essential feature is a so-called “dou- 
bling” system for splitting a beam of light into two portions 
so as to obtain a double image of an object (§ 227). 

II. The Ophthalmometer 

226. The External Surface of the Cornea of the Human 
Eye. — Practically the only scientific method of accurately 
measuring the linear dimensions of the dioptric system of the 
living eye (curvatures of cornea and crystalline lens, positions 
of the vertices of the refracting surfaces, etc.) is by means 
of precise observations of the catoptric or so-called Purkinje 
images (p. 378) reflected in the eye by an external object. 
The most important of all the ocular refracting surfaces is 
the external (anterior) surface of the cornea, not merely be- 
cause its refracting power is about four-fifths of the total 
refracting power of the unaccommodated eye, but also be- 
cause all the other measurements in the interior of the eye, 
where the reflex images are generally much more difficult 
to locate and determine, are necessarily based on careful 
preliminary measurements of the cornea, which is, so to speak, 
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the window of the eye. C. Scheineh (1573-1650), one of the 
pioneers in physiological optics, made rough measurements of 
the cornea by comparing the reflex image in the anterior sur- 
face of this membrane with that of the same object reflected 
in the convex surface of a small glass marble or agate of 
approximately the same dimensions. Having near at hand a 
series of marbles of different sizes, he placed the individual 
whose eye was to be measured opposite a bright window 
where the reflected image of the cross-bars of the sash could 
be plainly discerned in the cornea; and then after a number 
of trials a marble was found which, on being inserted in one 
corner of the eye, gave a reflex image of the same size as the 
image in the cornea as nearly as could be determined by 
visual comparison. 

The beautifully clear and transparent membrane of the 
cornea is not as regular and symmetrical in curvature as it 
seems to outward appearance, although in the central or 
optical zone extending two or three millimeters out from 
the vertex of the cornea (somewhat farther horizontally 
than vertically) the curvature is approximately regular for 
a normal eye. Towards the margin of the cornea the surface 
becomes flatter, more so in some meridians than in others, 
and not to the same extent in opposite directions from the 
center along the same meridian. The shape of the cornea is 
also different for different individuals. However, so far as 
vision is concerned, the really important area is the small 
optical zone around the vertex of the cornea; and here the 
radius of curvature is found to vary for different individuals 
(even when they are of the same age and sex) between the 
limits of 7.03 and 8.88 mm., although in the great majority 
of cases this value is comprised between 7.80 and 7.89 mm. 
The optical zone of the cornea is hardly ever truly spherical 
but nearly always astigmatic to a greater or less degree; and 
generally the refracting power is found to be between 0.5 
and 1.25 dptr. higher in the vertical than in the horizontal 
meridian. This is the so-called normal or physiological astig- 
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matism “with the rule/’ which is apparently compensated 
by a lenticular astigmatism of the crystalline lens in the 
opposite sense, that is, “against the rule,” so that it causes 
no annoyance of vision. On the other hand, if the difference 
of refracting power in the horizontal and vertical meridians of 
the optical zone of the cornea amounts to less than 0.25 dptr. 
or more than between 1.00 and 1.25 dptr., the astigma- 
tism is considered to be pathological; and in that case cylindri- 
cal or toric spectacle lenses (§ 114) will generally be needed 
to correct this error; which may be a source of continual, 
perhaps unconscious irritation that can have serious conse- 
quences in one way and another. 

Although ocular astigmatism is one of the most prevalent 
so-called errors of refraction of the human eye, this trouble 
was apparently not definitely noticed until Thomas Young 
called attention to it about the beginning of the last century. 
The fault was corrected by the celebrated astronomer. 
Sir G. B. Airy, by using a cylindrical lens (1827) for one of 
his eyes; but not much progress could be made in this direc- 
tion before the invention of the ophthalmometer by Helm- 
holtz in 1854 which has proved to be an almost inestimable 
boon to mankind. Much important pioneer work in this 
field was accomplished soon afterwards by Donders in Hol- 
land and Knapp in Germany and the United States; and 
the fact was established beyond question that the seat of 
ocular astigmatism was in the cornea of the eye. Although 
Helmholtz’s ophthalmometer gives the most accurate and 
reliable measurements of the cornea, and has never been 
improved in this respect, it was essentially a laboratory type 
of instrument, not only demanding skill on the part of the 
observer, but also involving somewhat tedious and compli- 
cated computations before the findings could be interpreted. 
The difficulties of manipulation and other inconveniences 
were triumphantly overcome by the clinical ophthalmometer 
that was perfected in 1881 by Javal and Schiotz. Essenti- 
ally the same in principle as the Helmhoi^tz instrument, 
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this new construction was incomparably more convenient 
for the ophthalmologist to use in his ordinary practice. Of 
all the measurements made by the oculist or optometrist in 
the routine of an eye-examination, the measurement of the 
cornea with the ophthalmometer is the most precise and 
trustworthy; and it has the advantage of being independent 
of the state of accommodation of the eye and also of the 
psychology of the patient. 

227. The Optical Theory of the Ophthalmometer. — As is 

invariably the case whenever a real object is portrayed in a 
convex mirror, the reflex image in the anterior surface of the 
cornea is erect and virtual and smaller than the object. 
If the distance (a) of the eye from the object is known and 
likewise the size of the latter (t/), the radius of curvature (r) 
of the convex surface may be considered as being simply 
proportional to the size of the image (^/O? provided (as is al- 
ways the case in measurements made with the ophthalmom- 
eter) the distance denoted by a is many times greater than r. 
For under such circumstances the ordinary magnification- 
formula, on being solved for r, is approximately; 



Accordingly the determination of the value of r amounts 
simply to our being able to measure accurately the size of 
the virtual image y'. 

The peculiar feature of the ophthalmometer is an optical 
mechanism called the doubling device which is based essenti- 
ally on the same principle as that used in the astronomical 
heliometer. Inserted in the optical system, this mechanism 
automatically divides each bundle of rays reflected from the 
cornea into two bundles; and consequently when the observer 
looks through the instrument, instead of seeing a single 
image as he would do ordinarily, he sees two images usually 
separated from each other by a certain interval; which can 
be varied within fixed limits in one of two ways depending 
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on the collimating mechanism. Not only the doubling mech« 
anism itself but also the collimating mechanism connected 
with it is apt to be of different design and construction in 
different types of ophthalmometers. For example, in the 
original form of the instrument as devised by Helmholtz 
the interval between the two images could be altered by 
making a delicate adjustment in the doubling system itself; 
whereas, on the other hand, in the ophthalmometer of Javal 
and ScHiOTZ the doubling mechanism was rigid and invariable, 
and the collimation of the two images was accomplished by a 
device that changed the size of the object symmetrically at 
both ends by reducing or increasing the distance between two 
illuminated mires, which will be described presently (§ 228). 
In any case when the two images are collimated so that the 
end of one image is exactly in contact with the adjacent end 
of the other image, the instrument is set for reading the scale 
and thereby obtaining the measurement of the curvature 
of the cornea. Exactly how the doubling mechanism serves 
the purpose, has now to be explained; and the simplest 
explanation will be to describe the method used by Helm- 
holtz. 

A bright window with cross-bars in the sash is a very con- 
venient object for the Helmholtz instrument. The image 
reflected in the cornea is viewed by the observer through a 
short-focus telescope mounted a few inches in front of the 
patient^s eye and pointed horizontally at the place on the 
cornea where the curvature is to be measured; the total dis- 
tance between the observing eye and the observed eye being 
usually not more than about 25 inches. The telescope being 
sharply focused on the image in the cornea, it is this image 
therefore that constitutes the object with respect to the 
telescope itself. 

In Helmholtz^s ophthalmometer the combined doubling 
mechanism and collimating mechanism, contained in a small 
rectangular box attached to the end of the tube of the tel- 
escope, consisted simply of two little glass plates with 
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parallel plane faces placed symmetrically with respect to 
the axis of the telescope, side by side in vertical planes; so 
that each bundle of rays reflected from the cornea was 
divided by the plates in two parts and transmitted through 
them to opposite sides of the objective of the telescope. By 
means of a thumb-screw the two plates could be turned 
simultaneously and precisely, each around a vertical axis, 
through equal angles in opposite directions, the angle be- 
tween the plates being registered on a scale provided for 
that purpose. In the initial or zero position when both plates 



Fig. 309. — Doubling system in Helmholtz’s ophthalmometer, consisting of 
pair of plane parallel glass plates A and B inclined to each other at 
variable angle 2a. 


are in the same vertical plane perpendicular to the hori- 
zontal axis of the telescope, they unite into a single con- 
tinuous plate, and with this setting only one image is seen 
through the telescope. If the plates A and B (Fig. 309) are 
rotated outwardly from this position each through an angle a, 
the single image divides into two images separated by an 
interval that increases with increase of the angle 2a between 
the adjacent end-sides of the plates. In the diagram the 
straight line PQ=2/^ which is bisected perpendicularly at M 
by the axis of the telescope, represents the image reflected in 
the convex surface of the cornea. The image of the point Q 
in plate A is designated by Q' and that of the point P in 
plate B by P^'; and if d denotes the thickness of each plate 


702 


[§227 


Mirrors, Prisros and Lenses 

and n the index of refraction of the glass, evidently (p. 102) 
the displacement of either P" or Q' towards the axis can be 
computed by the following expression: 

cos a' \ n / 

Accordingly the difference (PQ— P^^QO is equal to twice this 
displacement. When a = 0°, the two plates form a single 
plate and then P"Q' = PQ=/; and in the other limiting 
case when a = 90^ P"Q'=2/'-2d Obviously for a certain 
value of a (a = ^) between 0° and 90°, P^^Q^ = 0, and then 
when and F" coincide with each other at the axial point 
M', the total displacement will be: 

, 2 sin ((p—(p') , / . ^ sin \ 

: • -.rf, I sin (f ^ )• 

^ cos \ 31 / 

Consequently, by collimating the plates until the two images 
P'Q' and P'^Q'" are in contact with each other at Q' and P", 
and then reading the angle cp as given by the scale, the value 
of y' may be computed, from which the radius of curvature 
of the measured meridian of the cornea can be derived 
immediately. 

Obviously, the same result can likewise be obtained with 
a pair of fixed plates inclined to each other at a constant 
angle 2 a, by using a different collimating mechanism in 
which the interval between P and Q is altered until, as 
before, contact is obtained between and P''. This could 
be accomplished by varying the size of the object (y) until 
the size of the image in the cornea had a certain fixed value, 
namely, 

, 2sin(a— a'), 

y' j a. 

^ cos a 

Thus no matter whether the curvature of the cornea is much 
or little, with a fixed doubling mechanism, the reflex image 
in the cornea always has the same size, so that in this case 
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the value of is a constant of the instrument which may be 
calculated once for all, and the radius of curvature (r) will 
be inversely proportional to y. In the Javal-Shiotz type 
of ophthalmometer in which the doubling mechanism con- 
sists of a Wollaston quartz or calc-spar prism (§ 225) in- 
serted in the tube of the telescope between the two lenses of 
the objective the constant value of y' is generally slightly 
less than 3 mm. 

Each ray in traversing the Wollaston prism is auto- 
matically separated into two rays diverging from each other 
at a constant angle; and thus two images of PQ (Fig. 310) 
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Fig. 310. — Constant doubling system of ophthalmometer, consisting of a 
Wollaston’s prism. P'Q' and P"Q" are the double images of the 
image PQ reflected in the anterior surface of the cornea of the eye. 

are formed by the objective, namely, P'Q' and P"Q^^ Con- 
tact is obtained between Q' and P" by means of the collima- 
tion mechanism that varies the size of the object {y) until 
the size of the image (^0 has the requisite constant value. 

These two forms of variable and constant doubling mecha- 
nism are typical of the different constructions of ophthal- 
mometer or keratometer, as the instrument is sometimes 
called; but the actual optical system itself by which the 
doubling is produced may be totally different from that of 
either of those which have been described above. 

228. Clinical Ophthalmometer. — As has been already 
intimated, the measurement of the cornea of the human eye 
has been enormously facilitated by the compactness and 
convenience of the modern clinical forms of the ophthal- 
mometer. Under ordinary circumstances a skillful operator 
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requires only a few minutes to adjust the instrument and 
obtain the readings for the two principal meridians of each 
of the two eyes of the patient. A characteristic feature of 
all the new constructions is the fact that the object which 
is reflected in the cornea is a part of the instrument itself, 
the distance between it and the eye to be measured being 
made as short as possible so that it seldom exceeds about 
25 cm. The size of the object (y) is the distance between 
two brightly illuminated areas called mires, which are a 
pair of rectangular or circular plates made of some trans- 
lucent material, white or colored, and lighted from behind 
by small electric lamps. The mires are mounted symmetri- 
cally with respect to the axis of the telescope on a circular 
arc which is bisected by the axis of the telescope; the eye of 
the patient being at the center of the arc. This circular arc 
can be rotated around the axis of the telescope so as to bring 
the mires opposite each other into any desired meridian, and 
the angle which this meridian makes with the horizontal or 
vertical meridian may be read on a special scale for this 
purpose. When the collimation mechanism is connected 
with the mires, the latter can be finely adjusted on the cir- 
cular arc by a single screw which causes them to approach 
each other or recede from each other; the interval between 
them being indicated by a scale which usually gives the re- 
fracting power of the cornea in dioptrics and perhaps also 
the equivalent radius of curvature in millimeters. A sharp 
black line is marked on the surface of each mire in a plane 
containing the axis of the telescope; and on one of the mires 
two series of equal steps are marked on opposite sides of the 
middle line as shown in Figs. 311, 312 and 313. The telescope 
being focused on the image reflected in the cornea of the 
patient^s eye, the observer will see two images of each mire, 
but his attention is concentrated on the two adjacent central 
images, which will usually be separated by an interval, as 
in Fig. 311. The edges of these images can be brought in 
contact by turning the dial that regulates the equal and 
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opposite movements of the mires along the circular arc; and 
then if the cornea is spherical, the two middle black lines 
will appear united in a single continuous line, as in Fig. 313; 


and contact will be steadily main- 
tained as the circular arc is re- 
volved slowly from one meridian 
to another. On the other hand, if, 
as is usually the case, the cornea 




Fig. 311. — Ophthalmometer 
mires, separated. (This il- 
lustration and the illustra^ 
tions in Figs. 312, 313 and 
314 are copied from a de- 
scriptive circular published 
by the manufacturers of 
the so-called “genothal- 


mires, overlapping. 


mic” ophthalmometer.) 


is astigmatic, the two black lines will not join together except 
in the two principal meridians which are always perpendicular 
to each other (p. 302), unless the 
astigmatism of the cornea is ir- 
regular (as, for example, in kerato- 
conus or “conical cornea’^). Ac- 
cordingly the first thing to be done 
in this case is to locate one of the 
two principal meridians if it is pos- 
sible to do so, by revolving the 
arc with the mires around the axis 
of the telescope until the two black 
lines of the partly overlapping 313.— Ophthalmometer 

central images are united as in 

Fig. 312; and then the mires must be adjusted until the im- 
ages are in contact as in Fig. 313. This being done, suppose 




706 


Mirrors, Prisms and Lenses 


[§ 228 


the readings give a refracting power of 44.25 dptr. for a prin- 
cipal meridian at angle of 75°. The circular arc must then be 
turned through an angle of 90° into the other principal me- 
ridian at 165°; and contact being made as before, suppose that 
the refracting power in this meridian is found to be 45.50 dptr. 
According to these readings, the astigmatic difference amounts 
therefore to 1.25 dptr. 

The actual manipulation and procedure will not be exactly 
the same for ophthalmometers made by different opticians, 
because each instrument has its own special peculiarities of 
construction which can only be learned by using it. The 
accompanying illustration (Fig. 314) is made from a picture 
of the so-called ^^genothalmic universal ophthalmometer” 
which is widely used in the United States and in which the 
doubling system is a Wollaston prism as described above. 

The readings (F) given on the scale in dioptrics are com- 
puted by the formula 

lOQQ(n-l) ^ 

where r denotes the radius of curvature in millimeters and 
n= 1.3375. This latter number is not the index of refraction 
of the cornea, as might naturally be supposed, but is a purely 
instrumental number which has this particular value in 
order to make the reading 45 dptr. correspond to a radius 
of curvature of 7.7 mm. If we put 

IQOQ(n-l) ^ 3375 
~ 2ay' 2ay^^ 

where a denotes the radius of the circular arc that carries the 
mires and y' denotes the size of the reflex image in the cornea 
(or the “amount of doubling” when the instrument is 
collimated), the ophthalmometric formula is simply 

F=\i.y, 

where y denotes the size of the object or the linear separation 
of the mires as measured by the chord of the circular arc. 




Fig. 314.— So-called “genothalmic” ophthalmometer. 
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III. Visual Acuity in Daylight Vision 

229. Size of Retinal Image of Distant Object. — The size 
of the retinal image of a distant object on which the eye is 
focused may easily be calculated in terms of the apparent 
size of the object and the refracting power of the eye. The 
problem is simplified by supposing that the eye in question 
is a normal emmetropic eye (§ 153), for in that case the 
image will be sharply focused on the retina without any 
effort of accommodation, and the refracting power of the 
eye will have its minimum value = 58.64 dptr. (if we use 



Fig. 315. — ^Visual acuity: size of retinal image of distant object. H, H' and 
F, F' are principal and focal points of ocular optical system; S' is image 
on retina of distant object-point S (a star, for example) whose angular 
distance from the optic axis is L HFW = w ; and B designates the point 
where optic axis meets the retina (BS' = 2 /'). 

the numerical value of Gullstrand’s schematic eye, § 146). 
The geometrical relations are obvious from Fig. 315, where 
the pairs of cardinal points of the optical system are desig- 
nated as usual by H, H' and F, F'. In this case it will be 
noticed that the posterior focal point (FO coincides with the 
point B where the optical axis rn.eets the retina, and the 
retina itself may be considered as lying in the posterior focal 
plane. The problem consists merely in locating the position 
in this plane of the point S' that is conjugate to a distant 
object-point S, for example, a star whose angular distance 
from the axis may be denoted by co. The direction of the 
cylindrical bundle of rays proceeding from S will be parallel 
to the straight line FW drawn through the anterior focal 
point which meets the anterior principal plane at a point W 
such that ZHFW=co. The straight line drawn through W 
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parallel to the optical axis will intersect the posterior focal 
plane in the point S' conjugate to S. If we put F'S'=2/', 
and if /=rH denotes the focal length, then since BS' =HW, 

, tan CO 

y - p > 


where P=l// denotes the refracting power. This simple re- 
lation (which should be compared with the more general 
formula given near the top of p. 449) has been obtained on 
the tacit assumption that the rays concerned in the imagery 
are paraxial rays; and consequently we may put tan co=co, 
provided the value of co is given in circular measure (radians). 
However, since it is more convenient to express this small 
angle in minutes of arc (l'= 0.000291 radian), the formula 
may be modified as follows: 

0.291 


which gives the value of in millimeters when co denotes the 
angle in minutes subtended by a distant object and F is the 
value of the refracting power of the passive emmetropic eye 
in dioptries. For example, the retinal image of the full moon 
whose angular diameter is little more than 30' is found by 
this formula to be a disk of about 0.15 mm. in diameter. 

If the eye is not emmetropic, the ametropia (4) may be 
supposed to be corrected by a suitable correction-glass placed 
in front of the eye at a distance c from it, the refracting 
power of the glass (p. 444) being 


and then 


where 




A 

1 + cA' 


2/' = 0.291 


F=Fi+F—c.Fi.F 


denotes the refracting power of the compound system 
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(glass + eye). Strictly speaking, c denotes the distance of the 
anterior principal point of the eye from the posterior principal 
point of the glass; and since the anterior principal point of 
the schematic eye with relaxed accommodation is 1.348 mm. 
beyond the vertex of the cornea (p. 432), and since the dis- 
tance between the glass and the cornea is usually about 
12 mm., for ordinary calculations we may generally put 
c = 0.01335 m. It will be found that the size of the retina] 
image of a distant object as seen by a corrected ametropic 
eye does not differ much, certainly as a rule not appreciably, 
from that of the retinal image of the same object as seen by 
an emmetropic eye. The image is slightly larger for a myopic 
eye and slightly smaller for a hypermetropic eye than it is 
for an emmetropic eye under the same conditions. 

230. Diffraction Disk due to a Small Round Aperture. — 
As a matter of fact when the eye looks at a star or at any 
so-called point-source of light, the image never appears to 
be a point or even a smooth round spot but a kind of irreg- 
ular star-pointed pattern with a bright central nucleus sur- 
rounded by several luminous offshoots or patches of light, 
generally as many as four and perhaps as many as eight, 
more or less symmetrically disposed. The actual appearances 
are different for different individuals and for the same in- 
dividual under different circumstances, nor are they at all 
the same for both eyes. These singular effects are un- 
doubtedly due mainly to aberrations of one sort and another 
and to idiosyncrasies in the eye itself, perhaps also to habits 
of vision, because one has to learn to see just as he learns 
to walk and talk. In any case the image on the retina is the 
cross-section of a complicated bundle of refracted rays that 
has issued into the vitreous humor after having traversed 
the heterogeneous medium of the crystalline lens. The effect 
of the contraction of the pupil of the eye, which always 
accompanies accommodation and the effort to see distinctly, 
is to cut out some of these rays and thereby to obtain a 
sharper image. 
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However, entirely aside from all questions of geometrical 
optics (caustic surfaces, astigmatic bundles of rays, etc.), 
and on the supposition that the optical system of the eye 
were wholly free from both chromatic and monochromatic 
aberrations, we ought not to expect a punctual image of a 
point-source of light, for the simple reason that in passing 
through a small circular opening like the pupil the luminous 
radiation must necessarily be deflected or diffracted around 
the edge (p. 14). The truth is that point-to-point corre- 
spondence between object and image such as we are sup- 
posed to attain by means of paraxial rays and with homo- 
geneous or monochromatic light is only a convenient fiction 
of geometrical optics, in many ways very useful to be sure, 
but not to be taken too seriously if we do not wish to run 
into diflicultiea of which we may be unaware. On the con- 
trary, when the aperture of the system is reduced beyond a 
certain limit, the definition of the image, instead of getting 
better, actually gets worse, paradoxical as this seems at first. 
The explanation is that geometrical optics from the outset 
deliberately ignored a whole class of luminous phenomena 
that under ordinary circumstances are inconspicuous and 
not of much consequence but that upset all our nice calcula- 
tions and demand recognition when the apertures and other 
material parts of the optical system are of such fine dimen- 
sions that they are comparable in size with the lengths of 
the waves of light. 

In general the phenomena of diffraction through narrow 
apertures (pinholes, slits, etc.) are so complicated even in 
the simpler cases that the anal 3 rtical investigations are far 
beyond the compass and plan of this book. Here we shall 
allude therefore to only one instance that happens to be of 
special importance with respect to the resolving power of 
an optical instrument, namely, the case when a cylindrical 
bundle of rays is incident normally on a plane screen which 
is perforated by a small circular aperture. According to 
Huygenses principle (§ 6), from each point of the aperture 
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as from a new source rays proceed beyond the screen in all 
directions; and therefore in any single direction making an 
angle ^ with the normal to the screen a cylindrical bundle 
of so-called diffracted rays issues from the aperture, one ray 
in this direction from each point in it. Accordingly if a 
convex lens is placed fairly close to the aperture on the far 
side of the screen so as to intercept these cylindrical bundles, 
each bundle of parallel rays will be converged to a point in 
the focal plane of the lens, the resultant effect at that place 
being due to the mutual interference of all the disturbances 



Fig. 316. — Diffraction disk due to small circular aperture BOG. This 
disk is projected on a screen by a lens. L F'AP = 


that arrive there along these different routes. The position 
of the point of convergence corresponding to one of these 
bundles of rays depends simply on the direction in which 
the rays leave the aperture, that is, on the angle of diffraction 
(g>) ; and it may therefore be located by drawing a straight 
line through the optical center of the lens in this direction 
and determining the point where this line crosses the focal 
plane; as represented in the accompanying diagram (Fig. 316), 
which is purely schematic. If a second screen is erected 
parallel to the aperture-screen in the posterior focal plane 
of the lens, the diffraction-pattern as seen on this screen 
(assuming that the light is monochromatic) is found to con- 
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sist of a bright central disk surrounded by a series of alter- 
nately dark and bright rings, which however are hardly per- 
ceptible beyond the first two or three, because even the first 
bright ring is dim as compared with the illumination at the 
center of the disk. Indeed the main phenomenon is the 
central disk itself, and the concentric rings are not of much 
importance and need not concern us at all at present. The 
center of the disk is on the optical axis of the lens directly 
opposite the center of the aperture, and the brightness falls 
off rapidly from the center towards the circumference, but 
it is hard to say exactly where it ends and the first dark ring 
begins. 

The mathematical theory of this effect was thoroughly 
investigated by G. B. Aiky (1801-1892) in a paper published 
by him nearly a century ago (1834) in the Cambridge Philo- 
so'phical Transactions, So far as the central disk is concerned, 
the result of this analysis may be stated very simply by 
reference to Fig. 316, in which the centers of the circular 
aperture BC and the central luminous disk in the focal plane 
of the lens are designated by 0 and F', respectively, and the 
optical center of the lens by A. The first completely dark 
place on the screen in the focal plane of the lens is supposed 
to occur at the point marked P, which is the point of con- 
vergence of the rays that are diffracted by the aperture 
in the direction parallel to AP. According to Airy^s cal- 
culations the angle (/? = ZF'AP corresponding to the first 
minimum of brightness or place of zero illumination is given 
by the formula 

sin = 

where = BC denotes the diameter of the circular aperture 
and X denotes the wave-length of the light. Thus it will be 
seen that the angle <p diminishes with increase of the size 
of the aperture, and vice versa. On the supposition that the 
lens is aplanatic, the central disk shrinks in diameter with 
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increase in the size of the stop, until when the latter is fairly 
large, the luminous disk will not be appreciably different 
from a point. In any case the angle cp is invariably so small 
that no sensible error is involved by putting sin (p = tan (p = <pi 
and consequently the formula is usually written 

^. 1 . 22 ^, 

where the angle <p is expressed now in circular measure. If 
6 = F'P (Fig, 316) denotes the radius of the central disk on 
the screen, then since &=/.tan (p—f.(p, the diameter of the 
disk is 

26 = 1.22—- 
V 

For example, if X = 0.000589 mm. (for sodium light), 
2^ = 2 mm., and /=1000 mm., the theoretical value of the 
diameter of the central disk is found to be about 0.72 mm. 
In practice, however, the eye is unable to discern the outer- 
most border of the disk where the illumination fades out 
entirely and ^ the edge of the dark ring, begins; and conse- 
quently the observed value is generally only about half of 
the calculated value. 

231. Resolving Power of the Eye in Central Daylight 
Vision.^ — ^Airy’s formula for the semiangular diameter {<p) of 
the diffraction-disk as given above is applicable to any 
aplanatic optical system, provided the circular stop lies in 
front of the first refracting surface. Strictly speaking, there- 
fore, it does not apply without reservations to the optical 
system of the human eye in which the pupil is interposed 
between the cornea and the crystalline lens; but neverthe- 
less it may be used to obtain' an approximate value at least 
of the size of the luminous disk on the retina when the eye 
is focused for a distant point-source of light, on the supposi- 
tion that the diameter of the pupil is so small that the mono- 
chromatic aberrations along the axis are practically of no 
importance. The resolving power of the eye or its visual 
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acuity is measured by the reciprocal of the angle e, whose 
value, expressed in minutes of arc, is determined by Airy^s 
formula as follows: 


€ = 4194; 


2p 


where 2p denotes the diameter of the entrance-pupil of the 
eye and X denotes the wave-length of the light. This angle 
is the theoretical measure of the angular interval between 
two distant point-like objects that are just far enough apart 
for the eye to distinguish them as being separate and dis- 
tinct. It is doubtless much smaller than the actual value of € 
as obtained by direct measurements of the visual acuity, 
because it is based on the doubtful assumption that the eye 
can distinguish the two points as separate provided the edge 
of one diffraction-disk passes through the center of the other 
diffraction-disk; which is obviously a rather severe test. 
The value of €, as above stated, is given in angular minutes, 
and that is the explanation of the change of the numerical 
coefficient in Airy^s formula from 1.22 to 4194. 

The minimum diameter of the pupil of the‘eye is about 
2 mm., the maximum being about 8 mm. If we put 2p = 3 mm, 
(say) and X = 0.000589 mm. (sodium light, correspond- 
ing nearly to the brightest part of the spectrum for day- 
light vision which is actually in the yellow-green close to 
X = 570 m/A), the approximate value of e as found by the 
above formula is e=0.82^; that is, less than the conventional 
value of one minute of arc (p. 21), as might have been ex- 
pected. If this value of € is substituted in the formula 


y'=0.2Qlj, 

where y' denotes the size of the retinal image in millimeters 
and jP== 58.64 dptr. denotes the refracting power of the sche- 
matic eye, we obtain ?/' = 0.0041 mm. 


This value is so nearly the same as that of the diameter of the 
smallest visual element of the retina (0.0045 mm.) as found by 
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the early measurements of Koelliker that it was natural to 
jump to the conclusion that in order for the eye to distinguish 
two points as separate their retinal images must be at least as 
far apart as the interval between two adjacent cones in the fovea 
centralis. One trouble about this theory is that more recent 
measurements give much smaller values for the diameter of 
the macular cones, perhaps less than half the value found by 
Koelliker. 

According to the formula, the angle e, being inversely 
proportional to the diameter of the pupU, should be less 
for a dilated pupil than for a contracted pupil, and hence the 
resolving power or visual acuity should be greater with a 
large aperture; but the monochromatic aberrations likewise 
increase with increase of aperture, and this effect offsets the 
advantage of a wide pupil. Thus actual measurements seem 
to show that for values of 2p between 3 and 5 mm. the re- 
solving power of the eye is fairly constant, and that it is 
lowered for values of 2p exceeding 5 mm. 

The conception of the visual acuity of the eye as being meas- 
ured by the smallest interval between two points that can be 
discerned as separate may be used to explain the doctrine of a 
mathematical limit. For example, suppose that u denotes the 
limit of a convergent series of numbers -Wi, U 2 , uz, etc. A con- 
venient way of picturing the series is to imagine a variable 
number x traversing it and assuming the value of each number 
in succession, so that the limit of x is the number u. If the num- 
bers ui, U 2 , uz, etc. are represented by points lying on a straight 
line, then the number x wiU be a variable point which leaps from 
one point on the line to the next point in the number series. At 
first these leaps may occur in all sorts of ways depending on the 
law of the series, but after a while the leaps begin to get shorter 
and shorter until at last the variable point becomes so ‘Hame^^ 
that it settles down in an interval comprised between {u+e) and 
(w— e), where e denotes a positive number of any magnitude; and 
it is just this fact, that the variable x can be reduced to any de- 
sired degree of ^ lameness,'' that is the essence of the conception 
of a mathematical limit. Suppose that the eyesight of a spectator 
who is watching the career of x is just keen enough to tell that 
two points are separate provided the interval between them is 



716 Mirrors, Prisms and Lenses [§ 232 

greater than e. The smaller this “ threshold value of e is, the 
finer and more exact his observations will be; but no matter how 
small the threshold value becomes that is denoted here by e, 
a time will come when he will insist that there is no longer any 
difference between x and u. 

232. Snellen’s Sight-Test Charts. — Apparently the visual 
acuity of the human eye has not altered much over long 
centuries of time, and from references in the Bible and other 
ancient records it may be inferred that the seven stars of 
the Pleiades appeared just the same to former generations 
as they do to us today. According to v. Rohr, Euclid 
(who flourished about 300 B. C.) estimated the limit of the 
average resolving power of the eye to be measured by an 
angle of one minute of arc (€=1'), which is the conventional 
scientific value in use at present, the so-called minimum 
visible of Porterfield (1759) or the minimum separabile of 
Giraud Teulon. However, it should be remarked that 
the apparent size of the test-object is not the only factor con- 
cerned in the determination of acuity of vision, for illumina- 
tion and contrast both enter into the question. For instance, 
a dark object exposed against the bright background of the 
sky may be perceived even when its angular diameter is 
hardly more than about 4". The aligning power of the eye 
or width-perception is considerably greater than the resolving 
power as determined by the ability of telling whether two 
adjacent points are separate and distinct. Sir John Parsons 
thinks it was ^^a sheer piece of luck” on the part of the phys- 
icists to have “hit upon the finest of all forms of sensory dis- 
crimination, viz. contour discrimination” and to have “ap- 
plied it in the form -of the vernier to their instruments” of 
precision. The reading of a vernier consists in finding the 
mark that is as nearly as possible the exact prolongation of 
an opposite mark on the main scale; and while an accuracy 
of 10" or 12" may be considered high for such a setting, a 
practised observer under the most favorable conditions may 
attain a precision in which the error is not more than 3". 
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Fig. 317. — ^Visiial acuity: Snellen^s sight-test chart (about one-third 
actual sijse) . This chart has nine rows of letters and the distances are 
given in whole numbers of feet above each row of letters (the equivalent 
distances in meters being also given). 
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In the coincidence-type of range-finder in which the two 
half-images in the binocular field have to be adjusted in 
correct alignment with each other across a fine separating 
line, actual tests show that under good conditions the un- 
aided eye can align with an accuracy of less than 4^^; and 
the normal value of the aligning power for settings of this 
kind is considered to be about 12''. Thus with a range- 
finder of magnifying power M, the smallest angle that can 
be detected by an individual with normal 
vision is taken to be (12 : M) seconds of 
arc. 

Snellen’s sight-test charts, which have 
been in use for seventy years (that is, since 
about 1862), and which are based on the 
value € = 1' as a purely arbitrary stand- 
ard of normal visual acuity, consist gen- 
erally of seven rows of capital letters of 
the alphabet arranged in order of size 
from the largest letters in the highest line 
to the smallest letters in the lowest line 
(Fig. 317). The chart is hung on a wall 
where it is well illuminated, the patient 
being placed opposite it at a distance of 
about 6 meters or 20 feet. 

The letters are dead black on a white 
background without glare or luster. All 
the letters in one mw are of exactly the 
same size in the sense that each of them can be inscribed in 
a certain square, as illustrated in Fig. 318. The inscribed 
letter is constructed by dividing the side of the square into 
5 equal parts and making the width of each line of the letter 
exactly equal to one of these parts. Opposite (or above) each 
row a number D is printed in type too small for the patient to 
see from the place where he is, which means that if this row 
of letters was at the distance D meters (or feet), the total 
height or width of each letter would subtend an angle of 



Fig. 318. — ^Visual acu- 
ity: example of 
SNELLEN-test let- 
ter showing its 
construction. The 
letter is inscribed 
in a square whose 
sides are divided 
into five equal 
parts, as shown. 
When the square 
subtends an angle 
of 5', the letter is 
at the proper dis- 
tance from the 
eye. 
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exactly 5', and the width of each line in the letter an angle 
of 1'. Thus if a denotes the length of the side of the square 
in which the letter is inscribed, a/Z)=tan5' and therefore 
D/a = 687.55. 

If d denotes the distance of the patient from the chart, 
and if D is the number opposite the row of the smallest 
letters that he is able to see distinctly, his visual acuity is 
d : D. For example, if d=6 meters (as is usually the case for 
distance-test of vision), and if the patient can see distinctly 
the letters on the lowest row for which D = 6 meters, his 
visual acuity is six-sixths or unity, that is, he has normal 
vision according to this rating. If, on the other hand, he 
cannot do better than make out the large letters on the top 
row (D = 60 m.) and cannot distinguish the letters below 
that row, his visual acuity is 6 : 60 or only one-tenth of 
normal visual acuity. The value of D in meters for the seven 
rows from the lowest to the top are 6, 8, 12, 18, 24, 36 and 60, 
corresponding for d=6 m. to the following series of values 
of the visual acuity: 1, |, -I, ^ and yV* chart 

illustrated in Fig. 317 there are nine rows of letters instead 
of seven rows, and the values of D are given for the distance 
of the chart in whole numbers of feet. 

It is easy to criticize Snellen’s charts on various accounts, 
and numerous improvements of one kind and another have 
been proposed from time to time; but on the whole the 
Snellen letters seem to answer the purpose and to be satis- 
factory for ordinary eye-examinations as made by oculists 
and optometrists. 

Normal visual acuity is hard to define, and when we speak 
of unit visual acuity as found by Snellen’s test as being 
normal, all that is meant is that every normal eye should 
have a visual acuity of at least unity. Many persons that 
are perfectly normal in every way have a visual acuity that 
is higher than unity, for example, 1.25 or 1.50; and 1.75 is 
not uncommon. Occasionally we find individuals whose 
visual acuity is as high as 2.0 or even 3.0. 
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IV. The Color Sensations 

233. Color Vision. — The only way we can discern the 
form and outlines of objects on the visual globe is by grada- 
tions of light and shade and differences of color. If the word 
color is used in a broad sense to include brightness or lumi- 
nosity as well as hue or chroma (§ 238), then all vision may be 
said to be color vision. Strictly speaking, light itself is nothing 
but a visual sensation, the quality of which is described by 
its color. Ordinarily, it is true, the words light and color are 
both used loosely, sometimes with reference to the external 
cause of the sensation and sometimes to denote the sensation 
itself; and this unscientific mode of speech is often a source 
of much confusion in serious discussions of the subject. If 
we were careful and accurate in the use of language, we 
should avoid saying that a rose is red or that a frock is 
lavender, since colors are not the properties of objects but 
characteristics of our own visual sensations, and the same 
objects that look red or blue by daylight may look entirely 
differently by artificial illumination and under different 
conditions, as everybody knows. Obviously, it is not the 
same thing to say that sugar tastes sweet as to say that sugar 
is sweet; and there is exactly a similar difference between 
saying that a rose looks red and that a rose is red. The 
special color names, red, yellow, brown, green, blue, purple, 
pink, etc., also, black, white and gray, are far too few in 
number to describe all the hues and gradations of color that 
the eye can perceive; and so many colors are called by the 
names of flowers, fruits, precious stones, pigments, etc., as 
rose, orange, olive, emerald, vermilion, buff, cream, golden- 
yellow, sea-green, sky-blue, chalk-white, etc. 

As a matter of fact, the actual color seen by the eye de- 
pends on a number of factors, above all on the physical 
character of the luminous radiation by which the organ of 
vision is stimulated, not only as to the wave-length distribu- 
tion of this radiation but as to its intensity also; and unless 
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the intensity exceeds a certain '^threshold” limit, there is 
no visible response at all. Moreover, the concentric con- 
traction and dilatation of the pupil automatically regulates 
to a certain extent the quantity of radiant energy that is 
admitted to pass the portal of the eye. In addition to these 
obvious factors, the nature of the perception depends also 
on the state of adaptation of the organ of vision itself and 
on how it is attuned; for the visual mechanism in daylight 
vision (cone-vision) is essentially different from the mecha- 
nism in twilight vision (rod-vision). Thus when the shadows 
of evening fall, all the brilliant colors of the variegated land- 
scape fade out gradually, and where a little while before red, 
yellow, green and blue in all their mingled varieties enlivened 
the scene, all now is somber gray relieved only by being 
brighter in some places and darker in others. Even under 
daylight illumination the color evoked depends too on the 
part of the retina that is stimulated. In the central fovea 
where the cones are most numerous and where vision is 
most distinct, color discrimination is keenest also; whereas 
in the peripheral parts of the retina where the rods pre- 
dominate, vision is almost if not entirely achromatic or 
colorless in the ordinary sense, as in twilight vision. Psycho- 
logical factors also have much to do with our color percep- 
tions as is manifested very strikingly in many contrast phe- 
nomena in which, for example, the background of the field 
may exert a very decided influence on the appearance of an 
object in the center. Lastly, all individuals do not see alike, 
and although most persons have what is called normal color 
vision, now and then we find a man or woman who varies 
from the type and is perhaps partially or even totally color- 
blind or who, without being color-blind, exhibits certain 
peculiarities or anomalies of the color sense. Interesting and 
exceedingly important for scientific study as these abnormal 
forms of color vision are, we can only allude to them here; 
and in the following discussion of the color sensations (which 
is necessarily very inadequate) it will be tacitly assumed that 
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the eye is normal and bright-adapted for ordinary daylight 
iUnmination and foveal vision. 

234. Elementary Facts of Color Mixing. — When two lights 
of different colors are directed into the eye at the same time, 
the color impression will be different from that which would 
be made by either of the lights separately and is a sensational 
mixture of the two. Here we are not speaking of a mixture 
of pigments or anything of that nature, but of a combination 



Fig. 319. — Color mixing, shown by overlapping of three colored 
disks projected on screen, as represented in the diagram. 

of two simultaneous color sensations. The simple facts of color 
mixing may be readily demonstrated by means of an ordinary 
projection-lantern with the addition of an inexpensive attach- 
ment in the form of a round metal cap that can be fitted in 
the nozzle. This cap contains three small glass lenses all 
exactly alike except that they are colored red, green and 
blue. The lenses are mounted symmetrically around the 
center of the cap all in one plane, so that when the attach- 
ment is in place, none of the light from the lamp can issue 
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from the nozzle of the lantern without first being filtered 
through one of the three colored lenses. Accordingly, on a 
screen placed at a suitable distance in front of the lantern, 
three colored disks will be projected partly overlapping each 
other in the central part of the screen, as shown in Fig. 319, 
the color of each disk being the same as that of the lens that 
formed it. Wherever a pair of disks overlaps, there will be a 
mixture of two of the three colors, red, green and blue; and 
in the most central part of the field where all three colors 
are superposed, the curious fact will be noticed that here 
the screen appears white or colorless. The observed appear- 
ances may be summarized in the following color equations: 

Green+Blue = Green-blue; 

Blue + Red = Purple ; 

Red + Green == Yellow ; 

Red+ Green+Blue = White. 

When a narrow opaque object as, for example, an ordinary 
lead-pencil is held close in front of one of the colored lenses 
so as to intercept some of the rays coming through that 
glass, the strip of shadow across the white patch in the center 
of the screen will be colored green-blue, purple or yellow 
according as the intercepted rays are red, green or blue, 
respectively. 

Green and blue being adjacent colors in the spectrum, it 
is natural to expect that their combination would give a 
color-blendj blue-green or green-blue, because we always find 
color-blends between two adjacent principal colors in the 
spectrum. 

On the other hand, red and green which are far apart in 
the spectrum combine to give an intermediate yellow, which 
is not a color-blend at all, but a coloT-fusiorij as Mrs. Labd- 
Franklin termed it. Here we have a very striking distinc- 
tion. There are no reddish greens or greenish reds, and 
when we see yellow, there is no trace in our consciousness of 
either red or green, but a totally new and distinct impres* 
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sion; nor have we any way of telling by the eye alone whether 
this yellow came directly frona the middle of the spectrum 
or was a mixture of the red and green colors near the two 
ends of the spectrum. This fact is so characteristic of the 
nature of vision as distinguished especially from the sense 
of hearing that it needs to be emphasized. 

When luminous radiation of two entirely different kinds 
is focused at one place on the retina, the color impression is 
unitary, whether it be a color-blend or a color-fusion. In 
the latter case the color bears no resemblance to that pro- 
duced by either component acting separately, although it 
may be quite similar to the color produced by homogeneous 
radiation of a wave-length different from that of either of 
the two components. Thus as a means of analyzing the 
physical composition of the radiation, the eye is extremely 
inadequate, entirely unlike the organ of hearing in this re- 
spect. The ear differentiates and analyzes; the eye, on the 
contrary, integrates and synthesizes. Consequently, to quote 
Mrs. Ladd-Franklin, '^we can never have, in the play of 
colors, intricate aesthetic combinations and involutions 
corresponding to musical compositions in tones’^; and there- 
fore a term like color music,’ ^ which one sometimes hears, 
generally implies a misconception of the fundamental dif- 
ference between the two organs of sense, the eye and the ear. 

Returning to the color equations above, let us merely 
notice the perfectly natural fact that blue and red blend 
into purple; although, strange to say, the spectrum itself does 
not contain any of the color blends intermediate between blue 
and red, a circumstance to which we shall recur (§ 237). 

By a simple transposition of the four color equations 
which we obtained by mixing red, green and blue, we dis- 
cover also several pairs of so-called complementary colors, 
each pair arousing the perfectly neutral, hueless sensation 
of white; namely, 

Red+Blue-green = Yellow+Blue = Green+Purple = White. 
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We shall speak presently of the pairs of complementary 
colors in the spectrum (§ 236). 

To the average person who is aware that a mixture of yellow 
and blue pigments is a green pigment, the fact that yellow and 
blue are complementary is a puzzle. Perhaps the simplest way 
of explaining the reason why yellow and blue pigments mix into 
green is by means of the following illustration: 

Suppose that a continuous spectrum has been projected on a 
screen by a lantern in the usual way by interposing slit, prism 
and lens in the path of a beam of parallel rays; and that then a 
blue glass or celluloid filter is held in front of the slit so that most 
of the red, all of the yellow and some of the green light is absorbed 
from the beam, and consequently the continuous spectrum on 
the screen is changed into a narrow strip of red separated by a 
dark interval from a long colored band beginning somewhere in 
the green and extending to the extreme violet end of the spectrum. 
If now the blue filter is replaced by a yellow filter, the absorption 
spectrum is found to consist of a continuous band that stretches 
from the red to the border between green and bright blue. Con- 
sequently when the rays are filtered through both the yellow and 
the blue glass in succession, nothing but the green portion of the 
spectrum remains, because the green light is the only light that 
succeeds in getting through both filters. Obviously, green ob- 
tained in this way cannot be said to be the result of the addition 
of yellow to blue, but is due to the subtraction of everything 
except green. Now that is exactly what happens when blue and 
yello\y pigments are mixed: all the light falling on a surface that 
is painted with a mixture of this kind is sifted out and absorbed 
except green which, being reflected by each of the pigments, 
escapes and so lends its color to the appearance of the mixture 
(p. 2). ‘^It is a striking illustration of our mental processes,” 
says Maxwell, ^Hhat many persons have not only gone on be- 
lieving, on the evidence of the mixture of pigments, that blue 
and yellow make green, but they have even persuaded themselves 
that they could detect the separate sensations of blueness and 
yellowness in the sensation of green.” 

235. Character and Distribution of the Spectral Colors. — 

The visible spectrum corresponding to luminous radiant 
energy is a comparatively insignificant interval of the entire 
spectrum, being comprised, in round numbers, between the 
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limiting wave-lengths X = 700 m/x and X = 400 m/x, which is 
less than a whole octave. Under ordinary circumstances it 
appears to the normal eye as a continuous series of vivid 
hues or chromata, each of which is characterized, physically, 
by the fact that it is produced by homogeneous radiation of 
a single definite wave-length or frequency, that is, by so- 
called monochromatic light. 

Because the spectral colors correspond to homogeneous radia- 
oions they are sometimes called ''simple colors/’ as opposed to 
“compound colors” that are due to a mixture of lights of dif- 
ferent wave-lengths. Helmholtz himself used this terminology 
which has been a source of much confusion ever since. “Simple” 
and “compound” are relative terms of course, and just because 
a conception happens to be simple from one point of view is no 
reason why it may not be very complex from a wholly different 
point of view. Nothing is simple about the spectral colors them- 
selves except the physical composition of the radiant energy that 
produces each of them. We have just seen that white can be ob- 
tained by mixing yellow and blue or, what is the same thing, by 
mixing red, green and blue, but it would be wrong to infer that 
white was a compound color or a complex sensation. On the 
contrary, there is every reason to suppose that the achromatic 
sensation of white is the simplest and most primitive of all the vis- 
ual sensations; and in twilight vision white in different degrees of 
luminosity is the only response to luminous radiation of all kinds. 

The expression monochromatic light, used regularly by writers 
on optics and by physicists generally to designate homogeneous 
radiation belonging to a definite part of the spectrum and char- 
acterized by a certain value of the wave-length, is likewise open 
to objection, inasmuch as it seems literally to imply a unitary 
color sensation, whereas that is not its meaning at all. 

Ever since Newton’s discovery and explanation of the phe- 
nomenon of the dispersion of light, the incidental connection 
between color and refrangibility or wave-length, two entirely 
separate affairs, one mental and the other physical, has been a 
source of much confusion of phraseology, as in the instances 
above mentioned. 

The visible spectrum may be divided naturally into four 
intervals, namely, (1) a yellowish red section where the wave-- 
lengths are longest, which begins, not with pure unadulterated 
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red, but with a red at about X, = 700 that is already ap- 

preciably a little yellow and blends gradually through the 
intervening yellowish reds and reddish yellows (orange col- 
ors) into pure yellow at, say, X=570 mfi; (2) a yellow-green 
section extending from pure yellow through greenish yellow 
and yellowish green to pure green lying between X==530 m/x 
and X = 500 m/x; (3) a green-blue section from pure green 
through bluish green and greenish blue to pure blue at about 
X = 470 m/x; and, finally, (4) a short incomplete blue-red 
section comprising the shortest wave-lengths between pure 
blue and violet (X=400 m/x), where the visible spectrum 
ends abruptly. The distribution of the colors as compared 
with the wave-lengths is seen, therefore, to be quite irregular. 
For a given change of wave-length change of hue occurs far 
more rapidly in the middle of the yellow-green section. 

236. Complementary Spectral Colors. — Painstaking ex- 
periments have been carried out in various laboratories to 
determine as accurately as possible the wave-lengths (X, XO 
of pairs of complementary colors in the spectrum. Owing 
to the vagueness of what is meant by white, a certain stand- 
ard white for ordinary daylight vision must be adopted as a 
basis of comparison in careful measurements of this kind, for 
example, the appearance of a particular kind of white paper 
under a certain degree of illumination. The complementary 
colors for the long waves from red at X = 671 to yellow at 
X = 570 m/x are found to lie at the other end of the spectrum 
in the interval from blue-green at X' = 492 to violet at 
X'=430 m/x; whereas there are no spectral colors that are 
complementary to the greenish hues in the spectrum in the 
interval between X — 565 and X = 492 m/x. From a careful 
compilation of the best measurements Gbunbeeg has de- 
rived the following purely empirical formula for computing 
the wave-length (X') of the spectral color that is comple- 
mentary to a spectral color of given wave-length (X); 


(X-559) (498-X') = 424, 
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where X, X' are expressed in m/i. If the values of X are taken 
as abscissae and those of X' as ordinates and plotted with 
respect to a pair of rectangular axes, the equation is found to 



Fig. 320. — Complementary spectral colors. The curve represents the two 
branches of a rectangular hyperbola and shows the complementary 
color as a function of the wave-length for the spectral colors from 400 
to 700 m/i. 


represent an equilateral hyperbola whose asymptotes are 
X = 559 and X' = 498 (Fig. 320). 

237. The Gap in the Visible Spectrum. — ^As above stated, 
there are no spectral colors that are complementary to the 
greens in the interval 565-492 mju; for the simple reason that 
purple and green make white, and purple which is a color- 
blend of blue and red is not in the spectrum at all. This is 
a singular fact. The physical spectrum, ending as it does 
abruptly in red and violet, has a gap in it from the physio- 
logical point of view, inasmuch as it does not contain all 
the hues that can be perceived by the eye. When this gap 
is fiUed in by the purples, the physiological spectrum forms 
a closed series of hues which, starting, say, with red, blend 
gradually into yellow, green and blue in succession and 
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through the purples back to red again, without the slightest 
break anywhere in the closely linked chain. 

Accordingly if the colors of the visible spectrum are dis- 
posed in order around the circumference of a circle as rep- 
resented in Fig. 321, where a single point corresponds to 
each wave-length from X = 700 to X=400 m/x, and the op- 



Fig. 321. — Spectral colors ranged in order along the circumference of a 
circle (color circle) , each pair of complementary colors being at opposite 
ends of a diameter. The gap in the visible spectrum is represented by 
the (shorter) arc from 400 to 700 m/n. Pure red occurs in this gap 
complementary to pure green (500 mf^) . 

posite ends of each diameter are the positions of a pair of 
complementary colors, an arc of the circle will be left to be 
filled in by the purple blends that have no corresponding 
wave-numbers, simply because there are no homogeneous 
radiations that excite these sensations. 

If the short waves in the ultraviolet region excited the purple 
sensations or if the long waves in the infrared region excited them, 
the physical spectrum would be a closed series; but neither of 
these Idnds of waves affects the organ of vision at all so far as 
sensation is concerned. The only physical analogy to a closed 
spectrum is supplied in a case where, as in dispersion by means of 
a grating, the red end of a spectrum of one order partly overlaps 
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the blue end of a spectrum of the next higher order, thereby giv« 

ing the transition purples from blue back to red. 

It should be noticed that pure red is not in the visible 
spectrum itself but in the physiological gap. The yellowish- 
ness of spectral red can be made manifest in several ways, 
for example, by the plainly increasing yellowishness that 
can be discerned in it when the intensity is increased. The 
important fact to be kept in mind about the colors that lie 
in the gap is that the perfectly elementary sensation of pure 
red and the purple sensations cannot be produced except by 
a physical mixture of at least two lights. Psychologically, 
there is nothing peculiar about these so-called extra-spectral 
hues, which are color-blends exactly in the same way as the 
hues between two adjacent pure colors in the visible spectrum ; 
and the only extraordinary thing about them is the physical 
complexity of the mixture that is needed to evoke these 
color sensations. 

238. Hue, Saturation and Luminosity. — Looking at a wide 
expanse of uniform color, we are conscious of a visual sensa- 
tion without being able adequately to describe it; but if we 
analyze it as best we can and try to express the quality 
of it in scientific language, we find (as all artists know in- 
stinctively) that it involves three, and only three, independent 
variables, namely, hue^ saturation and luminosity or bright- 
ness; and that if the values of each of these three factors 
can be assigned, the color in question will be uniquely and 
completely determined. 

Hue or color-tone is color in the narrow sense as implied 
by such terms as redness, yellowness, blueness, etc. The 
colors of the spectrum, for example, are a continuous series 
of dijfferent hues, although it does not contain all possible 
hues because the purples, as we have just seen, for some 
reason or other are not in the visible spectrum. The human 
eye can distinguish perhaps not more than 130 different 
hues in the spectrum. 

Saturation is the degree of purity of the color; the paler 
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it is, the less saturated. Sometimes we have special names 
for these pale colors; thus pink is an unsaturated or pale 
purple. If a series of colors all of the same hue is arranged 
in order of saturation, the last member of such a series is 
invariably a toneless white without any trace of the original 
hue. The most saturated natural colors are the spectral 
colors themselves. 

Luminosity is the brilliance of a color and depends on the 
illumination. Colors of low luminosity are said to be dark. 
The difference of color between the bright-green grass of a 
sun-lit lawn and the dark-green grass under the shade of a 
tree is a difference of brightness only. Brown, olive-green 
and gray are merely low luminosities of orange, green and 
white. In an orderly sequence of colors differing in luminosity 
only the series invariably ends in black or entire absence of 
luminosity. Black is a real, positive sensation, just as much 
so as any other visual sensation. It is true that the ^'perfectly 
black body” in the theory of radiation does not send any 
stimulus to the retina of the eye, but absence of radiation 
does not necessarily imply lack of sensation. If blackness 
were simply absence of all sensation, that is, a purely neg- 
ative thing, the objects behind our eyes ought to look black; 
which is absurd of course. The darkest night is not black 
but only a very dark gray, and it is not until light dawns 
that we begin to distinguish black in contrast with white. 

Thus the totality of all the colors that can possibly be 
seen is a 3-dimensional manifold; which accordingly might 
be represented geometrically by any solid body, for example, 
by a pyramid or perhaps more conveniently by a cone in 
which the apex 0 was the point of total darkness or absence 
of luminosity. Each position of the generating line on the 
surface of the cone might correspond to one of the spectral 
or purple hues in every degree of luminosity along this hne; 
whereas a line drawn from the apex into the interior of the 
cone would correspond then to a more or less pale variety of 
a saturated hue, and the axis of the cone would represent 
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white in all degrees of brightness. Thus every possible 
color would be represented by a point on the surface of the 
cone or in the interior; and the vector OP drawn from the 
apex to the point P in question would be perfectly unique. 
Obviously, three points A, B, C on the surface of the cone 
may be taken in countless ways so that the sum of the vectors 
OA, OB and OC is equal to OP; and consequently the color 
P may be considered as a mixture of three saturated colors 
A, B, C in proper proportions. 

In Newton^s color chart the saturated hues were ranged 
in order around the circumference of a circle with white at 
the center, in a manner similar to Fig. 321. In effect this 
color circle is nothing more nor less than a section of the 
color cone. A plane chart is useful and convenient, but it 
necessarily leaves out one of the three dimensions, as, for 
example, the luminosity. Young’s triangle of colors, which 
is the best of all these devices, must be described in more 
detail. 

239. The Color Triangle. — If three standard colors are 
chosen such that no mixture of two of them together is 
equivalent to the third, in general any fourth color (C) may 
be obtained by mixing them in proper proportions. This is 
a well-established experimental fact; which, if the standard 
colors are, let us say, red (R), green (G), and blue or violet 
(V), may be expressed in the form of a color equation as 
follows; 


C—xi R4-ir2 G+Xz V, 

where the numbers denoted by Xij x^, Xz, called the color 
valences or color coordinates of C, are the relative amounts 
of R, G and V in the mixture. The absolute values of these 
numbers are immaterial; it is the ratios Xi : x ^ : Xz that are 
important. If the equation is to be perfectly general, nega- 
tive values of the coordinates must not be excluded; and 
in fact if the four colors concerned are all spectral colors, 
one of the three color coordinates will always be found to be 
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negative, and in that case the corresponding term must be 
transposed to the other side of the equation. For example^ 
when xz is negative, the interpretation is that, in order to 
make a perfect color match with the color obtained by a 
mixture of spectral red and green in certain proportions, a 
definite amount of spectral violet must be added to the 
spectral color C (which in this case would be yellow). How- 
ever, it is always possible, theoretically at any rate, to 
choose the standard colors so that xi, x^, Xs will invariably 
be all positive. 

These relations may be exhibited graphically in various 
ways, most simply and naturally by means of the color cone, 
but perhaps most conveniently by means of the color triangle 
(Fig. 322), in which the standard colors R, G, V are placed 
at the corners of a triangle, an equilateral triangle being 
best, although a triangle of any form will serve the purpose. 
So far as hue and saturation are concerned, any color (C) 
may be represented by a point P lying in the plane of the 
triangle, provided its trilinear coordinates as measured by 
the perpendicular distances of P from the sides of the triangle 
GV, VR, RG are equal or proportional to the color co- 
ordinates Xij X 2 j xzj respectively. If the point P lies inside 
the triangle, xi, X 2 j xz are all positive, and conversely. If one 
of the coordinates vanishes, the point P will be found on one 
of the sides of the triangle, namely, in GV when a;i = 0 , in 
VR when 0:2 = 0, and in RG when 0:3 = 0. Obviously, all 
three of the coordinates cannot vanish at the same time. 
In the special case when xi = X 2 = Xzy that is, when xi:x 2 :xz — 
1 : 1 : 1 , the color is white (W). Thus the amounts of R, G, V 
that are required to make standard white will determine the 
unit quantum of each of these colors. 

On the assumption that the three component colors 
R, G, V have been chosen so as to exclude negative values of 
any one of the color co5rdinates, all possible colors (so far 
as hue and saturation are concerned) will be contained within 
the border of the triangle, and the spectral colors will be 
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ranged in sequence along a curved line, as shown in the case 
represented in Fig. 322. A short portion of this line corre- 
sponding to the red end of the spectrum lies along the side 
RG. The point W corresponding to white is in the center 



Fig. 322. — Color triangle. The colors R, G, V at the three corners of the 
triangle are so-called fundamental red, green and violet (hypothetical 
colors). The curved line is the locus of the spectral colors and in the 
red portion it follows closely part of the side RG of the triangle. The 
white point W lies in the center of the equilateral triangle RGV. A 
straight line drawn through W will intersect the spectral curve or the 
side of the triangle RV (where the purples lie) in two points correspond- 
ing to pairs of complementary colors. The part of such a straight line 
comprised between the point W and the spectral color corresponds to 
the different degrees of saturation of the spectral hue. 


of the equilateral triangle between the spectral curve and the 
side RV on which the saturated purples lie. The saturation 
of a color is measured by its distance from W; and since the 
spectral colors are the most saturated of aU real colors, all 
degrees of saturation of a given spectral hue will be shown 
by points on a straight line drawn from W to the corre- 
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spending point on the spectral curve. If this straight line 
extended in the opposite direction meets the spectral curve 
in another point, the two spectral colors determined by this 
chord are complementary. 

On the other hand, if the three standard colors are spectral 
red, spectral green and spectral violet, the curve of spectral 
colors RGV will lie outside the color triangle RGV, with 
white again in the center of the equilateral triangle. If we 
mix spectral red and spectral green so as to obtain yellow 
lying on the side RG, this yellow will not be quite as saturated 
as the same hue of spectral yellow; and, generally, the colors 
along the two sides RG and GV will be paler than the spectral 
colors of the same hues. 

240. Note concerning Homogeneous Projective Coordi- 
nates. — The color coordinates xi, xz used to determine the 
position of a point in the color triangle are indeed a system 
of homogeneous projective coordinates, as they are called in 
geometry. The absolute values of these numbers are of no 
importance, and they may all be multiplied by any common 
factor, because this will not affect the ratios Xi : : Xz, and 

the position of the point P is determined, not by the numbers 
themselves, but by their mutual ratios. A brief explanation 
may help the student to form a clear notion of what is meant 
by the homogeneous projective coordinates of a point in a 
plane. 

In the accompanying diagram (Fig. 323) the letters A, B, 
C and W designate four fixed points all in one plane no three 
of which are on one straight line; and accordingly the straight 
lines CW, AW and BW will determine three fixed points D, 
E and F lying on the sides AB, BC and CA, respectively, of 
the triangle ABC, Through any other point P in the plane 
of the triangle draw CP, AP and BP meeting AB, BC and CA 
in the points X, Y and Z, respectively. Thus each side of the 
triangle ABC contains four points, three of which are fixed, 
whereas the fourth depending on the position of P is variable. 
Consequently the three double ratios (§ 65) 
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('APDX'i ('ErFY') — • j ^X ('OAFZ) 

(ABDX) - b 5 • Bx' (BCE Y) - qe * C Y’ AF ' A7J 

will be variable likewise. 

According to a famous theorem of plane geometry known 
as Oeva^s law, the segments into which the sides of the 


B 



Fig, 323. — ^Homogeneous projective coordinates (trilinear coordinates). 
ABC is triangle of reference with a fixed point W (so-called unit-point) 
inside the triangle. P marks the position of any other point in the 
plane of the diagram. The dotted lines pi, p 2 and 102 drawn from 
P and W are perpendicular to the sides BC (xi = 0) and AC (^2 — 0) . 


triangle ABC are divided in one case by the points D, E 
and F and in the other case by the points X, Y and Z are 
connected by the following simple relations: 

BD EC FA-XB YC*ZA"^^^ 

and consequently, no matter where the point P happens to 
be located in the plane of the triangle ABC, the product of 
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the three double ratios above mentioned will invariably be 
equal to unity, and therefore all we need to know in order 
to determine the position of P in any particular case are the 
values of two of the double ratios. Thus we may put 

Xi:x2=iABDX), X 2 ixs^iBCEY), xs : Xi=(CAFZ), 

where xij X 2 j xz are any three numbers whose ratios are thus 
defined; the only condition being that all three of these num- 
bers cannot be equal to zero at the same time, and therefore 
at least two of the ratios Xi : X 2 , X 2 : xz, Xz : Xi must have 
finite values for every possible position of the point P. Thus 
being given the fixed points of reference A, B, C and W 
and the three numbers Xi, X 2 , Xz, two of the points X, Y and Z 
can certainly be located, and so the point P can be found as 
the point of intersection of one pair of the concurrent lines 
AX, BY and CZ. The three numbers Xij rcs, xz are called 
the homogeneous projective coordinates of the point P with 
respect to the triangle of reference ABC and the so-called 
unit-point W. The fixed point W is called the unit-point of 
the system of coordinates, because when P coincides with 
W, (ABDX)-(BCEY) = (CAFZ) = 1, that is, a;i:x2:a:3 = 
1 : 1 : 1. The coordinates of W are therefore all equal 
(a;i=X2=a:3). 

If one of the coordinates (a^i, X 2 j Xz) is equal to zero, the 
point P will lie on one of the sides of the triangle of reference; 
on BC if xi = 0j on GA if 0^2=0, and on AB if xz=0. The 
coordinates of the vertices of the triangle are A (xi, 0, 0), 
B (0, X 2 j 0) and C (0, 0, 0 ^ 3 ) or (1, 0, 0), (0, 1, 0) and (0, 0, 1), 
respectively, since the numerical value of the coordinate 
that does not vanish at one of the vertices of the triangle 
may be put equal to any number as unity, for instance. 

We proceed now to show that the homogeneous projective 
coordinates Xij X 2 } xz are in fact equivalent to the so-called 
trilinear coordinates {xi, X2 , Xz) of the point P. If Wi^ W2, Wz 
and pi, p 2 , Pz are the lengths of the perpendiculars let fall 
from W and P on the sides of the triangle BC, CA and AB^ 
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respectively, the trilinear coordinates of P are defined as 
follows: 


/ 

Xi — — ? 
Wi 


/ P2 
W2 


Xz 


Wb 


Evidently (Fig. 323), 


p 2 sin ZXCA sin Z DCA 

Pi ~ sin Z BCX^ Wx ~ sin Z BCD 


Now if we put k = sin B : sin A, then (as may also be easily 
obtained from the diagram by the law of sines) 

AD sin Z DCA Wz 
BD“ sinZBCD“^^W 
AX sinZXCA p 2 
BX“ sinZBCX 

and hence 

AD .:^_;5£2 
BD * BX^t^i ‘ 'pi 
or 

(ABDX) 

Wi W2 

Similarly, we find: 


(BCEY)=^" 

^ ' W2 Wb 


(CAFZ)=^® 

^ Wb Wi 


Consequently, 


Xi : X2 : ^^ 3 = — : — : — =Xi :x2 ixb , 
Wi W2 Wb 


and therefore the homogeneous projective coordinates of P 
are shown to be perfectly equivalent to the trilinear co- 
ordinates. 

241. The Young-Helmholtz Three-Components Color The- 
ory. — In 1807 (three years before Goethe published his 
Farhenlehre or “doctrine of colors’’ in which he ridiculed 
Newton’s conception of white as the combination of all the 
colors of the spectrum and even disputed some of the ex- 
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perimental facts), Thomas Young (1773^1829) tentatively 
proposed an original theory of color vision * which, however, 
attracted little notice at the time and might have been almost 
forgotten if it had not been revived many years later by 
Maxwell (1831-1879) in England and adopted by Helm- 
holtz (1822-1894) in Germany. Today it is generally known 
as the Young-Helmholtz theory. It is sometimes called 
a trichromatic theory of vision because it is based on the 
assumption that the eye is capable of feeling directly three, 
and only three, independent elementary or fundamental 
color sensations, namely, red, green and violet (or blue) ; and 
consequently that all the visible colors are merely combina- 
tions in varying proportions of these essential constituent 
elements. Each one of the visual cells of the color mechanism 
of the retina or, to be specific, let us say each of the cones 
(although in reality we know little or nothing of their modus 
operandi) is supposed to contain three nerve-receptors or 
fibers; which, on being stimulated by the impact of homo- 
geneous radiation, arouse the three fundamental color sensa- 
tions in different degrees depending primarily on the wave- 
length of the light. In general, the red-sensitive mechanism 
is affected most by the longer waves, comparatively little by 
the shorter waves; whereas it is just the reverse with the 
violet-sensitive mechanism which responds most to the 
shorter waves and not much or hardly at all to the longer 
waves; while the green-sensitive mechanism, being inter- 
mediate between the other two, is not affected much by 
either the long or the short waves but responds most to the 

* As a matter of fact, Young's contributions to the theory of color 
vision are limited to two or three short paragraphs in his voluminous 
writings, and there is no evidence that he attached very much impor- 
tance to them himself.'' See Thomas Young Oration on ''Young’s 
theory of color vision (1801-1931)” by Sir John H, Paesons, Tram. 
Opt. Soc., XXXII, 165-185. This is an excellent critique of the present 
status (1932) of the three-components theory and should be consulted 
by all who wish to obtain a clear idea of the arguments for and against 
the theory. 
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middle of the spectrum. According to the best determina- 
tions by the method of ''gauging the spectrum,'' the maxima 
of the red-sensitive, green-sensitive and violet-sensitive re- 
ceptors apparently correspond to wave-lengths of about 570, 
550 and 455 m/>t, respectively; as shown by the so-called 
"fundamental-sensation curves" (Fig. 324) derived from ex- 



Fig. 324. — Koenig-Dieterici so-called fundamental-sensation curves R, 
G and B (as corrected by Exner), which are supposed to give the 
spectral distribution of the three so-called fundamental color sensa- 
tions. The actual forms of these curves are really quite arbitrary de- 
pending on the way the experimental determinations are evaluated 
numerically. These curves have been a subject of much controversy, 
and they have been given greater significance than was attached to 
them by the original investigators themselves. 

perimental data obtained by matching the spectral colors 
with mixtures of red, green and blue.* But no matter what 
the wave-length of the homogeneous radiation is, each 
mechanism makes some response, strong, moderate or feeble 

* These much discussed curves which seem to lend support to the 
three-components theory should not be taken too seriously. They are 
derived from the experimental data by perfectly legitimate mathemat- 
ical transformations, but the interpretation of the data is open to ques- 
tion, and according to the assumptions that are made at the outset 
the forms of the curves will be quite different. Koenig and Dieterici 
who were the first to obtain curves of this kind were careful not to 
attach too much importance to them. The name ^‘fundamental- 
sensation ” curves begs the whole question. 
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as the case may be, the total sensation being the resultant 
of these three components. Thus according to the theory 
the only way that an eye can ever see one of the fundamental 
colors themselves would be when for some reason two of 
the three receptors of normal color vision were lacking or 
atrophied, and then everything would be seen in one color 
only, more dimly in some cases than in others, and the vision 
would be monochromatic in the literal sense. 

The solid basis of the theory consists in the incontrovertible 
experimental facts of color-mixing; and so far as this part of 
the theory is concerned, it is hardly to be considered a theory 
at all, but rather a formulation of the observed facts. If 
the three standard colors of the color triangle RGV are the 
hypothetical colors, fundamental red (R), fundamental 
green (G) and fundamental violet (V), all real colors will be 
contained within the triangle (Fig. 322). 

We have seen that there are three, and only three, dif- 
ferent and independent ways in which a sensation of color 
can be modified and that therefore if two colors have the 
same hue, saturation and luminosity, it is impossible to tell 
them apart. In this case both colors will correspond to the 
same point P of the color cone and will be represented by 
the same vector OP drawn from the apex of the cone at 0 
to the point P. Since the vector OP is a function of three 
variables, it seems logical to conclude that the physiological 
process set in motion by the stimulation of the organ of 
vision by external radiant energy must itself be a complex 
of not more than three essential characteristics that deter- 
mine the nature of the resultant sensation; and that each of 
these characteristics must in some way be a definite function 
of the color coordinates as ascertained by careful and precise 
measurements in which practically the same results are ob- 
tained by different practised observers. Moreover, the as- 
certained facts concerning congenital partial color-blindness 
(dichromatic vision as distinguished from normal or trichro- 
matic vision) may apparently be explained to a large extent 
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in accordance with the Young-Helmholtz theory simply 
by assuming that the so-called anopic eye is lacking in one 
of the three hypothetical fundamental-sensation receptors, 
and that consequently the color-manifold of partially color- 
blind vision has only two dimensions. Actually, we do find 
just three types of anopes, red-blind, green-blind and blue- 
blind (although the last mentioned is such an exceedingly 
rare and unusual type that its occurrence is open to doubt). 
On the other hand, there are many outstanding problems 
in connection with dichromatic vision that have still to be 
solved before we are in a position to say that the facts 
unequivocally lend support to the Young-Helmholtz the- 
ory. 

When we come to consider the actual tri-receptor mecha- 
nism itself, the ground of the theory is far less secure. Various 
conjectures and physiological hypotheses have been offered 
to account for the three-components processes, some of them 
highly ingenious in conception but none of them deserving 
to be taken too seriously. Thus, for example, we may men- 
tion the following suggestions: (1) three different nerve- 
terminals or even three types of nerve-cells whose maxima 
of excitation correspond to three places in the spectrum; 
(2) three kinds of resonators tuned to respond to three 
different wave-lengths of light; and (3) photo-electric or 
photo-chemical processes of one kind or another. Not the 
slightest positive evidence can be adduced for any of this 
elaborate apparatus in the living eye, and so far as this part 
of the Young-Helmholtz theory is concerned, it lacks 
confirmation. 

What is considered by the opponents of the theory to 
be an insuperable objection is that it asks us to believe that 
the sensation of white which contains no trace of redness, 
greenness or blueness is in fact a mixture of red, green and 
blue in equal proportions; whereas according to these critics 
white is to be considered as the simplest and most primitive 
form of visual sensation (§ 235). If white is a mixture of red^ 
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green and blue, they ask how can we account for the ach- 
romatic vision of twilight illumination, for colorless rod 
vision in the outer parts of the retina, and for totally color- 
blind vision. In spite of the experimental facts of color- 
mixing, it must be admitted it is difficult to find a satisfac- 
tory reply to this objection- 

242. Bering’s Opponent-Colors Theory. The rival theory 
of E. Hering (1834-1918) is diametrically opposed to Helm- 
HOLTz^s theory of vision at all points, owing to the fact that 
the mental attitudes of these two philosophers towards the 
phenomena were radically divergent from the start. Whereas 
Helmholtz deemed it illegitimate or at least untrustworthy 
to draw conclusions as to physiological processes from the 
direct psychological character of the sensations” (v. Kries) 
and preferred therefore to rely as far as possible on the con- 
crete facts of color-mixing, etc., for Hering it was the actual 
sensations themselves, not so much their physical or physio- 
logical antecedents, that constituted the real facts and the 
immediate data. Accordingly Hering stoutly insisted that 
the sensation of light was not just merely a function of the 
external stimulus and of the adaptation of the organ of vision 
for the time being, but that it was also linked with the visual 
center of the brain where the optical experiences of many 
years were recorded and, so to speak, systematized and co- 
ordinated. The tone of a violin depends not only on the 
vibrations of the bowed string but on the resonance and 
mellowness of the whole instrument; and so likewise in 
Hering^s view the impression of color is not just an affair 
of the impact of luminous radiation and the stimulation of 
certain sensitive cells in the retina but is the concomitant 
result of the reverberations of the whole sensorium. From 
the psychological point of view color is neither the property 
of an external object nor of the radiation that proceeds from 
it, but is a content of consciousness, an aspect of vision, not 
determined by the external surroundings merely or chiefly 
or by the nervous mechanism itself, but consisting of the 
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reproductions of former experiences awakened by a host of 
concurrent circumstances. 

In Hebustg^s theory a quite special importance is attached 
to the gray series of toneless or hueless sensations ranging all 
the way from black to white. Nobody with normal color 
sense can deny that, psychologically, the number of so- 
called pure, simple or primary chromata (toned colors) is 
four, and not three, namely, red and green, yellow and blue. 
Whatever may be true of yellow in a physical sense, mentally 
it certainly is not a mixture of red and green any more than 
white is a mixture of red and bluish-green. A red may be 
yellowish but never greenish; and similarly a yellow may be 
greenish but never bluish. Thus according to Heeing red 
and green, yellow and blue are two pairs of incompatibles 
or opponent-colors (Gegenfarben). 

From the standpoint of physiology the essential character- 
istic of living tissue is constant replenishment and change of 
organic substance; some substances being taken in and in- 
corporated by a process of assimilation on the one hand, 
foreign substances arising and being thrown off by a process 
of dissimilation on the other hand. The two processes, al- 
ways intimately interconnected, occur simultaneously even 
in the smallest subdivisions of the organism. Thus in the 
nervous mechanism of the visual organ, either in the retina 
itself or possibly somewhere nearer the brain (zonal theory 
of vision), Heeing's theory assumes that there are three 
kinds of 2-way processes, namely, the black-white, the red- 
green and the yellow-blue, generally occurring simultane- 
ously in opposite directions. In one direction the process is 
assimilative (A-effect) and is accompanied by renewal and 
regeneration of the nervous substance; in the other direction 
it is dissimilative (D-effect) involving decomposition and 
breaking down of this substance. The ratios between A 
and D in each of the processes are the factors that determine 
the resultant sensation. 

The black-white process is peculiar as compared with 
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the other two. Stimulated by luminous radiation of any kind,- 
this process invariably acts in one direction only, D-effect 
(whiteness); but if no luminous energy enters the eye, the 
process acts automatically in the reverse direction, A-effect 
(darkness). 

Luminous radiation of any kind promotes the red-green 
and yellow-blue processes in definite degrees or valences in 



one direction or the other, depending on the nature of the 
radiation. Thus the long waves from red to pure yellow 
have a D-effect (red) on the red-green process, and from red 
to pure green a D-effect (yellow) on the yellow-blue process; 
whereas the short waves from pure yellow to pure blue have 
an A-effect (green) on the red-green process, but from pure 
blue to violet a D-effect (red) ; and the short waves from pure 
green to violet have an A-effect (blue) on the yellow-blue 
process. The red-green process remains in equilibrium (A = D) 
under the action of pure yellow or of pure blue, the resultant 
sensation being neither red nor green; and, similarly, the 
yellow-blue process is unaffected by either pure red or pure 
green, the resultant sensation being neither yellow nor blue 
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When A = D for both processes, an achromatic sensation is 
the result. 

The accompanying diagram (Fig. 325) is a purely schematic 
representation of the red-green and yellow-blue valence curves 
according to Hering^s opponent-colors theory. Within the 
interval from X = 700 to X = 400 m/x corresponding to the 
series of hues in the visible spectrum, there are three places 
with only one ordinate (valence), namely, where the peak 
of one curve and the zero-point of another occur together; 
whereas at all other places there are two ordinates corre- 
sponding to the binary mixture of two colors. The actual 
forms of the curves are more or less arbitrary, and it is not 
absolutely necessary for the peak of one curve to be exactly 
at the zero-points of two of the other curves as shown in the 
diagram; the effect of which is to make the four turning- 
points, pure red, pure yellow, pure green and pure blue, 
correspond to the maxima of the valence curves. 

It would take us too far to discuss here the arguments for 
and against Bering’s theory. It should be admitted that 
as compared with Helmholtz’s theory Bering’s attitude is 
certainly much more in conformity with the psychological 
color-order as perceived directly, and perhaps for that reason 
his theory is better adapted for a survey of the sensations 
that come to the consciousness of anybody who has normal 
color sense. Thus, for example, artists generally are dis- 
posed to be in agreement with Bering’s mode of explanation. 
In the main his theory accounts quite satisfactorily for the 
facts of color-mixing and for many other color phenomena; 
but where it seems to be weakest is in its wholly unsatis- 
factory explanations of the anomalies of the color sense and 
especially the disorders of partial color-blindness; and here 
at least the Helmholtz theory certainly offers a more nat- 
ural and consistent explanation. Some of the main objections 
to Bering’s original theory were overcome by G. E. Mul- 
ler’s modification and extension of it. Bering’s conceptions 
and ideas are still very much alive and current especially 
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among psychologists and physiologists; whereas physicists 
are apt to prefer the Helmholtz theory. Unfortunately, 
the adherents of one theory do not always seem to appreciate 
the objections that are urged against their view by the 
other side, and so in a discussion of color theories there is 
sometimes much misapprehension and misrepresentation of 
the opposite point of view. Until we know much more than 
we know at present about the morphological and chemical 
subdivisions of the retina and about the action of luminous 
radiation, no color theory, trichromatic (Helmholtz) or 
tetrachromatic (Hering), can be said to have any really 
firm basis. 

V. Perception of Depth in Binocular {Stereoscopic) Vision 

243. Monocular Field of View (Eye at Rest). — In ordinary 
daylight vision when the gaze is fixed intently on a small 
luminous area in the field of view, this spot is sharply focused 
on the retina in a tiny oval depression not far from the center 
called the yellow spot or macula lutea (p. 428) where the 
cones are greatly in excess of the rods and where the keenest 
visual discriminations are possible. This most sensitive part 
of the retina in bright illumination, which is not more than 
about one or two millimeters in diameter* and corresponds 
therefore to an angular width of less than 7° in the external 
field of view, lies a little to the temporal side of the point 
where the optical axis meets the retina and also slightly 
below this point. The place of most distinct vision is at the 
very center of the little depression in the fovea centralis or 
foveola, which corresponds to the point of fixation in the field 
of view where the spectator’s attention is riveted for the 
time being. 

As compared with almost any artificial optical instrument, 
the field of view of the motionless human eye is unusually 
large, having a horizontal extent of about 160° (considerably 
more outwards than inwards where the field is curtailed by 
the protrusion of the nose) and a vertical range of 70° down- 
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wards and 50° upwards. However, the excentric and periph- 
eral parts of the field corresponding to the outer and less 
sensitive regions of the retina are perceived more or less 
vaguely and indistinctly; and hence, so far as the visual 
impression is concerned, the field of view of the stationary 
eye may be compared to a perspective picture in which the 
details in the center are very accurately and finely executed 
as in a steel engraving, whereas the surroundings have been 
left unfinished and roughly sketched as in a charcoal drawing. 
Accordingly when the gaze is kept steady, a distinction must 
be made between central or direct vision and peripheral or 
indirect vision that is, between ^^cone vision^^ and ^^rod 
vision under conditions of ordinary daylight illumination. 

244. Field of Fixation of the Mobile Eye. — ^As a matter 
of fact the gaze is seldom kept riveted on one spot for any 
long interval of time, but the eye roams from place to place 
in quick succession and scans the entire field of fixation, 
which is considerably more extensive than the visual globe 
of the passive eye. In executing these movements the eye-ball 
turns readily in its socket under the control of a mechanism 
of three pairs of motor muscles (p. 431) that are extraordina- 
rily efficient for the purpose. Acting in perfect harmony and 
with the utmost precision, these muscles turn the eye-ball 
around a fixed (geometrical) pivot called the center of rotation 
of the eye which may be considered as lying on the optical 
axis about 13 mm. beyond the vertex of the cornea and 
therefore not far from the geometrical center of the eye-ball 
(p. 432). A lim of fixation is a straight line drawn through 
the center of rotation of the eye to the point of fixation at 
the time. The field of fixation of the mobile eye has a hori- 
zontal range of about 180°, that is, about 135° outwardly 
from the median plane which divides the face symmetrically 
in two opposite halves, and about 45° inwardly on the other 
side of this plane. 

Just as we imagine the vault of the starry sky overhead, 
so also we naturally think of the field of fixation as being 
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part of a globe surrounding the center of the eye with the 
objects of vision distributed over its surface. Inasmuch as 
distance cannot be discerned by monocular vision alone, the 
radius of this imaginary globe is entirely indefinite and un- 
important. In the natural consciousness of the spectator 
the retina of his eye has no existence whatever. It is none 
of his business if the image on the retina is inverted, because 
he is not even so much as aware that any image has been 
formed or what an optical image is. All that he sees and 
appreciates are the outward tokens of these inner relations, 
that is, the superficial projections of the retinal images in 
his field of view. Ever since he can first remember, these 
have been familiar appearances, mental pictures which by 
long and varied experience he has learned to associate with 
actual things, solid material objects, in the external world. 
Yet after years of daily observations and almost incessant 
training, he is liable still to optical illusions and sometimes 
discovers, much to his bewilderment, that his eyes have de- 
ceived him and that what he took to be real is only a mirage. 

245. Field of Binocular Fixation. — But man is not de- 
pendent on one eye alone; like all other animals, he has two 
eyes which can be moved in unison without turning the 
head and directed voluntarily towards any desired point in 
the field of binocular fixation. The team-work between the 
two eyes is as precise and admirable as everything else in 
the complex mechanism of vision. When both eyes are con- 
centrated on a single point of fixation, an image of it is 
focused on the retina of each eye in the fovea centralis^ and 
the two images are fused in one mental impression, exactly 
how nobody can tell. One eye never turns by itself, but the 
two always move in concert, in one of two ways or usually 
in a combination of both ways (p. 431). When the eyes turn 
from looking at one place to look at another place at the same 
distance but in a different direction, they are said to execute 
associated movements; that is, both eyes turn the same way, 
sideways to the right or to the left, vertically up or down, 
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or one way or the other in some oblique meridian. On the 
other hand, when, gazing steadily in a certain direction, the 
eyes turn to look at another point at a different distance, 
they execute movements of convergence; that is, the two eyes 
turn in opposite directions, either towards each other when 
the second point of fixation is nearer than the first or away 
from each other when the second point of fixation is farther 
than the first. In general, when the point of fixation is 
displaced, the variation involves change of both distance 
and direction, and in that case the movements of the two 
eyes are convergent and associated at the same time. 

The fields of fixation of the two eyes overlap to a certain 
extent in a common binocular field that lies directly in front 
of the face. This is the region where the two hands come 
into play in nearly all ordinary human occupations, and 
here perhaps the sense of touch can aid and corroborate the 
indications of the sense of sight. Nearly all our judgments 
and conclusions are the result of a cooperation of this kind 
between several modes of sensation. In a human being the 
two eyes are located just below the forehead on either side 
of the bridge of the nose, and the horizontal extent of the 
binocular field is about 90®, that is, 45® on each side of the 
median plane of the face. In most other animals the two 
eyes are not so much in front but more over on the two sides 
of the head, and consequently the binocular field is much 
more restricted, although it always lies in the region in front of 
the face. Apparently the overlapping binocular field of a dog 
does not exceed 34® horizontally; that of a chicken is perhaps 
less than half as much, say 15®; and that of a fish in water 
probably cannot be more than about 5®. The optic axis 
of the eye of a goose is normally nearly perpendicular to the 
median plane, and doubtless with one eye or the other this 
fowl can command a total field of 360® without turning its 
head, but its binocular field must be exceedingly narrow. 

A striking optical illusion of binocular double vision, de- 
scribed first by W. B. Rogers (1805-1882), can be obtained 
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by holding a tube of black paper (about 12 inches long and 
2 inches in diameter) close in front of the right eye and looking 
through the tube at a lighted lamp in the opposite corner of 
the room. If under these circumstances the spectator screens 
his left eye from the light by interposing a sheet of paper 
near the far end of the tube between this eye and the light 
that is seen through the tube by the right eye, he gets the 
illusion of looking at a light through a round hole in the 
paper where there is no hole at aU. 

246. Binocular Perception of Depth. — Each eye separately 
affords a perspective view of an object in front of it, but 
since the two eyes do not occupy exactly the same place but 
are on opposite sides of the face, the two copies of the object 
projected from these different points of view will be slightly 
different also, unless the object is exactly alike no matter 
how it is presented to the eye. We need not linger to inquire 
how the two images are fused mentally into a single stereo- 
scopic impression; it is a fact of experience well known to 
everybody. That the images in the two eyes are really dif- 
ferent, can be easily verified by holding a pencil at arm^s 
length and looking at it with one eye at a time, alternately. 
If it is viewed first by the right eye with the left eye closed, 
and then by the left eye with the right eye closed, the image 
will be very perceptibly displaced to the right. 

Without moving the head, all that we can tell by monocular 
vision is the direction in which the point of fixation lies, 
just as we can point to a star and, if necessary, give its right 
ascension and declination, that is, two dimensions in space; 
but binocular vision affords at least a possibility of deter- 
mining the third dimension also, that is, the didance of the 
point of fixation, provided the requisite data are sufficiently 
accurate and can be conveniently employed. Long ago 
Leonardo da Vinci (1452-1519) in his treatise on painting 
remarked that not even the most perfect pictorial repre- 
sentation on canvas can give a plastic impression similar to 
that of the original objects themselves, because the two 
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retinal images of the flat picture are exactly alike, whereas 
the perspective view of the natural objects as seen by one 
eye is not quite the same as that presented to the other eye. 
Of course if the objects are all very far away, there is prac- 
tically no difference whatever between their appearances in 
the two eyes. Thus the accuracy of binocular judgment of 
distance diminishes with increase of distance. 

247. Stereoscopic Vision. — ^The keenness and accuracy of 
binocular perception of solidity or depth is shown very 
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convincingly by so-called stereoscopic views or double pic- 
tures of an object representing it in somewhat different as- 
pects. If the two pictures are mounted side by side on one 
card so as to form a stereogram, as it is sometimes called, 
generally they will be so much alike that on being viewed 
in the ordinary way it is doubtful whether the differences 
will be noticed at all; but if a small screen is held in the 
median plane between the two eyes so that each eye can see 
only the picture that is intended for it, then almost imme- 
diately the two pictures will be fused into a single plastic 
impression from which all the flatness has disappeared, and 
the effect of the third dimension (depth) is so vivid in some 
instances as to be almost startling. The plan of a simple 
device for viewing stereograms, involving nothing but a 
box of peculiar shape with two peep-holes for the eyes, is 



Stereoscopic Vision 


753 


§ 247] 


shown in Fig. 326. This is the principle of the mirror stereo- 
scope first invented by Wheatstone (1802-1875) nearly a 
century ago (1838), which is shown diagrammatically in 
Fig: 327. The simple apparatus consists essentially of a pair 
of plane mirrors, one in front of each eye, which are inclined 
to each other at an angle of 270°. The two halves of the 
stereogram are separated and placed opposite each other so 
that the line joining the centers of the two pictures is bisected 


Fused image 



Fig. 327. — Plan of Wheatstone’s mirror stereoscope. 

perpendicularly by the median plane between the two eyes. 
When the spectator looks in the instrument, he sees with 
his right eye an image AB of the picture AiBi in the mirror 
on that side, and with his left eye an overlapping image AB 
of the picture A 2 B 2 in the mirror opposite that eye. In order 
for the two images to be fused properly so as to give a correct 
stereoscopic impression, the pictures must be inserted in the 
frames reversed with respect to each other, that is, so that 
the two corresponding horizontal lines AiBi, A 2 B 2 are in 
opposite directions. Even so, the fused stereoscopic image 
1^1 be ‘^perverted” (p. 39) as compared with the original 
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object itself, as is always the case with an image in a single 
plane mirror; but this disadvantage of a mirror stereoscope 
can be compensated without much difficulty, either by first 
perverting” the pictures themselves or by suitably in- 
serting a second mirror on each side of the instrument. 

The lens stereoscope of Brewsteh (1781-1868), which came 
into general use about 1850, is a more convenient type, es- 
pecially in its modern form in which the prismatic lenses 
have been replaced by so-called “ Verant” lenses as designed 
by Professor v. Rohr for viewing photographs correctly 
(p. 418). Besides the ordinary stereoscope there are also 
numerous clever devices for obtaining stereoscopic effects. 
An “anaglyph” is the name given to a pair of superposed 
prints reproduced in ink of two different colors, say, red 
and blue. Viewed in the ordinary way by both eyes, the 
picture looks much like any other line-drawing except that 
the outlines are curiously colored; but if the spectator has a 
pair of spectacles with a red glass for one eye and a blue 
glass for the other eye, each eye sees only that part of the 
anaglyph that is intended for that eye, and the result is 
often an exceedingly striking and beautiful stereoscopic im- 
pression. 

Here we may mention an instructive stereoscopic experi- 
ment described in Robert Smith’s Compleat System of Op- 
tickSj § 977, which requires no apparatus except an ordinary 
pair of compasses. The latter should be held at some little 
distance in front of the face, pointed vertically upward at 
first, and then opened until the interval between the tips 
of the two legs is about equal to the interpupillary distance 
between the eyes. If the spectator gazes past this interval 
at a point on the opposite wall of the room (or through a 
window at a distant object outside), he will see at first two 
images of each prong forming a figure like the old-fashioned 
capital letter W; then as the angular opening between the 
two legs is gradually reduced, the two inner points will 
approach each other, and at the instant when they unite; 
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^Hhe two inner legs will also entirely coincide and bisect 
the angle under the outward ones; and will appear more 
vivid, thicker and longer than they do, so as to reach from 
your hand to the remotest object in view, even in the horizon 
itself, if the points be exactly coincident/^ The reader should 
not be satisfied until he has performed the experiment for 
himself and can explain it. 

248. Simple Laws of Stereoscopic Projection. — If the 

point of fixation is very far away, the angle of convergence 



Fig. 328. — Stereoscopic projection. The centers of rotation of the two eyes 
are designated by A and B ; interpupillary distance, AB = 26. CE drawn 
parallel to AB is trace of the plane of projection (plane of stereogram) ; 
AC is perpendicular to AB; AC = a. P, P' designate positions of two 
luminous points (shown here as lying on prolongation of AC) ; AP = x, 
AP' — x'. L APB = w, Z. PBP' = 17 . Dotted line BE is drawn parallel to 
AC; BE — AG. Lines BP, BP' intersect CE in D, D', respectively. 

of the two eyes will be zero, that is, the two lines of fixation 
will be parallel. The nearer the point of fixation, the greater 
the angle of convergence, until finally the limit is reached 
at the near point of convergence which for most individuals 
is only several inches in front of the face. In the accompany- 
ing diagram (Fig. 328) the centers of rotation of the two 
eyes are designated by the letters A and B, and the point 
of fixation by the letter P. The plane of the drawing deter- 
mined by these three points is the so-called visual plane. The 
angle at A in the figure is a right angle, but this is merely a 
matter of convenience and is of no importance, as all the 
results can be obtained just as well with a triangle ABP of 
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any form. The straight line CD parallel to the base-line AB 
is the trace of the plane of projection which is perpendicular 
to the visual plane and which coincides with the plane of the 
stereogram in a stereoscope. The projections of the point of 
jBxation P in this plane are the points designated by C and D; 
and E is the foot of the perpendicular drawn from B to the 
straight line CD. The length of the base-line 2?) = AB varies 
for different individuals (men, women and children) between 
the limits of 58 and 72 mm., the average value being about 
65 mm. If the distances of the point of fixation and the 
plane of projection are denoted by x and a, that is, if :r = AP 
and a = AC, the magnitude of the stereoscopic difference (which 
is a measure of the stereoscopic parallax), denoted by 5 = DE, 
is given by the formula 

2db 

— } 

X 

as is evident from the similarity of the triangles ABP and 
EDB. Accordingly the stereoscopic difference is inversely 
proportional to the distance of the point of fixation. For 
example, when P is infinitely far away, D coincides with E 
(^=oo, 5 = 0 ); when P coincides with C, D also coincides 
with C (x^ a, 5 = 26); and when P is nearer than C, the point 
D, which was above C in the diagram as long as P was be- 
yond C, now lies below C (x<aj s>2b). 

For another point P' at the distance x' = AP', the stereo- 
scopic difference (5' = D'E) is s^ = 2ablx'; and consequently 


and therefore if we put 


2db 

t ' 

we obtain: 


s— s 

1 1 


X 

’x‘~r’ 


a formula which, it may be noted, is similar to the abscissa- 
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formula of a thin lens (p. 229). Accordingly the magnitude r, 
which is inversely proportional to the difference (s-s'); is 
itself a certain distance, because it is the value of x when x' 
is infinite {x' — , x=t). In other words, when the point 

P' is infinitely far away, the point P is at the distance de- 
noted by r. 

If we put a) = ZBPA and ')7 = ZPBP', the angles of con- 
vergence at P and P' will be equal to co and (co— tj), respec- 
tively; and on the assumption that these angles are so small 
that tan 6 )=a? and tan 77 = 77 , evidently 

26 26 

and consequently 



Now there is necessarily a limit to the binocular perception 
of difference of distance, and unless the difference of distance 
between P and P' exceeds this limit, the two eyes cannot dis- 
cern that P' is farther (or nearer) than P. Let us suppose 
therefore that the interval between P and P' is this minimum 
perceptible distance measured by the angle 77 (or, what is 
the same thing, measured by the interval DD"' in the plane 
of projection), and that the two eyes can just detect that 
P and P' are at unequal distances. The conventional value 
of the angular measure of the limit of binocular perception 
of depth as determined by tests of a large number of indi- 
viduals is taken to be one-half minute of arc; that is, 

yj = 30" = 0.000145 radian. 

If this value of 77 is substituted in the formula r= 26/77 (in 
which case r denotes the so-called radius of stereoscopic vision) ^ 
and if the distance between the centers of rotation of the two 
eyes is put equal to 65.25 mm. (26 = 0.06525 m.), we obtain 
r=450 m. This result simply means that ordinary stereo- 
scopic vision does not extend beyond a distance of about 
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450 m. or not much over a quarter of a mile; in other words, 
the differences between the two retinal images of an object 
more than 450 meters away are, as a rule, too slight to be 
appreciable. 

249. Telestereoscope and Binocular Telescopes. — Since 
the limiting angle of binocular perception of depth is 30'^ 
or one 6,876th part of a radian, the radius of stereoscopic 
vision in round numbers may be said to be about 7,000 
times the length of the base-line connecting the two dif- 
ferent points of view. Consequently if the separation of the 



Fig. 329. — Plan of simple telestereoscope without lenses (object-glasses anc? 
oculars). The right triangles represent principal sections of total- 
reflecting glass prisms. 


two eyes were, let us say, ten times as much as it really is 
or 65 cm. instead of only 65 mm., the radius of stereoscopic 
vision would be extended in the same proportion from 450 m. 
to 4.5 Km. Obviously, this raises the question as to whether 
the base-line might not be artificially magnified by a suitable 
optical device; a problem which Helmhoi^tz solved by the 
invention of the telestereoscope in 1857. Essentially, this in- 
strument (Fig. 329) consists of a long narrow box or tube 
containing two pairs of round apertures symmetrically 
situated on the two opposite sides, namely, one pair on the 
front side tov/ards the object, near the ends of the box and 
therefore far apart, and another pair on the rear surface 
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close together near the middle, for the two eyes to look 
through. Consequently when the light entering the box by 
the front apertures is reflected by a system of mirrors or 
right-angle prisms in the interior so as to emerge finally 
through the rear apertures into the observer's eyes, the 
effect produced is just the same as if the two eyes were 
separated by a distance equal to that between the centers 
of the two apertures where the light entered the instrument; 
and so this simple optical device enables the observer to 
obtain two perspective views of the object that are far more 
different than the views he would obtain by his two eyes 
alone. 

It is scarcely necessary to say that the telestereoscope as 
above described can easily be converted into a binocular 
telescope by simply inserting the object-glasses of the two 
telescopes in the apertures where the light enters and the 
oculars in the other pair of apertures where the eyes are 
applied to the instrument. The centers of the two objectives 
in a relief-telescope of this kind may be as much as a meter 
apart, and for this reason alone the radius of stereoscopic 
vision is extended much farther. 

Prism binocular field-glasses (see Fig. 33) are constructed 
on exactly the same principle so as to give a greatly enhanced 
stereoscopic impression. The separation of the centers of 
the object-glasses of the pair of telescopes is sometimes 
nearly double the interpupillary distance for which the oculars 
are adjusted. 

Even if the base-line of a binocular telescope is no greater 
than the interpupillary distance, the magnifying power (M) 
of the instrument alone will bring out differences between 
the two views of the objects that could never be detected 
by the naked eyes. In other words, the angle r) which is the 
measure of the limit of binocular perception of depth is M 
times as small with the telescope as without it. Consequently 
if r=2b/r] denotes the radius of stereoscopic vision with the 
naked eyes, and if M denotes the magnifying power of a 
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binocular telescope for which the base-line is k times the 
interval between the centers of the eye-pieces, the radius of 
stereoscopic vision with the instrument will be k.M.r. For 
example, in the case of an ordinary pair of prism field-glasses 
of, say, 8-fold power, the average value of k is perhaps about 
1,75; and therefore on the assumption that r = 450 m., the 
field of stereoscopic vision of these glasses will be over a 
range of more than 6 Km. With a relief-telescope of power 
M==10, in which the two object-glasses are a half-meter 
apart, that is, k = 500 : 65 = 7.7, the range of stereoscopic 
vision will be 77 times 450 m. or nearly 35 Km. 

However, there is a practical limit to the extension of the 
stereoscopic field by means of a binocular telescope, partly 
because the magnifying power cannot exceed a limit im- 
posed on all optical instruments by the nature of light (cf, 
§ 216) and also partly because the difficulties of mechanical 
construction are enormously increased by a very long base- 
line. 

On the other hand, the stereoscope itself used in conjunc- 
tion with photography seems to afford almost endless possi- 
bilities of increasing the range of binocular perception of 
depth; for two photographs of the same scene taken from 
widely separated standpoints and fused in a stereoscope can 
give very extraordinary impressions of distance. The amateur 
photographer has here a fine opportunity of obtaining beau- 
tiful telestereoscopic pictures by photographing some prom- 
inent feature of a landscape from two stations perhaps as 
much as a mile or more apart and making a stereogram which 
as seen in a stereoscope will produce an impression similar 
to that which the original scene might make on an imaginary 
giant whose eyes were as far apart in his forehead as the two 
stations from which the pictures were taken. Photographs 
of cloud formations in the sky taken from points not more 
than 10 or 12 yards apart and viewed in a stereoscope bring 
out all the details of depth and illumination in striking 
relief; although, of course, such pictures must be taken in 
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quick succession before the evanescent shapes have had time 
to be much altered. Two photographs of the moon taken 
months apart and made into a stereogram may have an 
equivalent base-line as long as one-fourth of the distance 
between the earth and the moon; and thus a relief-view may 
be obtained of that satellite such as mortal man could hardly 
have expected ever to see. Professor Max Wolf of Heidel- 
berg has made a series of beautiful stellar stereograms, one 
of which, for example, consisted of two photographs of the 
planet Saturn made on two successive evenings. In this 
particular instance the base-line in space between the two 
points of view, taking into account the relative movements 
of the earth and Saturn and also the drift of the solar system, 
was estimated to be more than a million miles. Viewed in 
the stereoscope, Saturn can be seen with his moons standing 
out from the starry dome and floating in the great void of 
space. Remarkable relief-maps of extensive terrain can be 
made from stereograms in which the original photographs 
were taken from air-planes. 

VI. Concerning the Nature of Light 

250. FresnePs Wave-Theory. — Consistently throughout 
this volume the language and methods of the wave-theory 
of light have been employed without considering the need of 
explanation or apology, perhaps mainly because it was the 
path of least resistance and easiest to be followed without 
distracting attention too much from the topic immediately 
under discussion. While this plan seemed to be justified in an 
elementary text-book of geometrical optics, it is scarcely to 
be expected that the reader will be satisfied to be left entirely 
in the dark as to the new era in physics which has been 
crowded with such great achievements in every direction. 
Accordingly It is not out of place to append here a brief, 
necessarily wholly inadequate, historical outline of the main 
points of view concerning the real nature of light from New- 
TON^s time down to our own day when almost before a new 
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theory has had time to gain a hearing it is apt to be modified 
or perhaps abandoned to be superseded by another that is 
still more up to date. 

It is well known that Newton himself, not without obvious 
misgivings, was disposed to favor the corpuscular or emission 
theory of light, although his observations of the colored rings 
of thin films required him to endow the corpuscles of light 
with periodic dispositions or “fits’’ (as Newton called them) 
“of easy reflexion” and “fits of easy transmission,” whereby 
sometimes they were in the mood to be reflected at the 
boundary between two optical media and at other times in 
the mood to be refracted. On the other hand, Newton’s great 
contemporary Huygens, with even greater ardor, espoused 
the undulatory or wave-theory of light in spite of the difiiculty 
of accounting for the rectilinear propagation of light and also 
in spite of the fact that apparently a necessary hypothesis of 
this theory was an omnipresent, all-pervading, universal 
medium to be the vehicle of the light waves, the so-called 
luminiferous ether. According to Huygens’s conception the 
ether was composed structurally of tiny elastic particles 
whose mutual impacts transmitted from one particle to the 
next in continuous succession were propagated with prodigious 
speed from the source where the disturbance originated to far 
distant parts of space provided the waves of light were not 
intercepted and absorbed or diverted by some intervening 
obstacle. Although the ether penetrated and permeated 
ordinary matter with the utmost ease and freedom, neverthe- 
less it was more or less affected by it depending on the nature 
of the substance; which explained why some bodies were 
transparent and others opaque, not to mention various other 
differences of behavior with respect to light. Obviously, the 
wave-theory with its ether vibrations was better adapted to 
explain the periodicity or frequency which is such an essential 
characteristic of the beautiful optical effects that are em- 
braced under the names of interference, diffraction and 
polarization of light. But it was not until early in the nine- 
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teenth century, thanks chiefly to Thomas Young in England 
and above all to Augustin Fkesnbl in France (who died in 
1827 one hundred years after Newton’s death), that the 
wave-theory finally triumphed over the rival corpuscular 
theory; although by this time the ether had to be radically 
renovated to accommodate as far as possible all the new facts 
that had accumulated meanwhile. Subtle and rarefied as the 
ether was assumed to be, it was compelled more and more to 
take on structural properties analogous to those of ordinary 
matter until at length in 1821 Fresnel, without mincing 
matters, startled the scientific world of that day by boldly 
asserting that the luminiferous ether behaved as if it were 
a perfectly elastic solid! Strange to say, this extraordinary 
theory stood the test for a long time to come. It made pre- 
dictions which were verified experimentally with the most 
perfect precision, perhaps the most notable instance of all 
being Sir W. R. Hamilton’s prediction in 1832 of internal 
conical refraction which was actually demonstrated experi- 
mentally the next year by Lloyd. Nevertheless, Fresnel’s 
elastic solid ether continued to be a paradoxical conception 
hard to comprehend, being non-resistant like a perfect fluid 
and at the same time more elastic than solid steel. Whether it 
corresponded to reality or not, the scientific power of Fres- 
nel’s hypothesis lay in the fact that it afforded a consistent 
and comparatively simple explanation of the facts as far as 
they were then known. All during the latter half of the nine- 
teenth century one of the most constant and persistent ob- 
jects of experimental investigation was to detect the presence 
of the ether and to establish the fact of its existence by some 
mechanical effect if possible. The most crucial and painstak- 
ing of all these projects was the famous Michelson-Morley 
experiment which was first carefully performed in 1887 and 
which has been subsequently repeated from time to time, 
notably only a few years ago (1928) under the direction of the 
late Professor Albert A. Michelson (1852-1931) himself 
on an elaborate scale with every possible precaution against 
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error. The purpose of this method was to ascertain whether 
the velocity of light was affected by the velocity of the earth^s 
motion in its orbit around the sun. Without exception all 
these attempts to come to actual grips with the ether have 
uniformly ended in failure, insomuch that as long ago as 1894 
Lord Salisbury in his inaugural address at the Oxford 
meeting of the British Association for the Advancement of 
Science remarked that “for more than two generations the 
main, if not the only function of the word ether has been to 
furnish a nominative case to the verb Ho undulate.’ ” In 
that same year H. Poincare pointed out that “even if the 
assumption of the ether should ever be discarded as of no 
use, the laws of optics and the analytical equations by which 
they are formulated will continue to be valid as a first approx- 
imation at least, and therefore it will always be worth while 
to consider and investigate the theories of an elastic ether”; 
and if Poincar^i were alive today, perhaps he might still 
subscribe to this opinion expressed nearly forty years ago. 

261. Maxwell’s Electromagnetic Theory. — However, the 
physics of the nineteenth century was concerned far more 
with the progress and development of the new science of 
electricity and magnetism than with the elaboration of the 
wave-theory of light which after Fresnel’s penetrating 
mathematical analysis came to be regarded almost like a 
closed chapter, um chose jugee. With the discoveries of 
Oersted and Ampere in 1820 of the mutual interactions 
between currents of electricity and magnetic needles a 
systematic investigation was begun of the laws of electro- 
dynamics and electromagnetism, that is, of all those phe- 
nomena in which the motion of electricity was an essential 
factor involving therefore the element of time. A way out 
of the difficulties presented by this host of new facts could 
have been found only by a genius who came to the study of 
them with a mind not only vigorous but fresh and untram- 
melled, and Michael Faraday (1791-1867) was the man 
that was needed for this work. Without ever losing sight of 
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the experimental facts themselves, at the same time Faraday 
penetrated them with his keen scientific insight, above all 
with that faculty of scientific imagination which Tyndall. 
so greatly extolled, thus combining qualities of mind and 
judgment that do not always or often go together in the same 
individual. Heedless of the prevailing theories, Faraday 
fastened his attention not on the charged conductor itself 
but on the dielectric medium surrounding it which he con- 
ceived to be permeated by lines of force due to the strains 
and tensions in it. He demonstrated the existence of the lines 
of magnetic force and mapped the field by means of iron 
filings sprinkled on a sheet of paper on which a magnet was 
placed. With great acumen he conjectured that possibly 
there was some intimate connection between the waves of 
light in the ether and the electromagnetic phenomena in the 
dielectric medium, and he sought to obtain direct experi- 
mental evidence of such a connection. This is not the 
place to tell of Faraday's contributions and discoveries, 
and all we need to say at present is that he established 
the fact that electromagnetic forces were transmitted with 
finite speed and also the fact that electromagnetic waves 
were produced by an electric spark. His revolutionary 
conceptions together with his extraordinary experiments 
tended to upset the current theories of both light and elec- 
tricity, although not all of his scientific contemporaries were 
aware of this by any means. All the more credit is due to his 
younger contemporary James Clerk Maxwell (1831-1879) 
for discerning and appreciating the significance of Faraday's 
innovations and the implications of his theory of the dielectric 
polarization of the ether. Fortunately, Maxwell had the 
advantage of being a great mathematician as well as a 
trained and acute observer, and nobody was better equipped 
for translating Faraday's thought into the precise and lofty 
language of mathematical physics. Maxwell's truly epoch- 
making treatise on Electricity and Magnetism, published 
first in 1867, is still today an unfailing source of knowledge 
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and inspiration to all who can see the significancje of it and 
the far-reaching bearing of Maxwell^s equations. Here also 
appeared for the first time an entirely new theory of luminous 
phenomena known ever since as the electromagnetic theory of 
light. According to this theory, it could be inferred that the 
waves of light were essentially electromagnetic, in other 
words, that light itself was simply an electromagnetic phe- 
nomenon. 

A generation later Helmholtz’s brilliant pupil Heinrich 
Hertz (1857-1894) confirmed Maxwell’s predictions by 
detecting (1887) electromagnetic waves in space generated 
by the spark of an electric coil and demonstrating that these 
waves could be reflected and refracted and that they ex- 
hibited properties similar to those of ordinary waves of light. 
Moreover, these electrical waves were found to be propagated 
with precisely the same velocity as the velocity of light. Of 
course, their real nature was still just as much a puzzle as the 
real nature of the waves in Fresnel’s elastic solid ether, but 
the advantage of the electromagnetic theory was that the 
results obtained by it were equally valid for both light and 
electricity. Thus while it was extremely difficult to make 
optics conform to the notions of ordinary mechanics, as 
Newton and all his successors had tried to do down to the 
era of Faraday and Maxwell, the electromagnetic theory 
could at least boast of having found, so to speak, a common 
denominator for optics and electricity. It still remained to 
discover, if possible, a bond of union between electrodynamics 
and ordinary mechanics in order to consolidate and unify the 
scientific structure of the universe in a single consistent 
scheme. 

Instead of an ether that was at once fluid and solid, the 
particles of which executed mechanical vibrations. Max- 
well’s ether was to be conceived as the substratum for the 
transmission of periodic fluctuations of intensity of electro- 
magnetic fields of force. Luminous radiation was only one of 
many varieties of radiation that utilized this universal me- 
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dium as the vehicle of propagation of waves, Fresnel’s equa- 
tions were not invalidated in the least, only now they had 
to be interpreted not in terms of mechanics but in terms of 
electro-dynamics. 

262. Modern Theories. — The fundamental and necessary 
factors of a periodic phenomenon being time and space, 
instead of mentioning the ether by name, it has become the 
fashion nowadays to speak of 

^‘space-time as the representative of the ancient void or vacuum, 
without, says Sir Oliver Lodge, ‘'necessarily supposing it to 
be a substantial reality, and yet admitting that it has physical 
properties which we can hope to investigate by experiment.^' 

In spite of the fact that undoubtedly Maxwell himself had 
endeavored at first to reduce the physics of electricity to a 
mechanical scheme, he and his successors were gradually 
forced by the irrefutable logic of their own deductions to 
change their point of view entirely; and thus towards the end 
of the last century electric theories of matter began to be 
prevalent. It is certainly very remarkable, as Max Planck 
has pointed out, “how easily and, so to speak, noiselessly the 
transition in physics was accomplished from the mechanical 
to the electromagnetic conception”; and indeed in retrospect 
it seems to those who are old enough to remember almost as 
if a whole army had quietly decamped by night leaving be- 
hind all its baggage and equipment and taken up a new posi- 
tion and an entirely new strategy next day. Thus without 
flourish or commotion the new physics full of confidence and 
vigor calmly and resolutely superseded the old classical 
physics that traced back to Galileo, Descartes, Newton 
and Huygens. 

The lucky, perhaps not wholly accidental, discovery of 
X-rays by W. C. Rontgen (1845-1923) in 1895 was the 
culmination of a long series of noteworthy experiments on 
electrical discharge in rarefied gases which had been made by 
numerous investigators. It threw open immediately another 
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great field of research called radioactivity, and here one of 
the first rewards was the revelation of ultra-atomic corpuscles 
or electrons, which in turn paved the way for the electron 
theory of H. A. Lobentz (1853-1928). Ultimately this theory 
too led to new conceptions of the ether, pushing it still 
further into the background; for although the electron theory 
did not dispense with the ether entirely, it left it little to do 
and denied it any vestige of materiality. 

Finally Albebt Einstein^s special relativity theory an- 
nounced in 1905 seemed to remove the last prop from under 
the ether, for since according to this theory all natural 
phenomena are dependent simply on the relative motions of 
bodies and since the most searching experiments failed to 
reveal the faintest evidence of so-called ether drift” due to 
the orbital motion of the earth, the hypothesis of the ether 
was simply superfluous and no longer necessary. And yet 
before dismissing it from the stage, one may pause here to 
recall again its strange eventful history. Borrowed no doubt 
from the ancient Greek cosmogonies and invented expressly 
to satisfy the needs of the wave-theory of light, the luminifer- 
ous ether had been conceived at first as a fluid such as never 
was on sea or land, the primordial essence of which all things 
consist; then gradually it assumed the nature of an elastic 
solid comparable with no earthly substance that could be 
imagined; and next it was metamorphosed into the web or 
garment, as it were, in which the concepts of the electromag- 
netic theory were clothed — ^to dissolve at last at the hands of 
Lorentz and Einstein into ^'such stuff as dreams are made 
of,” a mere nonentity! 

However, the last word on the subject has not yet been 
spoken, and since the appearance of the general relativity 
theory in 1915 the ether has showed faint signs of coming to 
life again, although it will certainly never enjoy the prestige 
it once had. In this new theory Einstein showed that 
Newton^s assumption of a gravitational action between 
two bodies may also be unnecessary, since the motions of 
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falling bodies and of the planets in their orbits can be ex- 
plained as being simply the natural geometrical consequences 
of the ^'curvature of space-time/’ Thus according to the 
theory of relativity space is no longer what the spontaneous 
perception of common sense supposes it to be, because now 
it has a property, namely curvature, no trace of which is 
revealed to us by our ordinary senses. 

DiflScult as it is to adapt the wave-theory to the abstruse 
geometrical and philosophical conceptions that have thus 
been merely alluded to above, it is harder still to reconcile it 
with the great array of new experimental evidence which has 
been steadily accumulating year by year in the vast territory 
of radioactivity. More than thirty years ago the quantum 
theory (1901) was devised by Max Planck to take account 
of the observed phenomena in this special field of physics. 
Briefly this bold conception amounts simply to an atomic 
theory of radiant energy. In other words, instead of being 
steady and continuous, radiation is intermittent and spas- 
modic and operates by definite quanta or units of energy in 
the case of both emission and absorption. Planck^s constant 
denoted by h, being the quotient of the energy Qiv) divided 
by the frequency of oscillation {v), is a natural unit of energy 
or activity, just as the electron is a natural unit of matter and 
electricity. Thus according to the quantum theory the emis- 
sion of light by a luminous source is not a steady, uninter- 
rupted, continuous flow of energy as is supposed by the wave- 
theory, but consists rather in a constant stream of tiny 
parcels of energy (which perhaps might be compared roughly 
to the separate drops as revealed in a jet of water when it is 
illuminated by a flash of lightning) ; in other words we must 
think of a luminous body as sending out, so to speak, “ atoms 
of light analogous to Newton^s corpuscles in the old 
emission theory of light. From this point of view therefore 
our modern ideas of the nature of light prove to be after aU 
not unlike those that were prevalent two centuries ago. 

The whirligig of time brings in his revenges.’’ 
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The dilemma that has now to be faced is, How are the 
incontrovertible facts of the quantum theory to be reconciled 
with the fundamentally periodic phenomena of light (inter- 
ference, diffraction, polarization, etc.) for the explanation of 
which the wave-theory was specially devised and was indeed 
specially competent? 

And here, ” says Sir Oliver Lodge in the same article from which 
we have quoted already (Hibbert Journal, XXIX, 1931, p. 396), 
have to make use of the wave theory of matter. Modern 
physics has shown that, like the corpuscles of Newton, every 
particle has associated with it something periodic. The electron 
does not now appeal to us as a minute spherical charge and nothing 
else, it has been found to have something associated with it, a 
series of waves. In fact it is found that many of the properties of a 
particle of matter can be possessed by what is known as a ‘ group 
wave’; in other words that the energy of a particle can be ex- 
pressed as the energy of a set of group waves, and that these, 
strangely enough, obey the laws of dynamics. Consequently it is 
realised that the particle and the wave are much more united 
than ever they have been before. A wave may exist without a 
particle. A particle can hardly exist without a wave. The waves 
seem the most fundamental things.” 

This is the brilliant theory of wo,ve mechanics as proposed and 
developed in the last few years by De Broglie and Schro- 
DINGER which is indeed a triumph of mathematical power and 
ingenuity, not easy however for the uninitiated to understand 
and entirely beyond the scope of this book. 

Between atomic physics on the one hand and cosmic phys- 
ics on the other hand, what may be called mundane physics 
(for lack of a better word), which to a great extent is governed 
still by Newton’s laws of motion, occupies somewhat the 
same position as geometrical optics in its special field, being 
good and trustworthy as far as it goes but at best only super- 
ficial in the eyes of those who seek to penetrate nature’s 
deepest secrets. An intelligent layman listening to a discus- 
sion of modern theories in physics with its curious notions of 
space, time and matter might perhaps be provoked to say as 
the learned Scaliger said wittily concerning the Basque 
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language: ^^Les Basques se parlent comme s^ils se comprenaient 
entre eux; quant a moi^ je n^en crois rienJ^ Yet after all it is 
experimental physics of the present day with its steady 
accumulation of new and as it were mutinous phenomena that 
makes it necessary to resort to entirely different modes of 
explanation in natural philosophy from those that seemed 
reasonably satisfactory a generation or more ago. 
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Abbe, E.: Apertometer, 667; apochromats and semiapochromats, 679^ 
680; chromatic difference of spherical aberration, 676; compensa- 
tion ocular, 682; definition of focal length, 344; differential notation, 
531; homogeneous immersion system, 679; magnifying power, 454; 
v-value of optical medium, 480; numerical aperture, 666; optical 
glass, 482, 489; Porro prism system, 50; pupils, 401; refractometer, 
128; sine-condition, 523, 542, 547, 665, 674; theory of microscope, 
652, 653, 665, 670, 679. 

Aberration, Chromatic: see Chromatic aberration^ Achromatism^ etc. 

Aberration-disks, 676, 677. See also Blur circles. 

Aberration, Least circle of, 515. 

Aberration, Spherical: Spherical aberration. 

Aberrations, Chromatic and monochromatic, 509; Seidel’s five sums, 
545-550, 557. 

Aberrations, Monochromatic: see Spherical (monochromatic) aberra* 
tions. 

Aberrations, Ocular, 710. 

Abney’s formula for diameter of aperture of pinhole camera, 5, 26. 

Abscissa formula for centered system, 332, 519; infinitely thin lens, 228, 
229, 279, 285; plane refracting surface, 97, 191, 269; spherical mir- 
ror, 154, 155, 191, 276, 285; spherical refracting surface, 191, 193 
200, 274, 285. See also Image equations. 

Absorption of light, 2; absorption spectrum, 725. 

Accommodation: Concomitant contraction of pupil, 709. 

Accommodation of eye, 433-439; amplitude, 437-439; range, 438; 
diminishes with age, 435, 436; effected by changes in crystalline 
lens, 434; refracting power of eye in accommodation, 436, 437. 

Achromatic (colorless) vision, 721, 743. 

Achromatic combinations: Prisms, 480, 481, 491-493; lenses 480, 481, 
499-505. 

Achromatic optical system, 488. 

Achromatic sensation, 726. See also Whiteness, Blackness sensation. 

Achromatic single reflection prism, 582. 

Achromatic telescope, 480, 481, 505. 
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Achromatism, 480, 481, 487 and foil. ; optical and actinic or photographic, 
489-491, 675. 

Achromatism of microscope-objectivej 675, 676; of microscope-ocular, 
680, 681-683. 

Adaptation of eye, 721, 743, 

Airy, Sir G. B.: Cylindrical lens, 315, 698; tangent-condition of ortho- 
scopy, 545; curvature of image, 540; diffraction-formula, 712, 713, 
714. 

Alhazen, 564, 565, 570, 572. 

Aligning power of eye, 716, 718. See also Visual acuity^ Resolving power. 

Ametropia, 439 and foil. ; axial, curvature and indicial ametropia, 442. 

Ametropic eye, 440 and foil.; distance of correction-glass, 445, 446. 

Amici, G. B.: Direct vision prism system, 495, 497, 506; roof-angle 
prism, 568; compound microscope, 651, 677, 678, 679. 

AMpiiRE, A. M., 764. 

Amplitude of accommodation, 437-439. 

Anaglyph, 754. 

Anastigmatic (or stigmatic) lenses, 314. 

Angle, Central, 152, 516. 

Angle, Critical: see Critical angle of refraction, Total reflection. 

Angle of deviation: In case of inclined mirrors, 43, 565; in case of refrac- 
tion, 78; in prism, 50, 51, 125; in lens, 293. See also Prism, Thin 
prism, Prism-diopiry, Prismatic power of lens, Double reflection 
prism, Single reflection prism. 

Angle, Slope, 151, 334, 516. 

Angle, Visual: see Visual angle, Apparent size. 

Angles, Measurement of, by mirror and scale, 56. 

Angles of incidence, reflection and refraction, 30, 31, 65. 

Angstrom unit of wave-length, 10. See also Tenth-meter. 

Angular magnification (or convergence-ratio), 351. 

Anisotropic optical medium, 687. 

Anopic eye, 742. See also Color blindness. 

Anterior and posterior poles of eye, 431, 432. 

Anterior chamber of eye, 425. 

Apertometer, 667. 

Aperture angle, 404, 663, 665, 666; microscope, 656, 665-667, 678. 

Aperture, compound microscope, 652, 660, 663 and foil. See also 
Numerical aperture. 

Aperture, Magnifying effect of narrow, 636-637. 

Aperture of optical system : see Chap. XII. 

Aperture stop, 399; of magnifying glass, 641; of microscope objective, 
655, 656, 660. 

Aphakia, 213, 442, 629. 
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Aplanatic lens, 618, 621, 622, 629, 679. See also Aspherical lenses. 

Aplanatic points of optical system, 524, 665, 676; of spherical refracting 
surface (J, JO, 512, 513, 554, 596, 617, 618, 624, 628, 677, 679. 

Aplanatism, 524, 665, 674, 675. See also Sine-condition. 

Apochromatism, 489; apochromats, 679, 680, 682, 684; semiapochro- 
mats, 680. 

Apparent place and direction of point-source, 15-18. See also Monocur 
lar vision. 

Apparent place of object viewed through plate of glass, 102, 103, 105, 
106. 

Apparent size, 20-22, 446 and foil.; in optical instrument, 449 and foil. 

Aqueous humor, 213, 371, 425. 

Archimedes, 559, 563. 

Aristotle, 559, 560. 

Aspherical lenses, 593. See also Aplanatic lenses. 

Assimilation and dissimilation, 744. See also Hering’s opponent-colors 
theory. 

Associated movements of two eyes, 431, 749. 

Astigmatic bundle of rays, 25, 310-314, 526-538, 552 and foil; image- 
lines, 100, 312, 313, 534-536, 547; image-points, 312, 526, 527, 529- 
534; principal sections 311, 528, 704. See also Meridian raysj Sagit- 
tal rays, Image-points, Image-lines, Sturm’s conoid, Astigmatism. 

Astigmatic difference, 533, 706. 

Astigmatic image-surfaces, 536-538, 547. 

Astigmatic lenses. Chap. IX, 300 and foil., 314. 

Astigmatism by incidence, 527. 

Astigmatism, Measure of, 533. 

Astigmatism, Ocular, 697, 698, 699, 706; irregular, 705; lenticular, 698; 
pathological and physiological, 697, 698; with and against the rule, 
698. See also Cornea, Ophthalmometer. 

Astigmatism of oblique bundles, 527, 547, 597. 

Astigmatism, Sturm’s theory, 313, 534. 

Astronomical telescope, 411, 456, 572, 606, 655; field of view, 411, 412; 
magnifying power, 454-460. 

Atmospheric refraction, 4, 570, 685. 

Axial ametropia, 442; static refraction and length of eye-ball, 442, 
443. 

Axial (or depth) magnification, 351. 

Axis: see Optic axis. Optical axis. 

Axis of collineation, 243. 

Axis of lens, 217; spherical refracting surface, 149. See also Optical 
axis. 

Axis, Visual, 433. 
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B 

Back focus: Of combination of two lenses, 600; of single lens, 365. 
Bacon, E.: Lenses, 592; scientific achievements, 564; spherical mirror, 
632. 

Badal’s optometer, 422, 423. 

Bakeb, T. Y. : Eeflection prisms, 592. 

Bablow’s achromatic object-glass, 504, 505. 

Barrel-shaped distortion, 544. 

Babko w, I. : Lectures on optics, 595, 629; theory of astigmatism, 597. 
Babtholinus, E. : Double refraction, 596, 687. 

Base-line (binocular vision), 756, 758-761. 

Battsch & Lomb Optical Company: Microscope, 658, 659, 684. 

Bending of lens, 284, 644. 

Biaxial crystals, 689. 

Binocular depth-perception, 751 and foil.; limits of, 757 and foil. 
Binocular double vision, 749. 

Binocular field of view of various animals, 750. 

Binocular fusion, 749, 751. 

Binocular microscope, 683. 

Binocular telescope, 51, 606, 759-760. See also Relief-telescope, 
Binocular vision, 747, 749-761. See also Depth perception. Stereoscopic 
vision. 

Black, 720, 731, 744, 

Black body, 731. 

Blackness sensation, 731. 

Black-white process in Hebing^s color theory, 744, 745. 

Blind spot of retina, 430, 431. 

Blue-blindness; see Color blindness, partial. 

Blur circles, 414-417, 419. See also Aberration-disks . 

Brewster, Sir D. : Kaleidoscope, 47; magnifying glass, 646, 647; stereo- 
scope, 754. 

Brightness of point-source, 23; image in microscope, 667-669, 673. 
Brightness (or luminosity), 720, 730-732. 

Brilliance, 731. See also Luminosity, 

De Broglie, M. : Theory of wave mechanics, 770. 

Brown color, 720, 731. 

Brucke: see Chevalier-Bruckb microscope. 

Bundle of rays: Character of, 24, 25, 508, 509, 525; ‘‘direct,” 514; 
homo centric (or monocentric), 25; Kmitation by means of stops, 
397-399. See aiso Astigmatic bundle of rays, 

Bunsen burner, 66, 473. 

Burnett, S. M. : Prism-dioptry, 135. 
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c 

Calcite: see Iceland spar^ Double refraction. 

Calculation of Gullstrand’s schematic eye, 371-376; of Purkinje 
reflex images, 381-384. 

Calculation of path of ray: Refracted at spherical surface, 516-519, 
611-617; reflected at spherical mirror, 518; refracted through prism, 
124, 125; refracted through centered system, 332, 519-522; numer- 
ical examples for paraxial and edge rays, 520-522, 615-617. 

Calculation of refracting power and of positions of focal points of 
centered system, 606-611. 

Camera ohscura, 561. 

Camera: see Pinhole camera^ Camera ohscura. 

Cardinal points of optical system, 334r-339. 

Cartesian optical surfaces, 593, 617-625; hyperbolic refracting surface, 
593, 594, 619, 620; elliptic refracting surface, 593, 620; parabolic 
mirror, 565, 619. 

Cataract: see Aphakia. 

Catoptrics, 563; catoptric (reflex) images in eye: see Purkinje, X; 
ScHEiNER, C.; Ophthalmometer. 

Caustic curve, 514. 

Caustic surface, in general, 526, 592; by refraction at plane surface, 98, 
99; by refraction at spherical surface, 515. 

Cavaleri, 594. 

Centered system of spherical refracting surfaces: Optical axis, 329; 
construction of paraxial ray, 330, 331 ; calculation of path of paraxial 
ray, 332, 520-522, 615-617; conjugate axial points (M, M'), 346, 
347; extra-axial conjugate points (Q, Q'), 339-342; lateral magnifi- 
cation, 333, 349; Smith-Helmholtz formula, 334; focal planes, 
333-335; focal points, 332-335; ray of finite slope, 519-522, 611-617. 

Center: Of collineation, 243; of curvature, 260, 526; of perspective (K), 
532, 554; of rotation of eye, 432, 434, 448, 452, 748. 

Centers of perspective of object-space and image-space, 416, 417. 

Centrad, 134, 294. 

Central angle {ip), 152, 516. 

Central collineation, 242-247. 

Central (direct) vision, 448, 748. See also Daylight vision, Cone vision. 

Central ray, 243. 

Ceva's law (geometry), 736. 

Chevalier-Brucke microscope, 649, 655. 

Chief rays, 24, 413, 420, 526. 

Choroid, 425. 

Chroma (hue, color-tone), 720, 726, 744. See also 
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Chromatic aberration, 487-489, 509, 674, 675, 677, 678. 

Chromatic difference of spherical aberration and of magnification, 676, 
682. 

Ciliary body, 427; mechanism of accommodation, 434- 
Circle of aberration, Least, 515. 

Circle of curvature, 260. 

Circle of least confusion, 314, 537. 

Circles of diffusion: see Blur circles. 

Classification of optical instriunents (according to T. Smith), 602- 
606. 

Clausius, R,: Sine-condition, 523. 

Clinical ophthalmometer, 698, 699, 703-706. See also Ophthalmometer. 
CoDDiNGTON, H. : Curvature of image, 540; magnifying glass, 644, 
647. 

Collimating mechanism of ophthalmometer, 700, 702, 704. 

Collinear correspondence, 242, 508. See also Punctual imager'ij. 
Collineation: Central, 242-247; center of, 243; axis of, 243; invariant 
of, 246. 

Color and frequency of vibration, 472-476; and wave-length, 475; and 
refrangibility, 726. 

Color blends, 723, 724, 728-730. 

Color blindness, partial, 721, 741, 742; total, 721, 743, 746. 

Color chart, 73^ 

Color circle, 729, 732. 

Color cone (or pyramid), 731-732, 733, 741. 

Color coordinates, 732, 733, 735, 741. 

Color equations, 723, 724, 732. 

Color fusions, 723, 724. 

Color manifold, 731-732. 

Color match: see Color mixing. 

Color mixing, 722-725, 732-735, 740, 741, 743, 746. See also Color cone, 
Color chart, Color circle, Color triangle, Pigments. 

Color music, 724- 
Color names, 720, 731. 

Color of a body, 2, 720. 

Color, quality of visual sensation, 720. 

Color sensations, 720-747. See also Hue, saturation and luminosity. 

Color sense: Anomalies, 721, 746; normal, 721, 744, 746. 

Color theory: Young-Helmholtz trichromatic, 738-743; Heeing 
tetrachromatic, 743-747. 

Color tone: see Hue. 

Color triangle, 732 and foil., 733, 741. 

Color valences (Heeing's theory-), 732, 745, 746. 
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Color vision, 720-722; normal, 721, 744, 746; anomalous, 721, 746. See 
also Color sensations ^ Hue, Saturation, Luminosity, Color blindness, 
etc. 

Colors, dark, 731; pale, 731; pure, 726-727, 729, 730, 744, 746; simple 
and compound, 726, 744; standard, 732 and foil; spectral, 466, 
469, 472, 598, 724, 725-727, 728-730, 730, 731, 732, 733, 734, 735. 
See also Spectral colors. Complementary colors. 

Colors of spectrum : see Spectral colors. 

Colors of thin plates and films, 597, 762. 

Coma, 542, 547. 

Combination of three optical systems, 374-376. 

Combination of two lenses, 366-370, 599-602; achromatic, 499 and foil. 
Combination of two optical systems, 356-362; focal lengths, 359; focal 
and principal points, 358, 361; refracting power, 361. 

Compensation ocular, 682, 683. 

Complementary colors, 724; spectral colors, 725, 727-728, 729, 734, 735. 
Complete quadrilateral, 162. 

Compound colors, 726. 

Compound microscope, 650-684; general characteristics, 650-655; 

laboratory form, 660-661. See Microscope, Ultramicroscope. 
Compound microscope: Achromatism of objective, 675; aplanatism of 
objective, 674, 675; aperture, 652, 660, 663 and foil.; aperture-angle, 
656, 665-667; brightness of image, 667-669, 673; dry system, 661, 

666, 667, 678; field of view, 660, 663; immersion system, 661, 666, 

667, 671, 673, 678, 679, 680; invention 635, 651; illumination sys- 
tem, 650, 683; numerical aperture, 663-673; objective, 651, 653, 
673-680; ocular, 651, 680-683; magnifying power, 651, 662-663, 

668, 669, 671, 672, 673, 683; metric relations, 661-663; numerical 
aperture, 663-669, 670-673, 679; optical tube length, 652-653, 655, 
661, 676; pupils, 655, 667, 668, 671, 672, 673, 680; ray-procedure, 
655-661; resolving power, 669-673, 679, 684, 710. 

Compound optical systems. Chap. XI, 356 and foil. 

Concave, convex: Lens, 221; surface, 150. 

Concentric lens, 221, 232, 387, 388. 

Cone vision: see Daylight vision. 

Cones and rods of retina, 428, 429, 714r-715, 721, 739, 747. See also 
Daylight vision, Tioilight vision. 

Conjugate planes, 172, 194, 236. 

Conjugate points off axis (Q, QO : Centered system of spherical refract- 
ing surfaces, 339-342; infinitely thin lens, 234r-236; spherical 
mirror, 171-175; spherical refracting surface, 193-196. 

Conjugate points on axis (M, M') : Centered system of spherical re- 
fracting surfaces, 346, 347; infinitely thin lens, 227-229, 232, 595; 
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plane refracting surface, 97; plate with parallel faces, 105; spherical 
mirror, 154, 164; spherical refracting surface, 181, 183, 595. 

Conoid, Sturm's, 313, 314, 535. 

Contrast and visual acuity, 716. 

Contrast phenomena, 721. 

Convergence angle, 755. 

Convergence movements of two eyes, 750. 

Convergence, Near point of, 755. 

Convergence-ratio : see Angular magnification. 

Convergent and divergent optical systems, 186, 339, 340. 

Convergent lens, 221. 

Convergent series of numbers. Limit of, 715-716. 

Convex, concave: see Concave^ convex. 

Coordinates: see Color coordinateSy Trilinear coordinates. 

Cornea of human eye, 425, 696-699; measurement of curvature, 696, 
697, 699; optical constants, 371, 372, 401; optical zone, 697, 698; 
principal meridians, 704-706; seat of ocular astigmatism, 698; 
shape of, 697; vertex, 431. See also Ophthalmometer. 

Corneal astigmatism, 697 and foil. See also Ophthalmometer. 

Corpuscles of light, 762, 769. 

Corpuscular or emission theory of light, 669, 762, 763, 769, 770. 

Correction glass for ametropia: Eefracting power and vertex-refraction, 
443-446, 708; second focal point of glass at far point of eye, 
445. 

Correction glass for aphakic eye, 629. 

Cover glass for microscopic object, 653, 666, 678, 679. 

Crew, H.: ^‘Dioptric," 287. 

Critical angle of refraction, 80, 572. 

Cross-cylindrical lens, 315, 317, 319, 320, 325. 

Crystalline lens of human eye, 213, 371, 372, 373, 378, 381, 395, 428, 
592, 593, 627; astigmatism, 698; changes in accommodation, 395, 
434; optical constants, 371-373, 395, 434; total index,” 436. See 
also Aphakia. 

Crystalline optical media, 686, 687. See also Iceland spar, Quartz, Fluor- 
ite, Diamond, etc. 

Crystals, Optic axis, 688 and foil.; positive and negative, 688, 689; prin- 
cipal section, 692 and foil.; uniaxial and biaxial, 688, 689. 

CuLMANN, P. : Smith-Helmholtz formula, 202. 

Curvature ametropia, 442. 

Curvature-method in geometrical optics, 282. 

Curvature of anterior surface of cornea of eye, 697 and foil. See also 
Ophthalmometer, Schematic eye, etc. 

Curvature of arc: Total, 258; mean, 259; center of, 260; circle of, 260; 
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sign (plus or minus), 260; measure, 260-264. See also Lens-gauge 
Spherometer. 

Curvature of image, 538-540, 547, 548. 

Curvature of normal sections of surface, 300-303; principal sections, 
302, 303, 525. 

Curvature, Unit of, 286-288. See also Dioptry, 

Cushion-shaped distortion, 544. 

Cyhndrical lenses, 217, 310, 314-317; types, 315-317; combinations, 
318-326; transposition, 318-320. 

Cylindrical spectacle glasses, 314 and foil, 698. 

Cylindrical surface, 265, 305-308, 310-313; refracting power, 307, 308. 

D 

Daguerreotype process, 635. 

Dark colors, 731. 

Dark-field illumination, 684. See also UUramicroscope. 

Daylight vision (cone vision), 707, 713, 714, 721, 747, 748. 

Dennett: Centrad, 134. 

Depth-magnification, 351. 

Depth perception (binocular vision), 747, 751-761; limiting angle of 
binocular depth perception, 757 and foil. See also Radius of stereo- 
scopic vision, 

Descaetes, R.: Law of refraction, 67, 573, 593, 594; ovals, 593, 624; 
aspherical optical surfaces and lenses, 593, 621; aplanatic points, 
617; magnifying glass, 645; philosophy, 767. 

Deviation by prism : see Prism. 

Deviation of ray: see Angle of deviation^ Minimum deviation. 

Deviation without dispersion, 481, 491-493. 

Diamond, 70, 479, 646. 

Diaphragms or stops for cutting out rays, 397-399. See also Aperture 
stop. Field siop^ etc. 

Dichromatic vision, 741, 742; see also Color UindnesSf partial. 

Dielectric medium, 764. See also Ether. 

Dieterici, C. : Fundamental-sensation curves, 740. 

Diffraction of light, 14, 597, 637, 670, 671, 684, 709-713, 762, 770; diffrac- 
tion disk due to small round aperture, 637, 709”713; diffraction 
effects in microscope, 637, 670, 671; diffraction spectra, 670; dif- 
fraction through pupil of eye, 710. 

Dioptrics, 569 and foil. 

Dioptry, 286-288; “dioptrie,^^ dioptre,” etc., 286, 287; Hecto-, Kilo-, 
millidioptry, etc., 287. 

Direct and indirect vision, 448, 748. 

^‘Direct” bundle of rays, 514. 
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Direct vision prism-systems (prismes 6 vision directe), 493-499» 
Direction along ray or straight line: see Positive direction. 

Direction of point of fixation, 751. 

Direction of point-source, 15-18. See also Monocular vision. 

Dispersion of light, Chromatic: Chap. XIV, 465 and foil., 598, 726; 
anomalous, 477; irrationality of, 477-479; partial, 479, 483; relative, 
479, 483. 

Dispersion without deviation, 481, 493-499. 

Dispersive power (or strength), 479-481; dispersive power of lens, 503. 
Dissimilation and assimilation, 744. See Heeing, E. 

Distinct vision. Distance of, 452, 453. 

Distortion, 543-545. 

Divergent lens, 221 ; divergent and convergent optical systems, 339, 340. 
Dolland, J. : Achromatic object-glass, 481, 482, 504, 505. 

Dominis, Antonius de, 594. 

Donders, F. C.: Astigmatism of eye corrected by cylindrical glasses, 
316, 698; loss of accommodation with increasing age, 435, 436; 
reduced eye, 214. 

Double concave lens, 219; double convex lens, 217. 

Double (cross) ratio, 156-164, 735, 736, 737, 738. 

Double reflection prism, 574, 586-592; deviation, 587. 

Double refraction, 596, 598, 686-696; ordinary and extraordinary rays, 
687, 691 and foil. 

Doubling system in ophthalmometer: see Ophthalmometer, Wollaston’s 
prism. 

Dove, H. W.: ‘‘Reversion” prism, 583. 

Drysdale, C. V.: Curvature-method, 287. 

Dry system microscope objective, 661, 666, 667, 678, 679. 

Dutch telescope, 456, 571, 606; field of view, 412, 413; “eye-ring,” 413, 
458; magnifying power, 455-460. 

Dynamic refraction of eye, 438. 

E 

Ear and eye, 724. 

Effective rays, 23. 

Einstein, 4.: Special relativity theory, 768; general relativity theory, 
768. 

Electricity and magnetism, 764 and foil. 

Electromagnetic theory of light, 669, 764-767, 768. 

Electron, 768, 769, 770; electron theory, 768. 

Ellipsoidal mirror, 618, 619; refracting surface, 620, 622. 

Emergent rays, 24. 

Emmetropia and ametropia, 439-443. 

Emmetropic eye, 440. 
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Entrance-port, 406-409, 410, 413. 

Entrance-pupil, 43, 179, 400 and foil., 543, 596; two or more entrance- 
pupils, 405, 406; of eye, 401, 448, 714; of microscope, 655, 656, 660. 

Ether, Luminiferous, 10, 472-476, 688, 762 and foil. ; according to elec- 
tron theory, 768; according to relativity theory, 768; ether drift, 
768; experiments concerning, 10, 763, 764; electromagnetic ether, 
765, 766, 768; Fresnel’s elastic solid ether, 763, 766, 768; Huygens’s 
ether, 762, 768; nominative of verb “to undulate,” 764; equivalent 
to space-time, 767. 

Euclid, 559, 563, 564, 716. 

Euler, L.: Theory of curved surfaces, 303, 306, 525; achromatism, 481. 

Exit-port, 409, 410, 413. 

Exit-pupil, 400-405, 411^13, 415, 417, 419, 420, 448, 543, 596; of 
microscope objective, 655, 660; of microscope, 654, 656, 660, 666, 
667, 668, 671, 672, 673, 680. 

Exner, F. : “Fundamental-sensation” curves, 740. 

Extraordinary ray in double refraction, 687, 691, 692, 693; variable 
index of refraction, 693-694. See also Double refraction. 

Extraordinary wave: see Double refraction. 

Eye: Adaptation, 721, 743; accommodation, 433-439; anterior chamber, 
425; aqueous humor, 371, 425; bacillary layer of rods and cones, 
428; “black of the eye,” 401; blind spot, 430; center of rotation, 
432, 434, 448, 452, 643, 748; change of refracting power in accom- 
modation, 436, 437; choroid, 425; ciliary body, 427; cornea, 371, 

372, 401, 425, 696-699; cornea-vertex, 431; crystalline lens, 371- 

373, 428, 698; decrease of accommodation with age, 435, 436; 
description of human eye, 425-431; entrance-pupil, 401, 448, 714; 
expressions for refraction of eye, 439; far and near points, 434, 
435; field of fixation, 432, 435, 748-750; focal lengths, 343, 374, 
389, 432; focal lengths for maximum accommodation, 437; focal 
points, 374, 389, 423, 432; fovea centralis, 429, 432, 433, 446, 715, 
721, 747, 749; iris, 401, 425; line of fixation, 432, 748; motor muscles, 
431, 432, 748; nodal points, 422, 432; optical axis, 431; optic nerve, 
430; point of fixation, 432, 747; positions of cardinal points for 
maximum accommodation, 437; posterior pole, 432, 438; principal 
points, 374, 432; pupil, 23, 401, 409-413, 421, 425, 710, 714, 715, 
721; refracting power, 374, 432; resolving power, 21, 22, 597, 672, 
713-716; retina, 428, 684, 747, 748, 749; static and dynamic refrac- 
tion, 438 and foil.; variation of principal points in accommodation, 
437; visual axis, 433; visual purple, 430; white of the eye, 425; 
yellow spot {macula lutea), 428, 747; zonule of Zinn, 428, 434. 

Eye: see also Ametropic eye. Emmetropic eye, Hypermetropic eye, Mobile 
eye, Myopic eye, Reduced eye, Schematic eye, etc. 



784 


Index 


Eye and ear, 724. 

Eye-axis, Length of, 438, 440-443, 448. 

Eye-ball, 426, 431, 748. See also Center of rotation of eye. 

Eye-glasses: see Correclion-glasSf Astigmatic lenses^ Cylindrical lenseSj 
Ophthalmic prisms^ etc. 

Eye-lens of ocular, 656, 680, 681, 682. 

Eye-ring (or eye-circle) of telescope, 413, 458, 459; of microscope; 681. 

F 

Faeaday, M.: 482, 764, 765, 766; optical glass, 482; theory of dielectric 
polarization, 764r-766. 

Far point, 434, 438, 440, 442; coincides with second focal point of cor- 
rection glass, 445; of schematic eye, 461; senile recession of, 436. 

Far point distance, 437, 444. 

Far point sphere, 434. 

Far sighted eye, 435. See also Hypermetropia, 

Feemat, P. : Principle of least time, 86, 594, 623. 

Field-glasses: see Binocular telescope. 

Field-lens of ocular, 656, 680, 681, 682. 

Field of fixation of mobile eye, 432, 435, 748-749; field of binocular 
fixation, 749-751. 

Field of stereoscopic vision, 760. 

Field of view, 18, 19, 406-409, 448, 596; of plane mirror, 40-43; of 
spherical mirror, 176-179; of infinitely thin lens, 247-249, 409-411; 
of Dutch telescope, 412, 413; of astronomical telescope, 411, 412; of 
compound microscope, 660, 663; of simple microscope, 640-643; 
monocular field of view, 747-748; ‘‘ragged edge,” 412. 

Field stop, 19, 178, 249, 406, 410; of magnifying glass, 641, 643. 

Fish-eye camera, 81. 

Fixation: Field of, 432, 435, 748-749; field of binocular, 749-751; line of, 
432, 748, 755; point of, 432, 747, 749, 750, 751, 755, 756. 

Flat image, 539, 540, 548. 

Fluorite (fluorspar), 479, 485, 680. 

Focal lengths of centered system, 354, 355, 521, 606-611. 

Focal lengths of combination of two lenses, 367. 

Focal lengths of compound system, 359. 

Focal lengths of infinitely thin lens, 229, 240-242. 

Focal lengths of optical system in general, 342-344. 

Focal lengths of schematic eye, 343, 374, 389, 432; for maximum ac- 
commodation, 437. 

Focal lengths of spherical mirror, 167; of spherical refracting surface, 
191, 192, 193, 199, 281; of thick lens, 363. 

Focal planes of centered system of spherical refracting surfaces, 333; 
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of infinitely thin lens, 232; of optical system, 334, 335, 341; of 
spherical refracting surface, 197-199. 

Focal point angle, 447 ; as measure of size of retinal image, 449. 

Focal points of centered system of spherical refracting surfaces, 332, 

333, 521, 609; of combination of two lenses, 367; of compound 
system, 358, 361; of infinitely thin lens, 229-232; of optical system, 

334, 335; of spherical mirror, 166, 189; of spherical refracting sur- 
face, 186-189; of thick lens, 363. 

Focal points of schematic eye, 374, 389, 423, 432. 

Focus plane, 400, 402-404, 406-408, 414^17, 543. 

Fovea centraliSj 429, 432, 433, 446, 715, 721, 747, 749. 

Foveal vision: see Daylight vision, 

Foveola, 747. See also Fovea centralis. 

Fkaunhofbr, J.: 145, 479, 493, 494, 506, 597, 598; dark lines of solar 
spectrum, 470, 472, 475, 476, 477, 649; measurement of index of 
refraction, 129; notation of dark lines, 472; production of optical 
glass, 482; achromatic object-glass, 504, 505; magnifying glass, 
648; microscope, 651. 

Frequency of vibration and color, 472-476, 726, 762; connection with 
wave-length, 475. 

Fresnel, A. J.: Principle of interference, 14, 598; use of cylindrical 
lens, 315; wave-surface, 689; wave-theory, 688, 761, 763, 764, 766* 
767. 

Fundamental-color sensations, 734, 739; Koenig-Dieterici curves, 
740, 741. See also Yoxtng-Helmholtz color theory. 

Fusion, Binocular, 749, 751. 


G 

Galileo: Telescope and astronomical discoveries, 456, 462, 463, 464, 
571, 597; mechanics, 767. 

Gap in visible spectrum, 728-730. 

Gauging of visible spectrum, 740. See also Color mixing. 

Gauss, K. F.: Reduced distance, 279, 280; theory of optical imagery, 
334, 536, 545, 546, 603, 664; principal points, 335; achromatic 
object-glass, 504, 505. 

Geometrical optics, its limitations, 669, 670, 686, 710, 761, 770. 

Giratjd Texjlon: Minimum separabUe, 716. 

Glass, Optical: see Optical glass. 

Gleichbn, a., Lehrhuch der geomeirischen Optik^ 352, 649. 

Glycerine immersion-system, 673. 

Goerz, P.: “Double anastigmat^’ photographic lens, 352. 

Goethe, J. W. : Doctrine of colors, 738. 

Graphical methods: Paraxial ray diagrams, 168-171; path of paraxial 
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ray through centered system, 331; Young's construction, 509-511, 
509-511. See also Color chart, Color circle. Color cone, Color triangle. 

Grating spectrum, 729. 

Gray color, 720, 731, 744. 

Green-blindness: see Color blindness, 'partial. 

Gkegory, J. : Achromatism, 480. 

Grimaldi, F. M., 596. 

Grimsehl, E., Lehrbuch der Physik, 363. 

Group wave, 770. 

Grunberg, complementary spectral colors, 727. 

Gullstrand, a.: Reduced distance, 280; schematic eye, 343, 370, 371 
374, 381, 382, 389, 395, 432, 436, 442, 443, 461, 611, 627, 628, 629, 
707; formulae for compound systems, 360, 361; schematic eye ii3 
state of maximum accommodation, 395, 436, 461; writings, 536, 625. 

Gundlach, E. : Periscopic ocular, 682. 

Gunther, R. T.: see caption of Fig. 296. 

H 

Hadley's sextant, 58-60. 

Hall, C. M. : Achromatic telescope, 481. 

Halley, E., 595. 

Hamilton, Sir W. R. : Internal conical refraction. 763; 

Harcourt, W. V. : Optical glass, 482. 

Harmonic range of points, 161-164. 

Heliometer, 699. 

Heliostat, 54, 55. 

Helmholtz, H. v.: Color theory, 726, 739, 742, 743, 746, 747; electro- 
dynamics, 766; Handbuch der physiolog. Optik, 371; ophthal- 
mometer, 103, 696, 698, 700, 701; Smith-Hblmholtz equation, 
201, 202, 214, 215, 334, 338, 342, 459, 524, 664; telestereoscope, 
758. 

Hering, E.: Opponent-colors theory, 743, 744, 745, 746, 747. 

Hero of Alexandria, 87, 563, 594. 

Herschel, Sir J. F. W. : Achromatic object-glass of telescope, 504, 505. 

Hertz, H. : Electromagnetic waves, 766. 

Homocentric (or monocentric) bundle of rays, 25. 

Homogeneous immersion microscope objective, 679. 

Homogeneous medium, 685, 686. 

Homogeneous projective coordinates, 735-738. See also Trilinear 
coordinates. 

Homogeneous radiation: see Monochromatic light. 

Hooke, R., 598; magnifying glass, 396, 646, 651; resolving power of 
eye, 597. 
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HotrsTOtTN, R. A.: Newton and colors of spectrum; 466, 469; law of 
refraction (history), 569, 570. 

Hue, 720, 726, 727, 728, 746; hue discrimination, 731; hue, saturation 
and luminosity, 730-732, 741. 

Hueless (toneless) sensations, 744. See also Gray, Achromatic vision. 

Huygens, C.: Aplanatic lenses, 618; aplanatic points of spherical re- 
fracting surface, 596, 617; aplanatic surfaces, 623. 

Huygens, C.: Construction of wave-front in general, 10-13, 123, 670, 
710; in case of reflection at plane mirror, 33-37, 61; in case of re- 
fraction at plane surface, 70-72; for double refraction in Iceland 
spar, 688-693. 

Huygens, C. : Construction of ray refracted at spherical surface, 596, 617. 

Huygens, C.: Law of conjugate points, 595; law of refraction, 573. 

Huygens, C.: Loss of priority, 595; notion of equivalent lenses, 595. 

Huygens, C.: Ocular, 396, 501, 502, 648, 663, 681, 682. 

Huygens, C.: Polarization of light, 596, 688; pupils of optical system, 
596; spherical aberration, 596; theorem about apparent size, 596; 
theory of telescope, 596. 

Huygens, C. : Theory of double refraction in Iceland spar, 596, 687, 688, 
689, 690, 692. 

Huygens, C.: Treatise on dioptrics, 594, 595, 596, 617; treatise on light, 
596, 617, 623, 687, 688; wave-theory of light, 762, 767. 

Hyperbolic refracting surface, 593, 594, 619, 620, 621. 

Hyperboloidal lens, 621, 622. 

Hypermetropia, 441, 443, 445. 

Hypermetropic eye, 441; correction glass, 445. 

I 

Iceland spar, 687, 688, 689, 690, 692, 694, 695; index of refraction, 693- 
694. See also Double refraction. 

Image, 5, 17, 18, 25; ideal, 25, 506, 548; real and virtual, 17, 18. 

Image-equations of optical system: Referred to focal points, 345; re- 
ferred to principal points, 345-347; referred to pair of conjugate 
points, 347, 348, 627; referred to nodal points, 348, 627; in terms of 
refracting power and reduced ^‘vergences,” 348. 

Image-equations of spherical refracting surface, 200, 201, 

Image-lines of narrow astigmatic bundle of rays, 100, 312, 313, 534- 
536, 547 ; for plane refracting surface, 100. 

Image-point, 25. 

Image-points of narrow astigmatic bundle of rays, 312, 526, 527, 529-534. 

Image-rays, 24. 

Image, Rectification of, by successive reflections, 50. 51. See also 
Mirror stereoscope. 
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Image, Retinal, inverted, 749. 

Image, Size of retinal, 448, 449, 707-709. 

Image-space and object-space, 242, 243. 

Image-surfaces, Astigmatic, 536-538, 547. 

Images in inclined mirrors, 43-51. 

Immersion system : see Compound microscope. 

Incidence: Angle of, 30; height, 151; normal, 30; plane of, 30. 

Incident rays, 24, 30. 

Inclined mirrors, 43-51, 565-567. 

Index of refraction: Absolute, 74, 685-686, 693; limiting value of, 70; 
relative, 66; measurement of, 106, 107, 128, 129; function of wave- 
length, 476, 477 ; in Iceland spar, 693-694. 

Indicial ametropia, 442. 

Indirect vision, 446, 721, 743, 748. See also Vision. 

Infinitely distant plane of space, 197, 434. 

Infinitely distant point of straight line, 158. 

Infinitely thin lens, central collineation, 246. 

Infinitely thin lens, conventional representation, 226. 

Infinitely thin lens: Paraxial rays, 217-257, 276-279, 285; abscissa- 
formula, 226-229, 285; character of imagery, 237-240; conjugate 
axial points, 227-229, 232-234, 595; construction of image, 236; 
extra-axial conjugate points, 234-236; field of view, 247-249, 409, 
411 ; focal lengths, 229, 240-242, 594; focal planes, 232; focal points, 
229-232; lateral magnification, 236, 237; principal planes, 239; 
prismatic power, 291-295; refracting power, 283, 284. 

Infinitely thin lens, Refraction of spherical wave through, 276- 
279. 

Infinitely thin lens-system, 289-291, 599-602; formulae for spherical 
aberrations, 548-550. See also Achromatic combinations, Combina- 
tion of two lenses. 

Infrared region of spectrum, 729. 

Interference of light, 14, 597, 670, 762, 770. 

Interpupillary distance, 756. 

Invariant: of refraction, 76; of central collineation, 246; in case of re- 
fraction of paraxial rays at spherical surface, 191. 

Iris of eye, 401, 425. 

Isotropic medium, 3, 4, 685, 686. 


J 

Jackson, Professor: New optical glass, 484. 
Jansen, Z.: Reputed inventor of telescope, 456. 
Javal, E., 698, 700, 703. See also Ophthalmometer. 
Jena glass, 482-485, 540, 679. 
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K 

Kaleidoscope, 47. 

Kellner, C. : Ocular, 682. 

Kepler, J. : Astronomical telescope, 455, 456, 606: sagitta, 202; formula 
for law of refraction, 571, 572, 626; works on optics, 571; rectilinear 
propagation of light, 560, 561; lens combinations (terrestrial 
telescope, etc.), 593; hyperbolic refracting surface, 593, 594, 619; 
crystalline lens, 593. 

Keratoconus, 705. 

Keratometer, 421, 422; another name of ophthalmometer, 703. 

Kessler, F. : Direct vision prism, 497, 498, 499, 506. 

Kircher, a. : Jesuit writer, 573. 

Klingenstierna, S,: Achromatic prism combination, 481. 

Knapp, J. H. : Ophthalmologist, 698. 

Koelliker, a. V. : Dimensions of retinal cones, 715. 

Koenig, A.: Author, 651. 

Koenig, Arthur: Koenig and Dieterici fundamental-sensation 
curves, 740. 

Kohlrausch, F. : Measurement of index of refraction, 128. 

Kries, j. V. ; Physiologist, 743. 


L 

Ladd-Franklin, C.: Color terminology, 723; color music/^ 724. 

Lagrange, J. L. : Smith-Helmholtz formula, 202. 

Lambert, J. H. : Cosine-law of radiation, 664. 

Landolt, E. : Ophthalmologist, 287. 

Lange, M.: Calculation-system, 520. 

Lateral magnification: Centered system, 333, 349; infinitely thin lens, 
236, 237; spherical mirror, 176; spherical refracting surface, 196. 

Law: Of independence of light-rays, 15; of rectilinear propagation, 3, 4, 
559 and foil.; of reflection, 31; of refraction, 66; of Males, 89-91, 
525. 

Least circle of aberration, 515. 

Least confusion, Circle of, 314. 

Least deviation: see Prism. 

Least perceptible details, 671-673, 676, 677. 

Least time. Principle of, 86-89, 594, 623, 

Leeuwenhoek, A. v.: Microscope, 645, 646. 

Lens: Axis, 217; bending, 284; concentric, 221, 232, 387, 388; concave 
and convex, 222; convergent or positive and divergent or negative, 
223; definition, 217; dispersive strength, 503; double convex and 
double concave, 217, 219; meniscus, 219, 226, 385, 386, 387; of 
zero curvature, 221, 386; optical center, 223-226; plano-convex 
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and plano-concave, 219; refracting power, 283, 363; symmetric, 
217, 385, 388; thickness, 219. 

Lens: see Astigmatic lens^ Cylindrical lens^ Infinitely thin lens. Thick lens^ 
Toric lens, etc. 

Lens, Crystalline: see Crystalline lens. 

Lenses, Forms of, 217-223. 

Lens-gauge, 263-265, 288, 289. 

Lens stereoscope, 754. 

Lens-system : see Combination of two lenses. 

Lens-system, Thin, 289-291; achromatic combination, 502-505. 
Lens-system (thin lenses). Spherical aberrations, 545 and foil. 

Lenticular astigmatism, 698. 

Light: Nature of, 9-10, 669, 761-771. 

Light: Rectilinear propagation, Chap. I and 559-563; sensation, 720, 
743; wave-theory, 9, 10, 472 and foil, 508, 596, 597, 669, 688, 
760-767, 768, 769, 770; corpuscular theory, 669, 762, 763, 769, 770; 
electromagnetic theory, 669, 764r-767, 768; velocity, 10, 72, 75, 474, 
475, 685, 693, 764, 766. 

Light: see also Diffraction, Interference, Polarization, etc. 

Limit, Mathematical, 715-716. 

Limit of binocular depth perception, 757, 759. 

Line of fixation, 432, 748, 755. 

Lippershey, F. : Reputed inventor of telescope, 456. 

Lister, J. L.: Microscope, 652. 

Listing, J. B. : Reduced eye, 214; nodal points, 337. 

Lloyd, H. : Internal conical refraction, 763. 

Lodge, Sir 0. : Space-time, 767 ; wave-theory of matter, 770. 

Lorentz, H. a. : Electron theory, 768. 

Luminiferous ether: see Ether. 

Luminosity, 720, 726, 730, 731, 732, 741. 

Luminous bodies, 1. 

Luminous point, direction and location, 15-18. See also Monocular 
vision. 

Luminous radiation, 1 and foil., 720, 726. See also Light. 

M 

Macula lutea or yellow spot, 428, 747. See also Fovea centralis . 

Macular cones, diameter, 714^-715. 

Magic lantern, invention, 635. 

Magnification, Chromatic difference of, 676, 

Magnification-ratios, 349-351. 

Magnification: see Angular magnification, Axial magnification, Lateral^ 
magnification, Magnification-ratios, Magnifying power. 
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Magnifying glass, 636 and foil.; antiquity of, 637; aperture-stop and 
field-stop, 640-643; magnifying power, 638-640; useful forms, 64^ 
650. See also Microscope, Simple microscope. 

Magnifying power, 199, 344, 452 and foil., 596; Abbe’s definition, 454; 
absolute, 454; individual, 454. 

Magnifying power of compound microscope, 454, 651, 662-663, 668, 669, 
671, 672, 673, 683; of magnifying glass, 453, 638-640; of telescope, 
455-460; of binocular telescope, 760. 

Malus, E. L.: Law, 89-91, 525; polarization, 688. 

Mathematical limit, 715-716. 

Maxjrolycus, F., 560, 570, 592, 593, 594, 598. 

Maximilian, Duke, 593. 

Maxwell, J. C.: Color sensations. 725; color theory, 739; electromag- 
netic theory of light, 764, 765, 766. 

Medium: see Dielectric medium, Homogeneous medium, Isotropic medium. 
Optical medium. 

Meniscus lens, 219, 226, 385, 386, 387. 

Meridian rays, 311. See also Meridian section of narrow bundle of 
rays. 

Meridian section of narrow bundle of rays, 311, 528, 530-533, 535, 552, 
553, 554, 556; lack of symmetry in, 541. 

Meridian section of surface of revolution, 305. 

Metric relations in compound microscope, 661-663. 

Michelson, a. a.: Velocity of light, 474; Michelson-Moeley ex- 
periment, 763. 

Microphotography, 673, 683-684. 

Microscope, Chap. XVII. See also Compound microscope, Magnifying 
glass, Simple microscope. 

Microscope: Cover glass, 653, 666, 678, 679; definition, 637; immersion 
system, 661, 666, 667, 671, 673, 678, 679, 680; invention, 635, 651; 
magnifying power, 452 and foil,, 638 and foil., 651, 662-663, 668, 
669, 671, 672, 673, 683; numerical aperture, 663-673; optical cross- 
sections of object, 653; pupils, 642-643, 654, 655, 656, 660, 666, 
667, 668, 671, 672, 673, 680; purpose of, 636-637; resolving power, 
669-673; slide, 653; tube, 652, 655, 661, 676; working distance, 647, 
650, 652. 

Millimicron or micromillimeter, 475, 686. 

Milton, J., reference to Galileo, 571. 

Minimum deviation of prism : see Prism. 

Minimum separabile and minimum visible, 716. 

Mires of ophthalmometer, 700, 704^-706. 

Mirror and scale for angle measurement, 56-58. 

Mirror stereoscope, 753-754. 
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Mirrors: see Plane mirror ^ Spherical mirror ^ Thick mirror y Thin mirror^ 
Inclined mirrors, Ellipsoidal mirror. Parabolic mirror, etc. 

Mobile eye, 431-4:32, 452, 643; field of fixation, 748-749. 

Moebius, a. F.: Principal points, 335. 

Molyneux, W., 595. 

Monocentric bundle of rays, 25. 

Monochromatic aberrations, 509, 715. See also Spherical aberration. 

Monochromatic light (homogeneous radiation), 66 , 467, 473-477, 6785 
674, 685, 710, 724, 726. 

Monochromatic microscope objective, 684. 

Monochromatic vision, 741. 

Monocular field of view, 747-749. 

Monocular vision, 747-749, 751. 

Monoyer, F.: ^^Dioptrie,” 286. 

Morley, E. W.: Michelson-Moeley experiment, 763. 

Moser, C. : Nodal points 337. 

Mueller, G. E. : Theory of vision, 746. 

Muscles, Ocular motor, 431, 432, 748. See also Center of rotation of 
eye. 

Myopia, 441, 443, 445. 

Myopic eye, 441; correction-glass, 445. 

N 

Near point distance, 437. 

Near point of accommodation, 434, 435, 438, 636; near point sphere, 
434, 435; near point recedes from eye with increase of age, 435, 436; 
near point of schematic eye, 436, 461. 

Near point of convergence, 755. 

Near-sighted eye, 435. See also Myopic eye. 

Negative lens, 223. 

Negative principal points, 338. 

Neutralization of lenses, 291. 

Newton, Sir Isaac: 11, 594, 595, 597, 598, 766, 767, 768, 770; astig- 
matism of oblique bundles, 597; color chart, 732; corpuscular or 
emission theory of light, 669, 761, 762, 763, 769, 770; diffraction, 
597; double refraction and polarization, 598, 688 ; Newton’s rings 
(interference), 597; ‘‘Opticks,” 597; prism experiments and dis^ 
persion, 66, 465, 466, 467, 469, 470, 480, 481, 597, 598, 726, 738. 

Newtonian formula 168, 201, 237, 345, 554. 

Nodal planes, 337. 

Nodal points, 337, 338; construction, 340; relation between nodal 
points and principal points, 341, 343; image-equations referred to, 
348; of lens, 226, 363; of eye, 422, 432, 628. 
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Normal sections of curved surfaces, 300-305, 525, 526; cylindrical 
surface, 306. 

Normal vision: see Color vision^ Resolving power of eye^ Visual acuity, 
Snellen, H., etc. 

Numerical aperture of microscope, 663-669, 670-673, 679. 

O 

Object-glass: see Objective, 

Objective of compound microscope, 651, 653, 673-680; aperture-stop, 
655; apochromats, 489, 679; different types, 677-680; optical re- 
quirements, 673-677; pupils, 655; telecentric system, 660. See 
also Compound microscope. 

Objective of telescope: see Telescope. 

Object-point, 25. 

Object-rays, 24. 

Object-space and image-space, 242, 243. 

Obliquely crossed cylinders, 320-326. 

Ocular: Achromatism, 502, 680; of compound microscope, 651, 654, 
680-683; field-lens and eye-lens, 656. 

Ocular astigmatism, 698. See also Corneal astigmatism, Ophthalmometer, 
etc. 

Ocular: Compensation, 682, 683; Gtjndlach’s periscopic ocular, 682; 
Huygens's ocular, 396, 501, 502, 648, 663, 681, 682; Kellnee's 
ocular, 682; Ramsden's ocular, 463, 502, 681, 682. 

Ocular movements. Convergent and associated, 431, 749-750. See also 
Center of rotation of eye, Mobile eye, Muscles. 

Oersted, H. C., 764. 

Oil-immersion objectives, 671, 679, 680. 

Olive color, 720, 731. 

Opaque bodies, 2, 762. 

Ophthalmic lenses: see Astigmatic lenses, Cylindrical lenses, Correction- 
glass, Toric lenses, etc. 

Ophthalmic prism: Base-apex line, 135; combination of two ophthalmic 
prisms, 138-142; deviation, 133, power, 134; rotary prism, 141. 

Ophthalmometer, 103, 696-706; clinical, 698, 699, 703-706; doubling 
device, 696, 699-703; invention, 698; mires, 700, 704r-706; optical 
theory, 699-703. 

Opponent-colors, 744. 

Opponent-colors theory of E. Hering, 743-747. 

Optic axis of crystals, 688, 689, 690, 692, 693, 694, 695, 696. 

Optic nerve, 430. 

Optical achromatism, 489, 490, 675. 

Optical axis: Axis of symmetry, 23: of centered system, 329; of lens, 217; 
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Optical axis of eye, 431. 

Optical center of lens, 223-226. 

Optical cross-sections of object under microscope, 653. 

Optical disk for verifying laws of reflection and refraction, 32, 67, 68; 
total reflection, 83, 84. 

Optical glass, 481 and foil, 673, 675, 679, 686; process of manufacture, 
485-487. 

Optical illusions, 749, 750-751, 754-755. 

Optical image, 5, 17, 18, 25. See also Image. 

Optical image on retina, 749. 

Optical instruments, 23, 635-636; types of, 602-606. See also Microscopej 
Telescope^ etc. 

Optical invariant of refraction, 76. 

Optical length, 89-91, 278, 279, 623. 

Optical medium, 3; homogeneous, 669, 685, 686; isotropic, 3, 4, 670, 
685, 686. 

Optical system, 23. 

Optical tube length of microscope, 655, 661, 676. 

Optical zone of cornea of eye, 697, 698. 

Optometer of Badal, 422, 423. 

Orange color, 720, 731. 

Ordinary ray in double refraction, 687, 691, 692, 693. See also Double 
refraction. 

Ordinary wave: see Double refraction. 

Origin of coordinates, 149. See also Image-equations, 

Orthoscopy, Conditions of, 543-545. 

P 

Pale colors, 731. 

Parabolic mirror, 565, 619. 

Paraxial ray. Calculation of, 519-521, 606-617. 

Paraxial ray, definition, 152. 

Paraxial ray diagrams, 168-171. 

Paraxial rays: Centered system, 329-334, 519-521; infinitely thin lens, 
217-257, 276-279, 285; plane refracting surface, 96-98, 191, 265- 
269, 615; plate with parallel faces, 105-107; spherical mirror, 153- 
179, 189, 274-276, 285; spherical refracting surface, 179-202, 269- 
274, 285, 519, 534, 614; thin lens-system, 289-291. 

Paesons Optical Glass Company, 686. 

Parsons, Sir John H., 716, 739. 

Pathological astigmatism, 698. 

Pellin-Broca constant deviation prism, 584, 585. 

Pencil of rays, 24. 
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Pendlebxjry, C.: “Lenses and systems of lenses,” 280. 

Pentaprism, 148, 588. 

Penumbra, 7, 562, 563. 

Period of vibration, 473. 

Periodic character of luminous phenomena, 762, 770. 

Peripheral (indirect) vision, 446, 721, 743, 748. See also Rod vision. 
Twilight vision. 

Perspective, Center of, 159; so-called center (K), 532, pupil-centers as 
centers of perspective, 416, 417. 

Perspective elongation of image, 419, 420. 

Perspective in art, 22, 559. 

Perspective ranges of points, 159-161. 

Perspective reproduction in screen-plane, 417. 

Perversion of image in plane mirror, 39-40, 753. 

Petzval, J.: Curvature of image, 539; portrait lens, 634, 

Photograph, Correct distance of viewing, 417-419, 754. 

Photographic negative, 635. 

Photography, Discovery of, 635. See also Microphotogra'phy, 

Physical optics, 598, 670. See also Chap. XVIII. 

Physiological astigmatism, 697. 

Physiological optics: see Chap. XVIII. 

Pigments, Mixing of, 722, 725. 

Pinhole camera, 5, 561. See also Fish eye camera. 

Pink color, 720, 731. 

Planck, Max: Quantum theory, 769; transition from classical physics 
to new physics, 767. 

Plane image, Conditions of, 538-540, 548. 

Plane mirror: Conjugate points, 38; reflection of plane and spherical 
waves at, 33-37; image of extended object in, 37-40; perversion of 
image, 39-40, 753; uses of, 52; rotation of, 32, 56; field of view, 40- 
43; punctual imagery, 508, 618; reflecting power, 380, 381. See 
also Inclined mirrors, Mirror and scale, Thick mirror. Sextant, 
Heliostat, etc. 

Plane mirrors, Inclined, 43-51, 565-569; rectangular combinations, for 
rectifying image, 50, 51, 566-568. 

Plane refracting surface: Caustic surface, 98, 99; narrow astigmatic bun- 
dle of rays, 98-100, 553; paraxial rays, 96-98, 191, 265-269; plane 
wave, 70-72; spherical wave, 265-269; principle of least time, 87-89. 

Plane wave, 13; reflection at plane mirror, 33-35; refraction at plane- 
surface, 70-72; refraction through prism, 123, 124; mechanical 
illustration, 72, 73. 

Plano-convex and plano-concave lenses, 219, 225. 

Plano-cylindrical lenses, 315-317. 
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Plastic impression, 751. See also Depth perception, 

Plate (or slab) with plane parallel faces: Path of ray through, lOl-lOS, 
570, 571; refraction of paraxial rays, 105-107; apparent position 
of object when plate is perpendicular to line of sight, 102, 103, and 
when plate is inclined to line of sight, 105-107; multiple images 
by reflection and refraction, 107-110; parallel plate micrometer, 103. 

Poincar:^, H.: Ether, 764. 

Point of fixation, 432, 747, 749, 750, 751, 755, 756. 

Point-source of light, 1; apparent place and direction, 15-18; appear- 
ance of, 709. 

Polarization microscope, 683. 

Polarization of light, 596, 598, 688, 695, 696, 762, 770. 

PoRRO, I.: Prism system for rectification of image, 50, 51, 573, 588. 

Porta’s pinhole camera, 5, 561 ; camera ohscura^ 561 ; inclined mirrors, 
etc., 565; properties of lenses, 570. 

Fcyrte lumiere, 53. 

Porterfield, W.: Minimum visibile, 716. 

Ports: see Entrance-port, Exit’-porL 

Poser, M.: Microphotographs of retina, 684. 

Positive and negative directions along a straight line, 104; positive 
direction along the axis, 149, 219. 

Positive lens, 223. 

Posterior pole of eye, 432, 438. 

Power of accommodation: see Accommodation. 

Power of lens or prism: see Prismy Prismatic power of lens. Reflecting 
power y Refracting power. 

Prentice, C. F.: Crossed cylinders, 321; diagrams, 308, 309, 310; 
power of ophthalmic prism, 135. 

Presbyopia, 435, 628. 

Primary colors, 744. See also Simple color Sy Pure colors. 

Principal planes, 335; of a thin lens, 239; of a spherical refracting sur- 
face, 196, 335. 

Principal point angle, 447; as measure of size of retinal image, 448. 

Principal points, 334, 335; relation to nodal points, 341, 343; image 
equations referred to, 345-347; of combination of two lenses, 367, 
369, 370; of compound system, 361; of compound system of three 
members, 375; of infinitely thin lens, 239; of 'Hhick” mirror, 377- 
379, 383; of thick lens, 363. 

Principal points of schematic eye, 374, 432; of eye in state of maximum 
accommodation, 437 ; as points of reference, 437. 

Principal section of crystal, 692 and foil. 

Principal section of prism, 113. 

Principal sections: Of curved surfaces, 302, 525; of surface of revolution. 
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305; of cylindrical surface, 306; of toric surface, 309; of toric lenses, 
310; of a bundle of rays, 304, 311-314, 528, 535; of cornea, 704-706. 

Prism, 85, 86, 113 and foil; base-apex line, 134; edge, 113; refracting 
angle, 113; and its measurement, 55; principal section, 113. See also 
Thin 'prism, Ophthalmic prism, Roof-angle prism. Reflection prisms. 

Prismatic power of infinitely thin lens, 291-295. 

Prism binoculars, 51, 606, 759-760. See also Binocidar telescope. 

Prism, Constant deviation, 584, 585, 588. 

Prism-dioptry, 135, 294. 

Prism, Dispersion by, 465 and foil. 

Prism, Dove's reversion prism, 583. 

Prism, Path of ray through a: Calculation, 124, 125, and construction 
of, 113-116; deviation, 116, 148; deviation away from edge, 122; 
'^grazing" incidence and emergence, 117, 118; limiting incident 
ray, 118; minimum deviation, 119-122, 128-133; normal emergence, 
129; symmetrical ray, 119-122, 129-133. 

Prism, Refraction of plane wave through, 123, 124. 

Prism-system: Achromatic combination of two thin prisms, 491-493; 
direct vision prism combinations, 493 and foil.; direct vision prism 
of Amici, 495-497, and of Kessler, 497-499. 

Prism, Wollaston: see Wollaston, W. H. 

Problems, 25-27, 60-63, 92-94, 110-112, 142-148, 203-216, 249-257, 
295-299, 326-328, 351-355, 384-396, 423-424, 461-464, 505-507, 
551-557, 626-634. 

Projected image and object, 415, 416. 

Ptolemy, C.: Optics," 569; law of refraction, 570, 572. 

PuLFRiCH, C.: Refractometer, 128. 

Punctual imagery, 313, 314, 397, 508, 509, 710; in plane mirror, 508. 

Punctum caecum (blind spot), 430. 

Punctum proximum (near point), 434, 435. 

Punctum remotum (far point), 434. 

Pupil of eye, 23, 401, 409-413, 421, 425; contraction and dilatation of, 
426, 709, 715, 721; diameter of, 714; size of pupil and resolving 
power, 715; diffraction, 710. 

Pupils of microscope-objective, 655, 660. 

Pupils of optical system, 399 and foU. See also Entrance-pupil, Exit- 
pupil, Microscope, Telescope, etc. 

Pure colors, 726-727, 729, 730, 744, 746. 

Pure red, not in visible spectrum, 726, 727, 729, 730. 

Purity of spectrum, 469-471. 

PuRKiNJE, J. : Reflex images in the eye, 378, 696; calculation of equiva- 
lent optical system, 381, 382. 

Purple, 720, 723, 724, 728-730, 730, 734. 
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Q 

Quantum theory of radiation, 669, 769, 770. 

Quartz, 485; quartz lenses for microphotography, 673, 684; uniaxial 
crystal, 689. 


R 

Radiation, cosine law, 664. 

Radioactivity, 768, 769. 

Radius: Of curvature, 260; of spherical reflecting or refracting surface, 
150. 

Radius of stereoscopic vision, 757 and foil. 

Rainbow, 594, 598. 

Ramsden, J. : Eye-circle, 458, 681; ocular, 463, 502, 681, 682. 
Range-finder, Coincidence type, 718. 

Range of accommodation, 438. 

Ray-coordinates (or ray-parameters), 95, 517. 

Ray-procedure in compound microscope, 655-661. 

Rays, Chief: see Chief rays. 

Rays of finite slope, Chap. XV, 508 and foil. 

Rays of light, 9, 669: mutual independence, 15; meet wave-surface 
normally, 13, 14, 89-91. See also Bundle of rays. Effective rays. 
Emergent rays, Image’^ays, Incident rays, Object'^rays, Paraxial 
rays, Pencil of rays, etc. 

Ray-velocity and wave-velocity, 693-694. 

Real and virtual, 17 ; images, 17, 18. 

Rectangular combinations of plane mirrors, 50, 51. 

Rectilinear propagation of light, 3-5, 559-563, 669, 762. 

Red-blindness: see Color blindness, 'partial. 

Red-green process, 745. See also Hering’s opponent-colors theory. 
Reduced abscissa and ^^vergence,’^ 284-286, 348. 

Reduced distance, 279-281; reduced distance (c) between two optical 
systems, 360. 

Reduced eye, 214, 437. 

Reduced focal lengths, 281; focal point ^^vergences,^' 284-286. 
Reflecting power of mirror, 283; plane mirror, 380, 381; “thick’' mirror, 
379. 

Reflecting surface. Quality of, 29, 30. 

Reflecting telescope, 480, 598. 

Reflection and refraction, Generalization of laws of, 86-89. 

Reflection, Angle of, 31; and laws of, 31, 563, 564. 

Reflection as special case of refraction, 182, 183, 189, 518. 

Reflection prisms, 573 and foil.; and single reflection prism, 574, 575-585; 
double reflection prism, 586-592; triple reflection prism, 574. 
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Reflection, Regular and irregular (or diffuse), 28-30. 

Reflex (catoptric) images in eye. 

Refracted ray, Construction of, 76-78; deviation, 78. See also Plane 
refracting surface, Spherical refracting surface, etc. 

Refracting angle of prism, 113; measurement of, 55. 

Refracting power, 281-284; in normal section of refracting surface, 303; 
of spherical refracting surface, 282, 300; of compound system of 
two members, 361, and of three members, 375; of thick lens, 363; 
of thin lens, 283, 284; of thin lens-system, 290; of combination 
of two lenses, 367; of centered system of spherical refracting sun 
faces, 606-611. 

Refracting power of correction-glass, 444. 

Refracting power of schematic eye, 374, 432; in state of maximum 
accommodation, 437, 438, 439. 

Refraction, Internal conical, 763. 

Refraction of eye, 438, 439; dynamic, 438, and static refraction, 438- 

Refraction of light, 64, 65, 599 and foil. ; angle of, 65; laws of, 66, 569 and 
folk, 592, 685-686; experimental proofs, 67-69; mechanical illus- 
tration, 72, 73; early experiments on, 569 and foil. See also Double 
refraction, Index of refraction, Total reflection, etc. 

Refrangibility and color, 726. See also Color, Dispersion, etc. 

Relativity: see Einstein, A. 

Relief -telescope, 759, 760. 

Resolving power of eye, 21, 22, 597, 672, 713-716; effect of size of pupil, 
715; normal, 672, 716, 718, 719. See also Visual acuity, Aligning 
power of eye. 

Resolving power of microscope, 66^-673, 679, 684, 710. 

Resultant of combination of two thin prisms, 138-142. 

Retina, 428, 749; microphotographs of human retina, 684; sensitivity, 
747, 748. See also Cones and rods of retina, Fovea centralis, Daylight 
vision. Twilight vision, Peripheral vision, etc. 

Retinal image, 593; of distant object, 707-709; inversion of, 749. See 
also Point-source of light, appearance of, Resolving power of eye, etc. 

Retinal image, Size of, 448, 449, 707-709. 

Reversibility of light-path, 69. 

Rod vision: see Twilight vision, Peripheral vision. Color blindness. 

Rods and cones; see Cones and rods of retina, 

Roentgen, W. C.: Discovery of X-rays, 767, 

Rogers, W. B. : Optical illusion, 750. 

Rohr, M. v.: Abbreviation ^^dptr,^' 287; aberration-disks in microscope 
image, 676; data of Petzval lens, 634; resolving power of eye, 716; 
Theorie u, Geschichte d, photograph, Ohjektivs, 555; verant lens, 418, 
754; vertex refraction, 366. 
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Roof-angle prism, 568. 

Ross, A. : Microscope-tube adjustment, 678. 
Rotary prism, 141. 


S 

Sagittal rays, 311. See also Sagittal section of narrow bundle of rays. 

Sagittal section of narrow bundle of rays, 311-314, 528-530; symmetry 
in, 541. 

Sagitta of arc, 262. 

Salisbury, Lord: Ether, 764. 

Saturation (color), 730, 731, 732, 734, 741. 

SCALIGER, J., 770. 

ScHEiNER, C.: Astronomical and terrestrial telescopes, 456, 572, 592, 
593; corneal curvature, 697; experiments on refraction, 573; mag- 
nifying glass, 645; retinal image, 593; treatise on the eye and vision, 
572. 

Schematic eye: Far point, 461; focal lengths, 343, 374, 389, 432; focal 
points, 374, 389, 423, 432; in state of maximum accommodation, 
395, 436, 437, 461; length of eye-axis, 432, 442, 443; near point, 
436, 461; nodal points, 432, 628; optical constants, 370-374, 389, 
432, 436, 437, 443, 461, 627, 628; principal points, 374, 432, 709. 

ScHioTz ( Javal-SchiOtz) : Clinical ophthalmometer, 698, 700, 703. 

Schott, 0. : Optical glass, 482, 489. 

SchrOdinger, E. : Theory of wave mechanics, 770. 

Sclerotic coat (sclera), 425. 

Screen-plane, 400, 402, 414-417, 419, 543. 

Searlb, G. F. C.: “Thick” mirror, 376, 377. 

Secondary spectrum, 488, 675, 679. 

Segments of straight line, 104, 105. 

Seidel, L. v.: Theory of the five spherical aberrations, 545, 546, 547, 
548, 550, 557; curvature of image, 540; sine-condition, 523. 

Self-conjugate point, 243. 

Self-conjugate ray, 243. 

Sensations, Visual: see Color sensations, Light. 

Sensitivity of retina, 747-748. See also Retina. 

Sextant, 58-60. 

Shadows, 6-9, 561-563. 

SiEDBNTOPF, H. : XJltramicroscope, 684. 

Sight-test charts, 716-719. See also Resolving power of eye. 

Simple colors, 726, 744. 

Simple microscope: Field of view, 640-643; field-stop and aperture-stop, 
640-643; limitations of, 649-651; magnifying power, 638-640; 
practical types, 644r-650. See also Magnifying glass. 
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Sine-condition, 522-626, 547, 664, 665, 674, 676. 

Single reflection prism, 574, 575-585; deviation, 579 and foil.; acliro* 
matic, 582, 583. 

Slab with plane parallel faces: see Plate, 

Slope of ray, 151, 334, 516. 

Smith, R.: Resolving power of eye, 597; apparent brightness of object, 
668; Smith-Helmholtz formula, 201, 202, 214, 215, 334, 338, 342, 
469, 524, 664; stereoscopic vision, 754; theorem of apparent size, 596. 

Smith, T.: Classification of optical instruments, 602, 603, 604, 605; 
formulse for calculating refracting power of centered system, 608; 
wave-length values, 686. 

Snell (or Snellius), W. : Law of refraction, 67, 72, 573. 

Snellen, H. : Sight-test charts, 716, 717, 718, 719. 

Space-time, 767; curvature, 769. 

Spectacle glasses, 564, 592. See also Correction-glasSj Ophthalmic lenses^ 
Ophthalmic prism. 

Spectral colors. Character and distribution, 466, 469, 472, 598, 724, 725- 
727, 728-730, 730, 731, 732, 733, 734, 735; complementary, 725, 
727-728, 729, 734, 735, 746. 

Spectrum, 466 and foil.; purity of, 469-471. 

Spectrum: Absorption, 725; grating (diffraction), 729; prismatic (dis- 
persion), 465 and foil. ; physical and physiological, 728, 729; infrared 
and ultraviolet regions, 729. 

Spectrum, Solar, 466 and foil.; Newton’s experiments, 465 and foil., 
598; Wollaston’s experiments, 469, 470; Fraunhofer’s dark 
lines, 472. 

Spectrum, Visible: 724, 725-727; brightest region, 671; complementary 
colors, 727-728, 729, 735; gap in, 728-730; gauging of, 740. See also 
Spectral colors. 

Spherical aberration. Chap. XV, 509, 513 and foil., 596; along the axis, 
513-516, 518, 522, 547, 631, 632, 674, 675, 677, 678; chromatic 
difference of, 676. 

Spherical lens, 217. 

Spherical mirror, Ray reflected at, 518, 519, 631, 632. 

Spherical mirror: Paraxial rays, 153-179, 189, 274-276, 285; abscissa- 
formula, 154, 285; construction of conjugate axial points, 164^166; 
focal points, 166, 189; focal length, 167; Newtonian formula, 168; 
extra-axial conjugate points, 171-173; construction of image, 173; 
imagery, 174, 175; lateral magnification, 176; field of view, 176- 
179; reflecting power, 283; spherical wave reflected at spherical 
mirror, 274-276. 

Spherical mirror, spherical aberration, 631, 632. 

Spherical mirror; see Thick mirror. 
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Spherical (monochromatic) aberrations, Chap. XV, 508-550, 715. 

Spherical over- and under-correction, 514, 515, 675, 676. 

Spherical refracting (or reflecting) surface: Axis, 149; convex and con- 
cave, 150; convergent and divergent, 186; magnifying power, 199: 
radius, 150; vertex, 149. 

Spherical refracting surface: Aplanatic points, 512, 513, 524, 554, 596, 
617, 618, 624, 628, 677, 679; calculation of refracted ray, 516-519, 
611-617; construction of refracted ray, 509-512, 596, 617, 629; 
formulae for refracted ray, 517-519, 614, 615, 630. 

Spherical refracting surface, astigmatism of oblique bundle of rays, 
526-534, 553, 554, 556. 

Spherical refracting surface: Paraxial rays, 179-202, 269-274, 285, 519, 
534; abscissa formula, 191, 193, 285; conjugate axial points, 179- 
186, 191, 192, 595; conjugate extra-axial points, 193-196; con- 
jugate planes, 193, 194; construction of image, 194-196; construc- 
tion of refracted ray, 199, 200; focal lengths, 191-193, 199; focal 
planes, 197-199; focal points, 186-189; image-equations, 200, 201; 
lateral magnification, 196; principal planes, 196, 335; nodal points, 
338; refracting power, 179-202; refraction of spherical wave, 
269-276. 

Spherical wave reflected at plane mirror, 35-37, and at spherical mirror, 
274-276. 

Spherical wave refracted at plane surface, 265-269 ; at spherical surface, 
269-274; through infinitely thin lens, 276-279. 

Spherical zones, 515, 516, 674. 

Sphero-cylindrical lens, 217, 315, 317. 

Spherometer, 263. 

Stanhope magnifying glass, 647. 

Static refraction of eye, 438. 

Steinheil, H. a,: Aplanatic magnifying glass, 648; data of periscope'^ 
photographic lens, 554, 555, 556. 

Steinheil, R.: Achromatic object-glass, 505; calculation of object- 
glass, 520. 

Stereogram, 752; stellar stereograms, 760-761. 

Stereoscope, 752-754, 760-761; lens stereoscope, 754; mirror stereoscope, 
753. 

Stereoscopic difference (or parallax), 756. 

Stereoscopic projection, Laws of, 755-758. 

Stereoscopic views, 752. 

Stereoscopic vision, 752-761; radius of, 757 and foU. See also Depth 
perception, 

Stigmatic (or anastigmatic) lenses, 314. 

Stokes, Sir. G. G. : Optical glass, 482. 
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Stop: Effect of, 398, 399; front stop, rear stop, interior stop, 398. See 
also Aperture stopy Field stopy etc. 

Sturm, J. C. F. : Conoid (theory of astigmatism), 310, 313, 534, 535. 

Sturm^ J. Chr. (1676), 651. 

Surface of revolution, 305; meridian section, 305; principal sections, 305. 

Surfaces, Theory of curved, 300-303, 525, 526; normal sections, 300-303, 
525, 526: principal sections, 302, 525. 

Suspensory ligament of crystalline lens, 428, 434. 

S 3 mimetric lens, 217, 385, 388. 

Symmetric points, 339. 

T 

Tangent-condition of orthoscopy, 545. 

Telecentric optical system, 420-423; microscope objective, 660. 

Telephoto-lens, 593, 602. 

Telescope: see Astronomical telescope, Dutch telescope, Terrestrial tele- 
scope, Reflecting telescope, Binocular telescope, Relief-telescope, 

Telescope: Eye-ring or Ramsden circle, 413, 458, 459; magnifying power, 
445-460, 596; invention, 456, 457, 571, 572, 592, 593, 598, 635; 
object-glass and ocular, 455; simple schematic telescope, 455. 

Telescopic imagery, 359. 

Telescopic system, 359. 

Telestereoscope, 758-759. 

Tenth-meter, 10, 475, 

Terrestrial telescope, 457, 593. 

Tetrachromatic vision, 744, 747. See also Hering’s opponent-colors 
theory. 

Thick lens, 361-366; focal points, nodal points, principal points and 
refracting power, 363; vertex refraction, 365, 366. 

*^Thick mirror,” 376-384, 392, 393; principal points, 377-379, 383; 
reflecting power, 379. 

Thin lens: see Infinitely thin lens. Infinitely thin lens-system, 

‘‘Thin mirror,” 377. 

Thin prism: Deviation, 133, 134, and power, 134-138. See also Ophthal- 
mic prism. 

Thin prisms: Achromatic combination, 491-493; combination of two 
thin prisms, 138-142; direct-vision combination, 493-495. 

Thompson, S. P. : Axial (or depth) magnification, 351 ; English transla- 
tion of Huygenses treatise on light, 623; image in plane mirror, 38; 
obliquely crossed cylindrical lenses, 321; “ prismoptrie,” 135; sym- 
metric points of optical system, 338. 

Three-components color theory: see Young-Helmholtz color theory. 

Threshold value, 716, 721, 757, 

Toeplbr, a.: Negative principal points of optical system, 338- 
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Toric lens, 310, 314, 316, 317, 698. 

Toric surface, 265, 305, 306, 308-310, 320. 

Torre, G. M. dbela: Minute globules of glass, 396, 646. 

Total reflection, 79-86, 572; experimental illustrations, 83-89. See also 
Prism, 

Total reflection prism, 85, 86, 125, 127. 

Translucent and transparent, 2, 3, 762. 

Transposing of cylindrical lenses, 318-320. 

Trichromatic (normal color) vision, 741, 747. 

Trichromatic theory of vision: see Yotjng-Helmholtz color theory. 
Trilinear coordinates, 733, 736, 737, 738. 

Tri-receptor mechanism of trichromatic theory, 740, 741, 742, 
Tschbrning, M. : Physiological Optics^ 287. 

Tube of microscope, 652-653, 655, 661, 676, 678. 

Twilight vision, 721, 726. 

Tyndall, J., natural philosopher, 765. 

U 

Ultramicroscope, 684. 

Ultraviolet light in microphotography, 673, 684; ultraviolet radiation, 
729. 

Umbra, 7, 562, 563. 

Undulatory theory of light: see Wave^theory, 

Uniaxial crystals, 688, 689, 694. 

Unit planes and points of optical system, 335. See also Principal planes^ 
Principal points. 

Unit point of projective coordinates, 737. 

V 

Valences: see Color coordinates j Color valences. 

Velocity of light in different media, 72-75, 475, 685, 693; varies with 
color or frequency of vibration, 474. 

Velocity of light in vacuo, 10, 75, 474, 476, 685, 693, 764, 766. 

Velocity of light: Ray-velocity and wave-velocity, 693-694. 

Verant lens, 418, 754. 

Vernier readings, 716. See also Aligning pmver. 

Vertex-depth of concave surface of meniscus lens, 298. 

Vertex of spherical surface, 149; of cornea of eye, 431. 

Vertex refraction (vertex power) of lens, 365, 366; of correction-glass, 
445, 446. 

Vertices of lens, 219. 

Vibration frequency and color, 472 and foU., 726; and wave-length, 473 
and foil. 
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Vibrations of ether: see Ether ^ Polarization of light. 

Vinci, Leonaedo da, 559, 592, 751. 

Virtual and real, 17 ; images, 17, 18. 

Virtual object in case of plane mirror, 38. 

Visible spectrum: see Spectrunij visible. 

Vision: Achromatic, 721, 743; central or direct, 448, 748; peripheral or 
indirect, 446, 721, 743, 748. 

Vision, Binocular and monocular: see Binocular vision^ Monocular 
vision. 

Vision, Distance of distinct, 452, 453. 

Vision, Organ of: Adaptation, 721, 743. See also Eye, Adaptation of eye, 
etc. 

Vision, Place of most distinct, 429, 446, 747. See also Fovea centralis. 
Vision: see Color vision, Daylight vision. Twilight vision, etc. 

Visual acuity affected by illumination and contrast, 716. 

Visual acuity. Conventional value, 21, 22, 597, 672, 714, 716, 718. 
Visual acuity, normal, 21, 22, 597, 672, 716, 718, 719; in daylight vision, 
707-719; measure, 713, 714, 715, 716. See also Resolving power of 
eye, Snellen’s sight-test charts. 

Visual angle, 20, 446 and foil.; principal point angle, 447, 448; focal 
point angle, 447, 449. See also Apparent size. 

Visual axis, 433. 

Visual globe, 720, 748, 749. 

Visual plane, 755. 

Visual purple, 430. 

Visual sensations: see Color sensations. Light. 

ViTELLO, 565, 570, 571. 

Vitreous humor, 213, 371, 428. 


W 

Wave-front, Plane, 13, and spherical, 11. See also Double refraction, 
Huygens, Males, Plane wave, Spherical wave. 

Wave-length in vacuo, 5, 475, 686; wave-length and frequency, 475; 
wave-length and index of refraction, 476, 477; wave-length and 
color, 474-477, 686, 726. 

Wave-mechanics, 770. 

Wave-surface in double-refracting medium, 687, 688-693. 

Wave-surface, Rays normal to, 13, 14, 89-91, 525. 

Wave-theory of light, 9, 10, 472 and foil., 508, 596, 597, 669, 688, 761- 
767, 768, 769, 770. 

Wave-theory of matter, 770. 

Wave-velocity and ray-velocity, 693-694. 

Wheatstone, C.: Mirror stereoscope, 753. 



806 Index 

Whiteness, 720, 723, 724, 726, 727, 731, 732, 733, 734, 738, 742, 744, 

/45. See also Complementary colors, 

Wilson doublet magnifying glass, 648. 

Wolf, M.: Stellar stereograms, 761. 

Wollaston, W. H.: Dark lines of solar spectrum, 472; dispersion ex- 
periments, 469; doublet (magnifying glass), 113; double reflection 
prism, 588, 589; eyepiece, 628; magnifying glass, 647 ; prism (double 
refraction), 694^^96, 703, 706. 

Wood, R. W.: Fish-eye camera, 81; velocity of light of different colors. 
474. 

WooDwoETH, C. W.: Formula for refracting power, 608. 

Weight, F. E.: Reflection prisms, 592. 

Y 

Yellow-blue process, 745. See also Heeing’s opponent-colors theory. 
Yellow spot {macula lutea)^ 428, 747. See also Fovea centralis. 
Yoitng-Hblmholtz three-components color theory, 738-743, 743, 746- 
747. 

Young, T.: Astigmatism of eye, 698; center of perspective (K) of 
spherical refracting surface, 532; color theory, 739, 742; color tri- 
angle, 732; construction of ray refracted at spherical surface, 509, 
510, 511, 527, 552, 596; principle of interference, 14, 597; wave- 
theory, 598, 763. 

Z 

Zeiss, C., 648, 679, 684. 

Zinn’s zonule (suspensory ligament of crystalline lens), 42B^ 

Zonal theory of vision, 744. 

Zones, Spherical: see .Spherical zoms^ 
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